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\x -> x 1
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\x -> x (\y -> y)
\x -> \y -> y(x) 2
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\x -> x(\y -> y(\z -> z))
\x -> x(\y -> \z -> z(y))
\x -> x(\y -> y)(\z -> z)
\x -> \y -> y(x(\z -> z))
\x -> \y -> y(\z -> z(x))
\x -> \y -> y(\z -> z)(x)
\x -> \y -> y(x)(\z -> z)
\x -> \y -> \z -> z(y(x))
\x -> \y -> \z -> z(y)(x)
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\x -> x(\y -> y(\z -> z(\w -> w)))
\x -> x(\y -> y(\z -> \w -> w(z)))
\x -> x(\y -> y(\z -> z)(\w -> w))
\x -> x(\y -> \z -> z(y(\w -> w)))
\x -> x(\y -> \z -> z(\w -> w(y)))
\x -> x(\y -> \z -> z(\w -> w)(y))
\x -> x(\y -> \z -> z(y)(\w -> w))
\x -> x(\y -> \z -> \w -> w(z(y)))
\x -> x(\y -> \z -> \w -> w(z)(y))
\x -> x(\y -> y)(\z -> z(\w -> w))
\x -> x(\y -> y)(\z -> \w -> w(z))
\x -> x(\y -> y(\z -> z))(\w -> w)
\x -> x(\y -> \z -> z(y))(\w -> w)
\x -> x(\y -> y)(\z -> z)(\w -> w)
\x -> \y -> y(x(\z -> z(\w -> w)))
\x -> \y -> y(x(\z -> \w -> w(z)))
\x -> \y -> y(x(\z -> z)(\w -> w))
\x -> \y -> y(\z -> z(x(\w -> w)))
\x -> \y -> y(\z -> z(\w -> w(x)))
\x -> \y -> y(\z -> z(\w -> w)(x))
\x -> \y -> y(\z -> z(x)(\w -> w))
\x -> \y -> y(\z -> \w -> w(z(x)))
\x -> \y -> y(\z -> \w -> w(z)(x))
\x -> \y -> y(\z -> z)(x(\w -> w))
\x -> \y -> y(\z -> z)(\w -> w(x))
\x -> \y -> y(\z -> z(\w -> w))(x)
\x -> \y -> y(\z -> \w -> w(z))(x)

\x -> \y -> y(\z -> z)(\w -> w)(x)
\x -> \y -> y(x)(\z -> z(\w -> w))
\x -> \y -> y(x)(\z -> \w -> w(z))
\x -> \y -> y(x(\z -> z))(\w -> w)
\x -> \y -> y(\z -> z(x))(\w -> w)
\x -> \y -> y(\z -> z)(x)(\w -> w)
\x -> \y -> y(x)(\z -> z)(\w -> w)
\x -> \y -> \z -> z(y(x(\w -> w)))
\x -> \y -> \z -> z(y(\w -> w(x)))
\x -> \y -> \z -> z(y(\w -> w)(x))
\x -> \y -> \z -> z(y(x)(\w -> w))
\x -> \y -> \z -> z(\w -> w(y(x)))
\x -> \y -> \z -> z(\w -> w(y)(x))
\x -> \y -> \z -> z(\w -> w)(y(x))
\x -> \y -> \z -> z(y)(x(\w -> w))
\x -> \y -> \z -> z(y)(\w -> w(x))
\x -> \y -> \z -> z(y(\w -> w))(x)
\x -> \y -> \z -> z(\w -> w(y))(x)
\x -> \y -> \z -> z(\w -> w)(y)(x)
\x -> \y -> \z -> z(y)(\w -> w)(x)
\x -> \y -> \z -> z(y(x))(\w -> w)
\x -> \y -> \z -> z(y)(x)(\w -> w)
\x -> \y -> \z -> \w -> w(z(y(x)))
\x -> \y -> \z -> \w -> w(z(y)(x))
\x -> \y -> \z -> \w -> w(z)(y(x))
\x -> \y -> \z -> \w -> w(z(y))(x)
\x -> \y -> \z -> \w -> w(z)(y)(x)
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What is a (rooted planar) map?
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1. Pick a surface
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V = (1 2 3)(4 5 6)(7 8)(9 10 11)(12 13 14)(15 16 17 18)
E = (1 16)(2 14)(3 4)(5 13)(6 7)(8 9)(10 12)(11 15)(17 18)
F = (1 15 10 14)(2 13 4)(3 6 8 11 18 16)(5 12 9 7)(17)

D = { 1...18 }
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A natural generalization

a combinatorial hypermap consists of a set D equipped
with a triple of permutations (V,E,F) such that:
1. <V,E,F> acts transitively on D
2. E is a fixed-point free involution
3. V;E;F = id 
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Alors que dans mes recherches d'avant 1970,
mon attention systématiquement était dirigée
vers les objets de généralité maximale, afin de
dégager un langage d’ensemble adéquat pour
le monde de la géométrie algébrique, et que je
ne m’attardais sur les courbes algébriques dans
la stricte mesure où cela s’avérait indispensable
(notamment en cohomologie étale) pour développer
des techniques et énoncés "passe-partout" valables
en toute dimension et en tous lieux (j’entends, sur tous
schémas de base, voire tous topos annelés de base...),
me voici donc ramené, par le truchement d’objets si
simples qu’un enfant peut les connaître en jouant,
aux débuts et origines de la géométrie algébrique,
familiers à Riemann et à ses émules!

A. Grothendieck, "Esquisse d'un programme" (1984)
(quoted in Lando & Zvonkin, Graphs on Surfaces and their Applications)
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The oriented cartographic group

is an index 2 subgroup of the cartographic group

Transitive permutation representations of C2
give a faithful encoding of maps on
unoriented surfaces, possibly with boundary.
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From "Maps, hypermaps, and triangle groups" by Gareth Jones and David Singerman,
in The Grothendieck Theory of Dessins d'Enfants, Leila Schneps (ed.), CUP, 1994.
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Rooting a map
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Having made no progress with the enumeration of these
diagrams I bethought myself of Cayley’s work on the
enumeration of trees. His first successes had been with
the rooted trees, in which one vertex is distinguished as
the “root”. Perhaps I should root the strict triangulations
in some way and try to enumerate the rooted ones. Eventually
I decided that the rooting should consist of the choice of a face,
edge and vertex, mutually incident….

I am not sure what I would have replied at this stage if I had
been asked why I preferred these rooted triangulations to the
unrooted ones…. Later I realized that the distinguishing feature
and the great advantage of rooted maps is that they have no
symmetry. Automorphisms seem to complicate enumerative problems.

from W. T. Tutte, Graph Theory As I Have Known It
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(1963, Canad. J. of Math.)
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From Ch. 3 ("Matrix Integrals") of Lando & Zvonkin:

This chapter is also a message to enumerative combinatorialists:
among a large variety of objects one can enumerate, maps are
of special interest because of their revealed relations to physics.
If you hesitate what to enumerate, choose maps.
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Counting linear lambda terms

λ
1, 2, 3, ...
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Generalities

ordinary generating function

exponential generating function
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Let tn,k = # linear lambda terms of size n with k free variables

Define
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\x -> x

(\x -> x)(\y -> y)
\x -> x(\y -> y)
\x -> (\y -> y)(x)
\x -> \y -> x(y)
\x -> \y -> y(x)

(\x -> x)((\y -> y)(\z -> z))
(\x -> x)(\y -> y(\z -> z))
(\x -> x)(\y -> (\z -> z)(y))
(\x -> x)(\y -> \z -> y(z))
(\x -> x)(\y -> \z -> z(y))
(\x -> x)(\y -> y)(\z -> z)
(\x -> x(\y -> y))(\z -> z)
(\x -> (\y -> y)(x))(\z -> z)
(\x -> \y -> x(y))(\z -> z)
(\x -> \y -> y(x))(\z -> z)
\x -> x((\y -> y)(\z -> z))
\x -> x(\y -> y(\z -> z))
\x -> x(\y -> (\z -> z)(y))
\x -> x(\y -> \z -> y(z))
\x -> x(\y -> \z -> z(y))
\x -> x(\y -> y)(\z -> z)
\x -> (\y -> y)(x)(\z -> z)
\x -> (\y -> x(y))(\z -> z)
\x -> (\y -> y(x))(\z -> z)
\x -> (\y -> y)(x(\z -> z))
\x -> (\y -> y)((\z -> z)(x))
\x -> (\y -> y)(\z -> x(z))
\x -> (\y -> y)(\z -> z(x))
\x -> (\y -> y)(\z -> z)(x)
\x -> (\y -> y(\z -> z))(x)
\x -> (\y -> (\z -> z)(y))(x)
\x -> (\y -> \z -> y(z))(x)
\x -> (\y -> \z -> z(y))(x)
\x -> \y -> x(y)(\z -> z)
\x -> \y -> y(x)(\z -> z)

\x -> \y -> x(y(\z -> z))
\x -> \y -> x((\z -> z)(y))
\x -> \y -> x(\z -> y(z))
\x -> \y -> x(\z -> z(y))
\x -> \y -> x(\z -> z)(y)
\x -> \y -> (\z -> z)(x)(y)
\x -> \y -> (\z -> x(z))(y)
\x -> \y -> (\z -> z(x))(y)
\x -> \y -> y(x(\z -> z))
\x -> \y -> y((\z -> z)(x))
\x -> \y -> y(\z -> x(z))
\x -> \y -> y(\z -> z(x))
\x -> \y -> y(\z -> z)(x)
\x -> \y -> (\z -> z)(y)(x)
\x -> \y -> (\z -> y(z))(x)
\x -> \y -> (\z -> z(y))(x)
\x -> \y -> (\z -> z)(x(y))
\x -> \y -> (\z -> z)(y(x))
\x -> \y -> \z -> x(y)(z)
\x -> \y -> \z -> y(x)(z)
\x -> \y -> \z -> x(z)(y)
\x -> \y -> \z -> z(x)(y)
\x -> \y -> \z -> x(y(z))
\x -> \y -> \z -> x(z(y))
\x -> \y -> \z -> y(z)(x)
\x -> \y -> \z -> z(y)(x)
\x -> \y -> \z -> y(x(z))
\x -> \y -> \z -> y(z(x))
\x -> \y -> \z -> z(x(y))
\x -> \y -> \z -> z(y(x))
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Olivier Bodini, Danièle Gardy, and Alice Jacquot. Asymptotics and random sampling
for BCI and BCK lambda terms. Theoretical Computer Science, 502:227–238, 2013.

Samuel Vidal. Groupe Modulaire et Cartes Combinatoires: Génération et Comptage.
PhD thesis, Université Lille I, France, July 2010.

Combinatorics of trivalent/triangular maps (= transitive representations of PSL(Z,2)) studied in:

A bijection [closed linear lambda terms <-> rooted trivalent maps] is given in:
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Let bn,k = # neutral linear lambda terms of size n with k free variables
Let rn,k = # normal linear lambda terms of size n with k free variables
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Let bn,k = # neutral planar lambda terms of size n with k free variables
Let rn,k = # normal planar lambda terms of size n with k free variables
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Noam Zeilberger and Alain Giorgetti. A correspondence between rooted planar maps
and normal planar lambda terms.  LMCS, 11(3:22):1-39, 2015.

W. T. Tutte. A census of planar maps. Canadian Journal of Math., 15:249–271, 1963.

W. T. Tutte. On the enumeration of planar maps. Bulletin of the AMS, 74:64–74,1968.

Original work on combinatorics of (rooted) planar maps:

A bijection [closed normal planar lambda terms <-> rooted planar maps] is given in:
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y(λw.λu.λv.v(uw))

k

λk.kz

z v(1)c / n(0)c

(y(λz.λk.kz))(λw.λu.λv.v(uw))

y

fc/ ic

λy.(y(λz.λk.kz))(λw.λu.λv.(v(uw))x)

x

v(2)c / n(1)c

Figur e 9. Full decomposition of a normal planar lambda term with seven s-nodes 
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Correspondences
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Idea: 

Counting isomorphism classes of β-normal linear lambda terms. arXiv:1509.07596

New draft:

recover A000698, counting rooted maps on oriented surfaces!
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λx.x(λy.y)

λx.x(λy.y(λz.z))

λx.λy.y(x)λx.x

λx.x(λy.λz.z(y))

λx.x(λy.y)(λz.z)

λx.λy.y(λz.z(x))

λx.λy.y(λz.z)(x)

λx.λy.y(x(λz.z))

λx.λy.y(x)(λz.z)

λx.λy.λz.z(y(x))

λx.λyλz.z(y)(x)


