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some papers*

1. A sequent calculus for a semi-associative law, FSCD 2017, extended ver. LMCS 15:1 2019

2. The sequent calculus of skew monoidal categories, MFPS 2018, ext. ver. Lambek Mem. Vol

3. Proof theory of partially normal skew monoidal categories, ACT 2020

5. Deductive systems and coherence for skew prounital closed categories, LFMTP 2020

4. Eilenberg-Kelly Reloaded, MFPS 2020

*all except (1) are by Tarmo, Niccolò, and me 

linked in talk abstract:

other's in line of work:

Tarmo talk: https://www.youtube.com/watch?v=jg2K8L4LRt8

Niccolò talk: https://www.youtube.com/watch?v=UdZleN5L0TA

Niccolò talk: https://www.youtube.com/watch?v=pZQtKg2ACTQ

(and talks)
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Joachim Lambek: 1922-2014
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outline

1. The Tamari order

2. Skew monoidal categories

3. Partially normal skew monoidal categories

0. Monoidal categories and representable multicategories
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monoidal categories

A category C equipped with:

• a bifunctor ⊗ : C × C → C and an object I ∈ C

• three natural isomorphisms

 αA,B,C : (A ⊗ B) ⊗ C ⥲ A ⊗ (B ⊗ C)

• satisfying some coherence equations...

 λA : I ⊗ A ⥲ A

ρA : A ⊗ I ⥲ A
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monoidal categories

...such as the pentagon equation:

((A ⊗ B) ⊗ C) ⊗ D

(A ⊗ B) ⊗ (C ⊗ D)

(A ⊗ (B ⊗ C)) ⊗ D

A ⊗ ((B ⊗ C) ⊗ D)

A ⊗ (B ⊗ (C ⊗ D))

αA⊗B,C,D

αA,B,C⊗D

αA,B,C ⊗ D

αA,B⊗C,D

A ⊗ αB,C,D

Theorem (Mac Lane 1963, Kelly 1964): "given these eqns, all
diagrams commute".
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multicategories

Composition has the type of cut in intuitionistic linear sequent calculus:

Ω → A Γ , A , Δ → C

Γ , Ω , Δ → C

f g

cutΓ-Δ(f,g)=

Recall that a multicategory has objects, multimaps, identity maps,
and composition satisfying some equations.

g ∘ᵢ f where i = |Γ|=

(cf. Lambek '58)
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multicategories

A multicategory M is said to be representable if for any list of
objects Ω there is an object ⊗Ω equipped with a multimap

mΩ : Ω → ⊗Ω

and a family of bijections of multihomsets

LΩ : M(Γ,Ω,Δ;C) ⥲ M(Γ,⊗Ω,Δ;C)

whose inverse is the operation of precomposing with m, i.e.,

cutΓ-Δ(mΩ, LΩf) = f g = LΩ(cutΓ-Δ(mΩ, g))

for all f : Γ , Ω , Δ → C and g : Γ , ⊗Ω , Δ → C.
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multicategories

Proposition: M is representable iff it has (mΩ , LΩ) for Ω = A,B and Ω = ·.
(Terminology: "M has tensors and a unit object" or "M is monoidal".)

Theorem (Lambek 1969, Hermida 2000): "monoidal categories and
monoidal/representable multicategories are equivalent".
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the Tamari order

Least preorder on words with a product operation s.t.:

(A·B)·C ≤ A·(B·C)

A₁·B₁ ≤ A₂·B₂

A₁ ≤ A₂ B₁ ≤ B₂

semi-associativity

monotonicity
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the Tamari order

equivalently, ordering on binary trees induced by right rotation, e.g.,

A·((B·C)·D)(A·(B·C))·D A·(B·(C·D))
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the Tamari order

Let Yn be the set of binary trees with n nodes, under the rotation order.

Three fascinating facts about Yn:

2. its Hasse diagram is the 1-skeleton of a (n-1)-dim polytope!

1. it is a lattice! 

3. it contains exactly                     intervals!

(the "Tamari lattice")

(the "associahedron")

(cf. https://oeis.org/A000260)
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a sequent calculus for the Tamari order

The LMCS paper uses proof theory to explain facts #1 and #3.

The starting point is a very simple sequent calculus:

(compare with Lambek '58!)
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a sequent calculus for the Tamari order

Example:

≤
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a sequent calculus for the Tamari order

Counterexample:

≰
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left representability

multicategorically, the restriction on the left rule corresponds to
weakening the universal property of the tensor...

LΩ : M(Γ,Ω,Δ;C) ⥲ M(Γ,⊗Ω,Δ;C)

to the case Γ = ·.  (We'll get back to this later.)
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completeness

reflexivity = id

transitivity = cut

Proposition: if A ≤ B then A → B.

monotonicity =

semi-associativity =
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soundness

Proposition: if A → B then A ≤ B.

more generally, if Γ → B then ⊗Γ ≤ B, where

⊗(A₀,A₁,...,Aₙ) := (A₀ • A₁)⋯•Aₙ

proof by induction on sequent calculus derivations.

key lemma ("oplaxity"): ⊗(Γ,Δ) ≤ ⊗Γ • ⊗Δ

24



coherence theorem

A derivation is focused if it stays in the following subsystem:

(Γ irreducible if atomic leftmost formula; no cut allowed.)

Theorem: every valid sequent has a unique focused derivation.

25



1. new proof that Yn is a lattice

2. new proof that # intervals in Yn is 

key idea: prove in mutual induction w/lattice structure on contexts

Friedman & Tamari 1967
Huang & Tamari 1971

NB: "interval" = valid entailment A ≤ B

key idea: count focused derivations!  Easy using generating functions...

Chapoton 2006

See LMCS paper for details.
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skew monoidal categories

A category C equipped with:

• a bifunctor ⊗ : C × C → C and an object I ∈ C

• three natural transformations

 αA,B,C : (A ⊗ B) ⊗ C → A ⊗ (B ⊗ C)

• satisfying five coherence equations...

 λA : I ⊗ A → A

ρA : A → A ⊗ I

Szlachányi 2012
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...including the pentagon eqn + four more:

No longer true that "all diagrams commute"!

skew monoidal categories

I⊗I

I I

ρI λI

Szlachányi 2012

(A ⊗ I) ⊗ B A ⊗ (I ⊗ B)

A ⊗ B A ⊗ B

(I ⊗ A) ⊗ B I ⊗ (A ⊗ B)

A ⊗ B

ρA ⊗ B A ⊗ λB 

αA,I,B

αI,A,B

λA ⊗ B λA⊗B 

(A ⊗ B) ⊗ I A ⊗ (B ⊗ I)

A ⊗ B

αA,B,I

A ⊗ ρB  ρA⊗B 
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skew monoidal categories

• (ℕ,≤) with "skewed addition" x ⊗ⁿ y := (x ∸ n) + y

• the category of pointed sets with (A,x) ⊗ (B,y) := (A+B,inl x)

compare with (A,x) + (B,y) := (A+B,[inl x])/inl x~inr y

• A ⊗ᴰ B := A ⊗ D(B) where D is a lax monoidal comonad

Some examples:

• the functor category [𝕁,ℂ] with F ⊗ᴶ G := Lan(J,F) ∘ G defined
   by left kan extension along a functor J : 𝕁 → ℂ.

Altenkirch, Chapman, Uustalu, "Monads need not be endofunctors"

note: only α iso in this example

note: only λ iso in this example
truncated
subtraction
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a skew sequent calculus
Warning: units may be subtler than they appear!

Extend the sequent calculus with an explicit "stoup" on the left,
which may be empty or contain a formula.
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a skew sequent calculus

example derivations and non-derivations:

Warning: units may be subtler than they appear!

ρ = 

λ = = λ-1??

= ρ-1??
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completeness + soundness

Let FskAt be the free skew monoidal category over a set of atoms.

For any f : A → B ∈ FskAt there is a derivation cmplt(f) : A ∣ → B

where ⟦A₀∣A₁,...,Aₙ⟧ := (A₀ • A₁)⋯•Aₙ

For any derivation g : S ∣ Γ → B there is sound(g) : ⟦S ∣ Γ⟧ → B ∈ FskAt

⟦─∣A₁,...,Aₙ⟧ := (I • A₁)⋯•Aₙ

Moreover, cmplt and sound respect equality, if we impose a suitable
equivalence relation ≗ on derivations. (See paper for details.)

(we give an explicit construction of FskAt by generators and relations)
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a focused subsystem

Theorem: for any derivation f : S ∣ Γ → B there is a focused derivation
focus(f) : S ∣ Γ →L B.  Moreover, f ≗ g iff focus(f) = focus(g).
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coherence theorem(s)

With soundness + completeness, focusing gives us a two-part
coherence theorem for skew monoidal categories.

Coherence (equality): two maps f,g : A → B ∈ FskAt are equal iff
focus(cmplt(f)) = focus(cmplt(g)).

Coherence (enumeration): the homsets of FskAt can be enumerated
without duplicates as FskAt(A,B) = { sound(embL(f)) | f : A | →L B }.
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notes

Lack and Street (2014) also proved a coherence theorem for Fsk of the form
coherence (equality), building on Huang & Tamari (1972).  Bourke and Lack (2018a)
refined this with a more explicit description of the morphisms of Fsk.

Bourke and Lack (2018b) defined skew multicategories, and proved an
equivalence between skew monoidal cats and left representable skew multicats.

We give a light reformulation of B&L(b)'s definitions inspired by the sequent calculus
in the Lambek Volume paper.  Our focused sequent calc can be seen as a canonical
construction of the free left representable skew multicat (and hence Fsk).

The development in our paper has been formalized in Agda, see Niccolò's
webpage (http://cs.ioc.ee/~niccolo/skewmonseqcalc/).
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partial skewness/normality

A skew monoidal category is said to be left/right/associative normal
if the corresponding transformation λ/ρ/α is invertible.

"A monoidal category is just a fully normal skew monoidal category."

The ACT2020 paper explains how to adapt the skew sequent calculus
to reflect the three normality conditions (eight possible combinations).

Agda: https://github.com/niccoloveltri/skewmoncats-normal
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associative normality (focused)

Idea: introduce a judgment S | Ω⋮Γ → C with an "anteroom" Ω for formulae

Remark: Lack and Street (2014) observed that the free associative-normal skewmoncat
on one gen is iso to Δ⊥, and proved that Fsk → Δ⊥ is faithful.  Can we prove this directly?
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concluding thoughts

skew monoidal categories have a very interesting proof theory!
(as do skew closed categories.)

can we can find other applications of proof theory to combinatorics
and vice versa?

proof theory and category theory are extremely closely related,
as emphasized by Lambek.

a more conceptual understanding of left representability would
be desirable.
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