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1. x(λy .y(λz.z(λw.w)))

2. x(λy .y(λz.λw.wz))

3. x(λy .(y(λz.z))(λw.w))

4. x(λy .λz.z(y(λw.w)))

5. x(λy .λz.z(λw.wy))

6. x(λy .λz.(z(λw.w))y)

7. x(λy .λz.(zy)(λw.w))

8. x(λy .λz.λw.w(zy))

9. x(λy .λz.λw.(wz)y)

10. (x(λy .y))(λz.z(λw.w))

11. (x(λy .y))(λz.λw.wz)

12. (x(λy .y(λz.z)))(λw.w)

13. (x(λy .λz.zy))(λw.w)

14. ((x(λy .y))(λz.z))(λw.w)

15. λy .y(x(λz.z(λw.w)))

16. λy .y(x(λz.λw.wz))

17. λy .y((x(λz.z))(λw.w))

18. λy .y(λz.z(x(λw.w)))

19. λy .y(λz.z(λw.wx))

20. λy .y(λz.(z(λw.w))x)

21. λy .y(λz.(zx)(λw.w))

22. λy .y(λz.λw.w(zx))

23. λy .y(λz.λw.(wz)x)

24. λy .(y(λz.z))(x(λw.w))

25. λy .(y(λz.z))(λw.wx)

26. λy .(y(λz.z(λw.w)))x

27. λy .(y(λz.λw.wz))x

28. λy .((y(λz.z))(λw.w))x

29. λy .(yx)(λz.z(λw.w))

30. λy .(yx)(λz.λw.wz)

31. λy .(y(x(λz.z)))(λw.w)

32. λy .(y(λz.zx))(λw.w)

33. λy .((y(λz.z))x)(λw.w)

34. λy .((yx)(λz.z))(λw.w)

35. λy .λz.z(y(x(λw.w)))

36. λy .λz.z(y(λw.wx))

37. λy .λz.z((y(λw.w))x)

38. λy .λz.z((yx)(λw.w))

39. λy .λz.z(λw.w(yx))

40. λy .λz.z(λw.(wy)x)

41. λy .λz.(z(λw.w))(yx)

42. λy .λz.(zy)(x(λw.w))

43. λy .λz.(zy)(λw.wx)

44. λy .λz.(z(y(λw.w)))x

45. λy .λz.(z(λw.wy))x

46. λy .λz.(z(λw.w)y)x

47. λy .λz.((zy)(λw.w))x

48. λy .λz.(z(yx))(λw.w)

49. λy .λz.((zy)x)(λw.w)

50. λy .λz.λw.w(z(yx))

51. λy .λz.λw.w((zy)x)

52. λy .λz.λw.(wz)(yx)

53. λy .λz.λw.(w(zy))x

54. λy .λz.λw.((wz)y)x

5 / 23



6 / 23



A planar map A rooted planar map

Rooted planar maps were first counted by W. T. Tutte, as part of
an attack on the 4CT (which is about planar maps):
I A census of planar maps. Canadian Journal of

Mathematics, 15:249–271, 1963.
I On the enumeration of planar maps. Bulletin of the

American Mathematical Society, 74:64–74, 1968.
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Met Alain Giorgetti at MAP(!) 2014 workshop in Paris.

We wrote a paper:
I A correspondence between rooted planar maps and

normal planar lambda terms. August 21, 2014.
arxiv.org/abs/1408.5028

Idea: replay Tutte decomposition in lambda calculus.

The proof is presented using string diagrams.
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Does all this mean anything?

Well, it’s not completely clear.

But it raises tantalizing questions in both directions...
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From maps to lambda calculus
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A planar map A rooted planar map

Tutte originally considered rooted maps because they were
easier to count than unrooted maps, which can have non-trivial
symmetries.

What (if anything) does it mean to “unroot” a lambda term?
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Swapping faces with vertices is a dualizing operation on maps:

What (if anything) is the meaning of face-vertex duality in
lambda calculus?
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In general, a map need not be planar—one can consider
graphs embedded on surfaces of arbitrary genus, for example
on a torus:

Is there a natural notion of genus for lambda terms?
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From lambda calculus to maps
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The bijection is between rooted planar maps and normal planar
lambda terms, but of course the main interest of lambda
calculus is that we can compute with terms, i.e., reduce an
arbitrary term to normal form.

What (if anything) is the process for which rooted maps are
normal forms?
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Every linear lambda term has a principal type that uniquely
identifies its normal form, and, in general, types enable various
operations (product, implication, etc.) and relations (entailment,
isomorphism, etc.).

What (if anything) do types tell us about maps?
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Just as there is a dualizing operation on maps that swaps
vertices and faces, in programming there is a natural notion of
computational duality between values and continuations.

What (if anything) is the meaning of computational duality
for maps?
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