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@ What is a Pure Type System ?

© An Alternative Presentation: PTS with Judgmental Equality

© Equivalence
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@ PTSs are a way to have general results over families of type systems
(System F, Calculus of Constructions, Simply-Typed A-Calculus,.. . ).
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@ PTSs are a way to have general results over families of type systems
(System F, Calculus of Constructions, Simply-Typed A-Calculus,.. . ).

e Terms and Contexts:
ABMN == s|x|MNM .M|NxAB (or A— B)
r = []|lx:A
@ The validity of typing judgments relies on two sets:

o Ax is used to type sorts .
o Rel is used to type functions (or MM-types).
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@ PTSs are a way to have general results over families of type systems
(System F, Calculus of Constructions, Simply-Typed A-Calculus,.. . ).
e Terms and Contexts:
ABMN == s|x|MNM .M|NxAB (or A— B)
r = []|lx:A

@ The validity of typing judgments relies on two sets:

o Ax is used to type sorts .

o Rel is used to type functions (or MM-types).

o Reduction :

(AxA.M) N L, M[N/x] + congruences
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Typing Rules

FrFA:s x¢Dom(l) Ty, (s,t)eAx T,r T(x)=A
wif (Fyx: A)wr M-s:t NlN-x:A

l=A:s Mx:AFB:t
(s, t,u) € Rel Nx:A-M:B

M- \AM:NxA.B

Nr-A:s Mx:AEB:t (s,t,u) € Rel
FTENxAB:u

EM:MxAB T-N:A TEM:A AZB T1+-B:s
[ MN : Blx/N] [-M:B
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Example: How to get the STAC

PTS instantiation for Simply-Typed A-Calculus:
S={0,9} Ax={(0,9)} Rel={,0,0)}
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Example: How to get the STAC

PTS instantiation for Simply-Typed A-Calculus:

S={0,%} Ax={(0,%)} Rel={O,0,0)}
What “types” are allowed in the empty context ?

o [|FO % Ok

° []I—I'IXCD.C]:!!! = (O — ) is not a valid.
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Example: How to get the STAC

PTS instantiation for Simply-Typed A-Calculus:

S={0O,%} Ax={(0,%)} Rel={(0O,0,0)}
What “types” are allowed in the empty context ?

o [[FO ¥ Ok
[[FA: O x:AFB:O
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Example: How to get the STAC

PTS instantiation for Simply-Typed A-Calculus:

S={0O,%} Ax={(0,%)} Rel={(0O,0,0)}
What “types” are allowed in the empty context ?

o [|FO ¥ Ok
[[FA: O x:AFB: O
° [1FNxA.B: — we need a term typed by O

As usual, we introduce base types as a fresh variables:
[lwr  (©0,7) € Ax
[lwr [1Fo: @
(8 :0)wr (% :o)B)=0
T O F 2 O
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Example: How do get the STAC

Now, we can produce [-types:

Biorfio Biox:BrEio

;»

CE% Y
o @;@I—ﬂxa’&.%fiﬁ) "“gz_)“
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Example: How do get the STAC

Now, we can produce [-types:

Biorfio Biox:BrEio

;»
o:

(s
° @'Cﬁ)l—ﬂx&.%ﬁ:@ ~§A2—>z,&
E&%:C}l—%ﬂx:w E%:CJ,_:%H% E2—>~§:CD
° Qx le—(?} )—)(%—)%)C}
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Example: How do get the STAC

Now, we can produce [-types:

Biorfio Biox:BrEio

CE% By Pj
o @-@I—ﬂx&.%”:@ ~ - B
gé—)x& %_)E% E;f—)x&
. F(E - B - (B -8
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Example: How do get the STAC

Now, we can produce [-types:

Biorfio Biox:BrEio

CE% By Pj
o @-@I—ﬂx&.%”:@ ~ - B
gé—)x& %_)E% E;f—)x&
. F(E - B - (B -8
0.
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Example: How do get the STAC

Now, we can produce [-types:

Bori:o Biox:Brio
%—“& [ Ez—ug
° 2 -8 (BB

With those rules, we can only build non-dependent types.
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Facts about (3-conversion

Some basic properties of 3-reduction:

@ Church-Rosser property:

if M f» N and M f» P then there is M’ such that N —B» M’ and P f» M. J

o Confluence:

if M g N then there is P such that M —ﬂ» Pand N f» P. J

@ Injectivity of Products:

£

If NxA.B 2 Nx€.D then AZ C and B Z D. )
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Facts about PTS

@ Inversion lemmas :

e.g. if T AxA.M : T then there are s, t, u and B such that

o (s,t,u) € Rel, T 2 MxAB
elFA:sandlNx:AFB:tandl,x: A-M:B.
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Facts about PTS

@ Inversion lemmas :

e.g. if T AxA.M : T then there are s, t, u and B such that

o (s,t,u) € Rel, T 2 MxAB
elFA:sandlNx:AFB:tandl,x: A-M:B.

e Correctness of types :

[f '~ M: T then thereis s € S suchthat T=sorTF T :s. J
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Facts about PTS

@ Inversion lemmas :

e.g. if T AxA.M : T then there are s, t, u and B such that

o (s,t,u) € Rel, T 2 MxAB
elFA:sandlNx:AFB:tandl,x: A-M:B.

e Correctness of types :

[f '~ M: T then thereis s € S suchthat T=sorTF T :s. )

@ Subject Reduction:

T M: T and M M then I M : T J
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Facts about PTS

e Shape of Types (Jutting [93]):

fr-M:Aand T M: B, then
o cither AZ B

B B
o or A5 Mx™M. . x" s and B — Mx® . x" ¢t
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Facts about PTS

Shape of Types (Jutting [93]):

fr-M:Aand T M: B, then

il 4L B

B B
or A 5 MxA .. x% s and B — Mx™ . x% ¢t

Not-Fact Normalization: there are some non-terminating PTS ():0)).

Not-Fact Type Checking / Inference : type checking dependent types
is undecidable.

Not-Fact Expansion Postponement : replace conversion with reduction
only:

FT-M:Tthen TH M: T and T % T". ]
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Why do we want a typed equality ?

@ In the conversion rules the intermediate steps are not checked.

rM-M:A AéB =B:s
r-=™m:B
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Why do we want a typed equality ?

@ In the conversion rules the intermediate steps are not checked.

rM-M:A AéB =B:s
r-=™m:B

o [-equality is all about program computation, where types are useless.

@ Other kind of equalities may depend on types (n-expansion, external
axioms).

@ So, what if we check each conversion step during conversion 7

< all this lead to the definition of PTS with Judgmental Equality.
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PTSe typing rules (1)

FTteAis x¢Dom(T) Tyr (s,t)eAx Tur T(x)=A
(Mx:A)we Mhes:t Mhex: A

®Wf

e

lFeA:s Mx:AFeB:t
(s,t,u) € Rel Mx:AFe M:B

Mo MM NIXA.B

M- A:s Mx:AF.B:t (s,t,u) € Rel
Mo NxA.B:u

Mo M:NxA.B FTFN:A TF.M:A TFe A=B:s
[ e MN : B[x/N] e M:B
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PTSe typing rules (1)

FTteAis x¢Dom(T) Tyr (s,t)eAx Tur T(x)=A
(Mx:A)we Mhes:t Mhex: A

®Wf

e

lFeA:s Mx:AFeB:t
(s,t,u) € Rel Mx:AFe M:B

Mo MM NIXA.B

M- A:s Mx:AF.B:t (s,t,u) € Rel
Mo NxA.B:u

[Fe M:Mx"B  TH.N:A Tr.M:A [FEGASBIS

[ Fe MN : B[x/N] ke M:B
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PTSe typing rules (2)

MW, (s,t) e Ax T,z Nx)=A
[Fes=s:t lFex=x:A

Me M =M :Nx".B FTEeN=N:A
[ e MN = M'N' : B[x/N]

TFe A=A:s Mx:AFeB=B:t (s,t,u) € Rel
(e NxAB=TNx*".B :u

FlFeA=A:s Mx:AFeM=M :B
Mx:AFeB:t (s,t,u) € Rel
M e MM = M2 M NxA.B

EJC 2010
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PTSe typing rules (3)

FTFeM=M:A N-cA=B:s
lr-eM=M:B

Fe M A FeM=N:A TEF-M=N:A TF.N=P:A
rM-keM=M:A TE.N=M:A lFeM=P:A

MNx:AFe M: B M-« N: A
NFe Acs Mx:AFeB:t (s,t,u) € Rel

[e A M)N = M[x/N] : B[x/N]

EJC 2010 PTS April 1th, 2010 13 / 20



The Big Question

Are both systems the same 7
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Easy part of the equivalence

We proove by mutual induction that
o frFe M: TthenlT-M:T.

oIfrl—eM:N:Tthenrl—M:T,FI—N:TandMgN.
o If wae then I, r.
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We proove by mutual induction that
o frFe M: TthenlT-M:T.

oIfrl—eM:N:Tthenrl—M:T,FI—N:TandMgN.
o If wae then I, r.

Here we just “loose” some information, nothing complicated.
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The other way around needs a way to “type” a (-equivalence into a
judgmental equality:

o fTEFM:TthenlT o M: T.

o fr'-M:T7T,TEN:T and MéNthen FTFeM=N:T.

o If ['yr then [yr.
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The other way around needs a way to “type” a (-equivalence into a
judgmental equality:
o fTEFM:TthenlT o M: T.

oIfrl—l\/l:T,rl—N:TandMgNthenrl—eM:N:T.
o If ['yr then [yr.

Here, we need to find a way to type all the intermediate steps.

EJC 2010 PTS April 1th, 2010 16 / 20



The other way around needs a way to “type” a (-equivalence into a
judgmental equality:
o fTEFM:TthenlT o M: T.

oIfrl—l\/l:T,rl—N:TandMgNthenrl—eM:N:T.
o If ['yr then [yr.

Here, we need to find a way to type all the intermediate steps.

But can we ?
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How do we do this 7

r=m:T M Fr=N:T

I
=
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How do we do this 7

N FrM=nN:T

Il

r=m: T M

MeM:T P MeN:T
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Il

MeM:T P MeN:T
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How do we do this 7

r=m: T M N FrM=nN:T

Il

MeM:T P MeN:T

o P is welltyped in PTS by Subject Reduction.
o Is P welltyped in PTSe ?
@ How do we type M =P and N =P in PTSe ?

EJC 2010 PTS April 1th, 2010 17 / 20



The need of Subject Reduction

To do so, we need to proove that PTSe have the Subject Reduction
property:

Subject Reduction:

Ifrl—el\/l:TandM—ﬁ»N,thenl'l—el\/l:N:T.
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The need of Subject Reduction

To do so, we need to proove that PTSe have the Subject Reduction
property:

Subject Reduction:

Ifrl—el\/l:TandM—ﬁ»N,thenl'l—el\/l:N:T.

But to proove this, we need [-injectivity, which is still an open question for
PTSe since it relies on Confluency, which relies on Subject Reduction,which
relies on [M-injectivity,which relies on ...
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Current status of the equivalence

We only some partials results:

e for functional PTS : R. Adams [06] “Pure Type Systems with
Judgmental Equality”.
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Current status of the equivalence

We only some partials results:
e for functional PTS : R. Adams [06] “Pure Type Systems with
Judgmental Equality”.

o for semi-full and full PTS : V. Siles and H. Herbelin [10] “Equality is
typable in Semi-Full Pure Type Systems”.

@ But the question is still open for general PTS !
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That's all folks !

Thank you for your time.
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