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A type is a way to give a (more or less) detailed description of a whole
family of things:
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What is a type ?

A type is a way to give a (more or less) detailed description of a whole
family of things:

cute animal vegetable fruit
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What is a type ?

A type is a way to give a (more or less) detailed description of a whole

family of things:

cute animal vegetable fruit

With types, we can state general properties about these families like
“vegetables are good for health”.
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Types can also be used to describe mathematical objects or
data-structures, and these information can be helpful to avoid mistakes
in programs:
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Types can also be used to describe mathematical objects or
data-structures, and these information can be helpful to avoid mistakes
in programs:
o 7 is a real number, 1664 is a natural number (IN), [1,2,3,5,7] is a
list of natural numbers, ...
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Types can also be used to describe mathematical objects or
data-structures, and these information can be helpful to avoid mistakes
in programs:
o 7 is a real number, 1664 is a natural number (IN), [1,2,3,5,7] is a
list of natural numbers, ...

@ plus:IN x N — IN is a function.
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Types in sciences

Types can also be used to describe mathematical objects or
data-structures, and these information can be helpful to avoid mistakes
in programs:
o 7 is a real number, 1664 is a natural number (IN), [1,2,3,5,7] is a
list of natural numbers, ...
@ plus:IN x N — IN is a function.
@ plus(w, 1664) is an ill-typed program since plus is expecting two
natural numbers, while 7 is not one.
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o Types can be used to ensure the correctness of programs:

“If length computes the length of a list, then we know that, if 1 is
a valid list, then 1ength (1) is valid ( and has to be a natural
number).”
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o Types can be used to ensure the correctness of programs:

“If length computes the length of a list, then we know that, if 1 is
a valid list, then 1ength (1) is valid ( and has to be a natural
number).”

@ This preservation of validity looks like a proof step:
“If A= Band Ais valid, then B is valid.”
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Proofs and Types (1)

o Types can be used to ensure the correctness of programs:

“If length computes the length of a list, then we know that, if 1 is
a valid list, then 1ength (1) is valid ( and has to be a natural
number).”

@ This preservation of validity looks like a proof step:
“If A= B and Ais valid, then B is valid.”

o If when it's snowing, I'm cold and it's snowing, then we can
conclude that I’'m cold.
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@ There is a deeper connexion between proofs and programs,
known as the Curry-Howard correspondence:

Proof Program

Proposition <« Type
Proof < Program
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@ There is a deeper connexion between proofs and programs,
known as the Curry-Howard correspondence:

Proof Program

Proposition <« Type
Proof < Program

@ This correspondence leads to the development of proof assistants
such as ACL2, Agda, Coq, HOL, Matita, PVS, ...
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Proof and Types (2)

@ There is a deeper connexion between proofs and programs,
known as the Curry-Howard correspondence:

Proof Program

Proposition « Type
Proof < Program

@ This correspondence leads to the development of proof assistants
such as ACL2, Agda, Coq, HOL, Matita, PVS, ...

All of these proof assistants are based on particular type theories
which ensure their correctness.
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o Pure Type Systems

9 Equivalence and Typed Reduction

Q Further extensions and conclusion
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M,N = x|\XXAM|MN
AB = alA—B
r == 0|Mhx:A




= X | MXAM|MN
= alA—B
= 0|MNx:A

M,
A,

W2
Il

rx)=A Nx:A-M:B r-M:A—B F’EN:A
r-x:A r- xx*M:A- B r-MN:B
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Simply Typed A-Calculus

M,N = x| \XXAM|MN
AB = alA—B
r = 0|rhx:A
rx)=A Nx:A-M:B r-M:A—B F’EN:A
r-x:A TFMXM:A-B r-MN:B

@ STLC was presented by Church in the 1930’s.

@ Since then, several extensions have been studied: “Type:Type”,
System-F, Calculus of Constructions . ..

@ Each extension has more expressive power than the previous one
(polynomials, second order arithmetic .. .)

o All these type systems share a common core, but their
meta-theory were studied one at a time.
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To make a dependent version of 1ist, we can add the length to the
type:
@ eg.1=[1,3,5,7] is a list of natural number, of length 4. Its type
islist 4.
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To make a dependent version of 1ist, we can add the length to the
type:
@ eg.1=[1,3,5,7] is a list of natural number, of length 4. Its type
islist 4.

@ concatenation of two non-dependent lists is of type
list -+ list — list.
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What is a dependent type

To make a dependent version of 1ist, we can add the length to the
type:

@ eg. 1=[1,3,5,7] is a list of natural number, of length 4. Its type
islist 4.

@ concatenation of two non-dependent lists is of type

list -+ list — list.
o the dependent version (concat) is of type

Mot mrat . 1ist n— list m— list (n+m)

Nx”A.Bis called a dependent product.
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Pure Type Systems have been built to unify all these different
presentations in a single system:
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Pure Type Systems have been built to unify all these different
presentations in a single system:
M,N,A B := x|\ AM|MN|NxAB"|s
r .= 0|Mhx:A
@ PTSs are an abstraction of Barendregt’s A-cube, presented
independently by Berardi and Terlouw.

fWe write A — B when B does not depend on the input.
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Pure Type Systems

Pure Type Systems have been built to unify all these different
presentations in a single system:
M,N,A B := x| XX M|MN|NxAB!|s
r .= 0|Mhx:A
o PTSs are an abstraction of Barendregt's A-cube, presented
independently by Berardi and Terlouw.

@ To be able to deal with all the different type systems, PTSs have
parameters that describe which type is valid: Sorts, Ax and Rel.

TWe write A — B when B does not depend on the input.
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STLC PTS
rx:A-M:B r-nx*B:s T,x:A-M:B
r- xx*M:A- B = M- xAM:NxA.B

r’-M:A—=B TFN:A r-M:NxAB TFN:A

r-MN:B = F-MN: B[N/x]
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STLC PTS
rx:A-M:B r-nx*B:s T,x:A-M:B
r- xx*M:A- B = M- xAM:NxA.B

r’-M:A—=B TFN:A r-M:NxAB TFN:A

r-MN:B = F-MN: B[N/x]

FrM: A A=3B lN-B:s
r'-mM:B

CONV
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o Let’s consider the type of lists of IN of length n: 1ist n.

Investigation on the typing of equality in type systems PhD Defense



o Let’s consider the type of lists of IN of length n: 1ist n.

@ What is the result and the type of concat 1 17
Mot omrat,  1ist n— list m— list (n+m)
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o Let’s consider the type of lists of IN of length n: 1ist n.

@ What is the result and the type of concat 1 17
Mot omrat,  1ist n— list m— list (n+m)

© concat 4 4 1 1 =4[1,8,5,7,1,3,5,7] : 1list (4+4)
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o Let’s consider the type of lists of IN of length n: 1ist n.

@ What is the result and the type of concat 1 17
Mot omrat,  1ist n— list m— list (n+m)

© concat 4 4 1 1 =4[1,8,5,7,1,3,5,7] : 1list (4+4)

The conversion rule is here to compute at the level of types and
change 1ist (4+4)into 1ist 8.
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For example:

Type Correctness
Ifr'=M: T thenthereis s € Sortssuchthat T=sorl~T:s.
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For example:

Type Correctness

Ifr'=M: T thenthereis s € Sortssuchthat T=sorl~T:s.

A more complex one:

Subject Reduction
fr=M:Tand M —z M thenT =M : T.

Needs Injectivity of M-types: If Mx*.B =4 NxC.D then A =4 C and
B =3 D. (Easy by confluence of 3-reduction)
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What if the path between A and B is “ill-typed” ?

r’-M: A A=3B rN-B:s
(WA .P) Q =5 P[Q/X] r-Mm:B
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What if the path between A and B is “ill-typed” ?

Let’s consider P to be the following proof of ' = M : B.

P1 P2 P3

I'-M:A A=3B I'+B:s
I'-M:B
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What if the path between A and B is “ill-typed” ?

By Confluence:

A4

'-M:A A-3C B—-sC I'FB:s
I'-M:B
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What if the path between A and B is “ill-typed” ?

By Type Correctness and Subject Reduction:

'M:A A-sgCc THC:t

VIV ww

TEM:C B—-zsC TI'FB:s

I'-M:B
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What if the path between A and B is “ill-typed” ?

But Subject Reduction introduces new harmful conversions:

TEM:C B—-zsC TI'FB:s

I'-M:B
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To avoid this possibility, we can type every step of the conversion.
They are called semantical PTSs or PTSs with typed
equality [Geuvers93]. We have now two typing judgments:
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To avoid this possibility, we can type every step of the conversion.
They are called semantical PTSs or PTSs with typed
equality [Geuvers93]. We have now two typing judgments:

o Oneforterms: T M : T
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To avoid this possibility, we can type every step of the conversion.
They are called semantical PTSs or PTSs with typed
equality [Geuvers93]. We have now two typing judgments:

o Oneforterms: T M : T
@ One for equalities: T'Fe M =3 N: T
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To avoid this possibility, we can type every step of the conversion.
They are called semantical PTSs or PTSs with typed
equality [Geuvers93]. We have now two typing judgments:

o Oneforterms: T M : T
@ One for equalities: T'Fe M =3 N: T

Fr=M: A A=3 B r-B:s
r'-mM:B

Investigation on the typing of equality in type systems PhD Defense



To avoid this possibility, we can type every step of the conversion.
They are called semantical PTSs or PTSs with typed
equality [Geuvers93]. We have now two typing judgments:

o Oneforterms: T M : T
@ One for equalities: T'Fe M =3 N: T

rl_eM:A r|—eA:5BS
I_'_eM:B
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Untyped $-equality is quite “small”:

(AXAM) N =5 M[N/x]

A=y A M=sM
MAM =5 XA M
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Typed S-equality is notably “bigger”:
Nx:AFeM:B M N A
Ml-eA:s Mx:AkFeB:t (s, t,u) € Rel
[ e AXAM)N =5 M[N/x] : B[N/x]

TFe A= A :s rx:AreM=3M :B
Mx:AFegB:t (s,t,u) € Rel
Mo MAM =5 MY .M - NxA.B
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Almost all the properties that we know about PTSs are easily proved
valid for PTSe, and there are new ones:
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Almost all the properties that we know about PTSs are easily proved
valid for PTSe, and there are new ones:

Left-hand/Right-hand reflexivity

frFeM=gN:TthenTFeM: Tandl'e N: T.
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Almost all the properties that we know about PTSs are easily proved
valid for PTSe, and there are new ones:

Left-hand/Right-hand reflexivity

frFeM=gN:TthenTFeM: Tandl'e N: T.

However, Subject Reduction is really troublesome to prove:

Typed Subject Reduction:

T e M: Tand M —5 N, then T ke M =4 N : T.

To prove this as we did for PTSs, we need [-Injectivity for typed
equality judgments, which is a really difficult question for PTSe since it

relies on (typed) property of Confluence, which relies on Subject
Reduction,
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Almost all the properties that we know about PTSs are easily proved
valid for PTSe, and there are new ones:

Left-hand/Right-hand reflexivity

frFeM=gN:TthenTFeM: Tandl'e N: T.

However, Subject Reduction is really troublesome to prove:

Typed Subject Reduction:

T e M: Tand M —5 N, then T ke M =4 N : T.

To prove this as we did for PTSs, we need [-Injectivity for typed
equality judgments, which is a really difficult question for PTSe since it
relies on (typed) property of Confluence, which relies on Subject
Reduction, which relies on M-Injectivity,
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Almost all the properties that we know about PTSs are easily proved
valid for PTSe, and there are new ones:

Left-hand/Right-hand reflexivity

frFeM=gN:TthenTFeM: Tandl'e N: T.

However, Subject Reduction is really troublesome to prove:

Typed Subject Reduction:

T e M: Tand M —5 N, then T ke M =4 N : T.

To prove this as we did for PTSs, we need [-Injectivity for typed
equality judgments, which is a really difficult question for PTSe since it
relies on (typed) property of Confluence, which relies on Subject
Reduction, which relies on M-Injectivity, which refies on ...
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If I t-¢ MxA.B =5 NMxC.D : u then there are s, t such that
TFeA=3C:5T(x:A) e B=g D:tand (s,t u) € Rel
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Strong MM-Injectivity : a counterexample

If I e MxA.B =5 NMxC.D : u then there are s, t such that
N-eA=3C:s (x:A)Fe B=gD:tand(s,t u)c Rel

By using the identity function as a coercion, one can restrict the
different types of a term. Let’s consider a particular PTS with (u, v)
and (u, V') in the definition of its axioms:

@ ucan be typed by v or v': PFu:vandFu:v.
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Strong MM-Injectivity : a counterexample

If I e MxA.B =5 NMxC.D : u then there are s, t such that
N-eA=3C:s (x:A)Fe B=gD:tand(s,t u)c Rel

By using the identity function as a coercion, one can restrict the
different types of a term. Let’s consider a particular PTS with (u, v)
and (u, V') in the definition of its axioms:
@ ucan be typed by v or v': PFu:vandFu:v.
Q M; = id, ucan only be typed by v: lfOFM;:T,thenT =5 v.
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Strong MM-Injectivity : a counterexample

If I e MxA.B =5 NMxC.D : u then there are s, t such that
N-eA=3C:s (x:A)Fe B=gD:tand(s,t u)c Rel

By using the identity function as a coercion, one can restrict the
different types of a term. Let’s consider a particular PTS with (u, v)
and (u, V') in the definition of its axioms:

@ ucan be typed by v or v': PFu:vandFu:v.
Q M; = id, ucan only be typed by v: lfOFM;:T,thenT =5 v.
O M, =id, ucanonly betypedby v': If0F M,: T,then T =5 V.
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Strong MM-Injectivity : a counterexample

If I e MxA.B =5 NMxC.D : u then there are s, t such that
N-eA=3C:s (x:A)Fe B=gD:tand(s,t u)c Rel

By using the identity function as a coercion, one can restrict the
different types of a term. Let’s consider a particular PTS with (u, v)
and (u, V') in the definition of its axioms:

@ ucan be typed by v or v': PFu:vandFu:v.
Q M; = id, ucan only be typed by v: lfOFM;:T,thenT =5 v.
O M, =id, ucanonly betypedby v': If0F M,: T,then T =5 V.
Q ke NMxM.u=5NxMe.u:w
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Strong MM-Injectivity : a counterexample

If I e MxA.B =5 NMxC.D : u then there are s, t such that
N-eA=3C:s (x:A)Fe B=gD:tand(s,t u)c Rel

By using the identity function as a coercion, one can restrict the
different types of a term. Let’s consider a particular PTS with (u, v)
and (u, V') in the definition of its axioms:

@ ucan be typed by v or v': PFu:vand@rFu:Vv.
Q M, =id, ucan only be typed by v: lfOFM;:T,thenT =5 v.
O M, =id, ucanonly betypedby v': If0F M,: T,then T =5 V.
Q Do MxM u=5nNx".u:w
By injectivity, we would be able to get () ¢ My =3 Mo : s for some s,
which is impossible.
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Some presentations of programming languages and type theories
based on the work of Martin-L6f are using another form of equality:
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Some presentations of programming languages and type theories
based on the work of Martin-L6f are using another form of equality:

@ The equality forterms isthe same : T e M =3 N : T.
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Some presentations of programming languages and type theories
based on the work of Martin-L6f are using another form of equality:

@ The equality forterms isthe same : T e M =3 N : T.
@ The equality for types is weaker : ' -¢ A =3 B.
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Another kind of equality

Some presentations of programming languages and type theories
based on the work of Martin-L6f are using another form of equality:

o The equality for terms isthe same : TFe M =g N : T.
o The equality for types is weaker : ' -¢ A =3 B.

If we assume that this equality enjoys [-injectivity, then it is enough to
prove Subject Reduction for PTSe. Sadly, there is no known proof of
that at the moment.
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Another way to prove Subject Reduction for PTSe would be to use the
Subject Reduction we have for PTSs. We need to prove some kind of
equivalence between both systems.
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Is there another way to prove it ?

Another way to prove Subject Reduction for PTSe would be to use the
Subject Reduction we have for PTSs. We need to prove some kind of
equivalence between both systems.

A more practical reason why we are looking for this equivalence is
about proof assistants. Usually, the implementation is done with an
untyped equality, whereas the consistency proof is done with a typed
equality. Such an equivalence would bring closer the implementation
from its theory.
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Are PTSs and PTSe the
same systems ?

[Geuvers93]




We prove by mutual induction that
Olfr~eM: TthenT -M: T.
olfr-eM=gN:TthenT-FM:T,T=N:Tand M=3N.
o If [y, then Ty
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We prove by mutual induction that
Olfr~eM: TthenT -M: T.
olfr-eM=gN:TthenT-FM:T,T=N:Tand M=3N.
o IfI'yy then Ty

Here we just “lose” some information, nothing complicated.
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The other way around needs a way to “type” a S-equivalence into a
judgmental equality:

olfr=M: TthenTHo M : T.

ofrE-M:T,TEFN: TandM =5 NthenTFe M =3 N: T.

o If Iys then wae.
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The other way around needs a way to “type” a S-equivalence into a
judgmental equality:

olfr=M: TthenTHo M : T.

ofrE-M:T,TEFN: TandM =5 NthenTFe M =3 N: T.

o If Iys then wae.

Here, we need to find a way to type all the intermediate steps.
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The other way around needs a way to “type” a S-equivalence into a
judgmental equality:

olfr=M: TthenTHo M : T.

ofrE-M:T,TEFN: TandM =5 NthenTFe M =3 N: T.

o If Iys then wae.

Here, we need to find a way to type all the intermediate steps.

But can we ?
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r=M: T M =B N FrEN:T




rEmM: T M =B N rEN:T

rFeM:T P I_'_eNT




rEM: T M =B N rEN:T

rFeM:T P I_'_eNT

o Pis well-typed in PTS by Subject Reduction.
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rEM: T M =B N rEN:T

rFeM:T P I_'_eNT

o Pis well-typed in PTS by Subject Reduction.
o Is P well-typed in PTSe ?
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rEM: T M =B N rEN:T

rFeM:T P I_'_eNT

o Pis well-typed in PTS by Subject Reduction.
o Is P well-typed in PTSe ?
o How do we type M =5 Pand N =5 Pin PTSe ?
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o Early attempts to prove such an equivalence did not aim at the
whole generality of PTSs, and were based on the construction of a
model [Geuvers93,Goguen94].
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Some partial solutions

o Early attempts to prove such an equivalence did not aim at the
whole generality of PTSs, and were based on the construction of a
model [Geuvers93,Goguen9d4].

o A first syntactical criterion was shown for a subclass of PTSs
[AdamsO06] called functional PTSs, by adding annotations inside
the syntax of terms.
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Some partial solutions

o Early attempts to prove such an equivalence did not aim at the
whole generality of PTSs, and were based on the construction of a
model [Geuvers93,Goguen9d4].

o A first syntactical criterion was shown for a subclass of PTSs
[Adams06] called functional PTSs, by adding annotations inside
the syntax of terms.

@ By using the same intermediate system, Herbelin and | extended
this result to other subclasses of PTSs called semi-full and full.
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Adams introduced an additional annotation inside the applications:
M,N,A B := x| AM | Miys N | NxA.B| s
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Extension of the TPOSR solution

Adams introduced an additional annotation inside the applications:
M,N,A B := x| \XAM|MysN|NxAB|s

Also, its system called Typed Parallel One Step Reduction is no longer
based on equality but on reduction:
rN-Me>N:A rN-A=B:s
r-Mre>N:B
r-As A:s rx:AFBp> B :t
rx:A-M>M :B r-NsN:A (s,t,u) € Rel
[ = (AXAM)sN > M'[N'/x] : BIN/X]
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Summary of the proof
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Summary of the proof
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Summary of the proof

\
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Summary of the proof
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The idea is to prove that:
o TPOSR’s equality is Confluent.
o TPOSR’s equality has Injectivity of -types.
o TPOSR has Subject-Reduction.
@ TPOSR is equivalent to PTS and PTSe.
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The idea is to prove that:
o TPOSR’s equality is Confluent.
o TPOSR’s equality has Injectivity of -types.
o TPOSR has Subject-Reduction.
@ TPOSR is equivalent to PTS and PTSe.

r
tricky part
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To achieve the equivalence for all PTSs, we need to improve TPOSR.
The idea came from [Streicher91], but was used for completeness
results.
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To achieve the equivalence for all PTSs, we need to improve TPOSR.
The idea came from [Streicher91], but was used for completeness
results.

@ Our idea is to extend the annotation on application: My, g N.
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PTS with Annotated Typed Reduction

To achieve the equivalence for all PTSs, we need to improve TPOSR.

The idea came from [Streicher91], but was used for completeness
results.

@ Our idea is to extend the annotation on application: My, g N.

@ And we have to change the typing rule to deal with this new
annotation:

Fr’FkM>N:A r'FA~B:s
r'M>N:B
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PTS with Annotated Typed Reduction

To achieve the equivalence for all PTSs, we need to improve TPOSR.

The idea came from [Streicher91], but was used for completeness
results.

@ Our idea is to extend the annotation on application: My, g N.

@ And we have to change the typing rule to deal with this new
annotation:

r’NFkMe>N:A r’HA=B
rNEMe> N:B
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PTS with Annotated Typed Reduction

To achieve the equivalence for all PTSs, we need to improve TPOSR.

The idea came from [Streicher91], but was used for completeness
results.

@ Our idea is to extend the annotation on application: My, g N.

@ And we have to change the typing rule to deal with this new
annotation:

r’-M>N:A THA=B
r’-Mwo>N:B
. rFAxA:s
rx:AFMp> M : B rEN>N:A
M (XAM),0 gN > MN'/x] : BIN/x]
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PTS with Annotated Typed Reduction

To achieve the equivalence for all PTSs, we need to improve TPOSR.

The idea came from [Streicher91], but was used for completeness
results.

@ Our idea is to extend the annotation on application: My, g N.

@ And we have to change the typing rule to deal with this new
annotation:

r-MesN:A THA=B
r’-MweN:B
r-A>tA:s THABTA:s
rx:AFMp> M : B rEN>N:A
M= (WM gN > M'[N'/x] - BIN/x]
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Diamond property for PTS,;,

fr-=Mp> N:Aand Tl - M P : Bthen there is Q such that
Fr’-Np Q:ABandlT-P> Q: A B.
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Diamond property for PTS,;,

fr-=Mp> N:Aand Tl - M P : Bthen there is Q such that
Fr’-Np Q:ABandlT-P> Q: A B.

M
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Diamond property for PTS,;,

fr-=Mp> N:Aand Tl - M P : Bthen there is Q such that
Fr’EN>Q:ABandTHPE>Q:AB.

The proof is easier than the proof for TPOSR because of the additional
annotations. However, these annotations will give us extra work in the
following properties.

As a direct consequence:

M-Injectivity for PTS

fr-nNxAB=~Nx°.DthenT+-A>~Candl,x: A+ B=D.
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As we said before, the key point of the equivalence is the Subject
Reduction of the typed system:
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As we said before, the key point of the equivalence is the Subject
Reduction of the typed system:

Subject Reduction for PTS,;,

fr-=MoP:TandM —z NthenTFM>TN:T.
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As we said before, the key point of the equivalence is the Subject
Reduction of the typed system:

Subject Reduction for PTS,;,

fr-=MoP:TandM —z NthenTFM>TN:T.

The proof is almost the same as the usual one for PTSs. Some
additional work is required for the g case: we need to provide the Ag
that links both annotations.
r-FAg>"A:s TFHAD A :s
M= (XAM)q,w gN > MN'/x] : BIN/X]
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o ltis easy to translate a PTS,; judgment into PTSs (same kind of
erasure than PTSe).
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o ltis easy to translate a PTS,; judgment into PTSs (same kind of
erasure than PTSe).

@ However, from usual PTSs, we need to compute the additional
annotations needed by PTS 5 :
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o ltis easy to translate a PTS,; judgment into PTSs (same kind of
erasure than PTSe).

@ However, from usual PTSs, we need to compute the additional
annotations needed by PTS 5 :

From PTS to PTS,;,
IfIr'=M: T, then there is ', M* and T* such that '™ = M* > M* . T*,
where [T*| =T, |M*|=Mand |T*|=T.
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Equivalence between PTSs and PTS

o ltis easy to translate a PTS,; judgment into PTSs (same kind of
erasure than PTSe).

@ However, from usual PTSs, we need to compute the additional
annotations needed by PTS;:

IfIr'=M: T, then there is ', M* and T* such that '™ = M* > M* . T*,
where [T*| =T, |M*|=Mand |T*|=T.

@ Thanks to Subject Reduction of PTS,, the conversion rule is no
longer a problem, but we still have to compute some valid '™, M*
and T*.
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The proof is done by induction:

r-A:s Mx:AEB:t (s,t,u) € Rel
FrENxA.B:u
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The proof is done by induction:

rHA:s Mx:AEB:t (s,t,u) € Rel
FrENxA.B:u

By induction, we have:
(%] F1,A1 suchthatl'y F Ay > Ay @ s, |F1] =T and ’A1‘ = A
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The proof is done by induction:

r-A:s Mx:AEB:t (s, t,u) € Rel
FrENxA.B:u

By induction, we have:
(%] F1,A1 suchthatl'y F Ay > Ay @ s, |F1] =T and ’A1‘ = A

0 p,Acand By suchthat o, x: Ao F Bo > By i, [T =T, A = A
and |By| = B.
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The proof is done by induction:

r-A:s Mx:AEB:t (s, t,u) € Rel
FrENxA.B:u

By induction, we have:
(%] F1,A1 suchthatl'y F Ay > Ay @ s, \F1] =T and ’A1‘ = A.
0 p,Acand By suchthat o, x: Ao F Bo > By i, [T =T, A = A
and |By| = B.
@ We need a way to glue things together:

Erased Conversion

If |A| = |B|, and if A and B are well-formed types in PTSg, then
r-A=B.

The proof of this lemma is very technical, and the most difficult
proof of this thesis.
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Complete Equivalence

\Y/
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Complete Equivalence:
lceM: T iff TEM:T
MrM-eM=gN:T iff TEFM:T,TEN:Tand M= N
[ i iff T,
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Complete Equivalence:

FrEeM: T iff TEM:T
FrceM=pN:T iff TEFM:T,TEN:Tand M= N
I wr iff T,

Proving Subject Reduction for PTSe is now trivial:
o lfrFeM: Tand M —5 N, thenT M : T.
@ By Subject Reductionin PTS,T=N:T,solte N: T.
@ Once again, by equivalence, ' =e M =g N : T.
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Complete Equivalence:

FrEeM: T iff TEM:T
FrceM=pN:T iff TEFM:T,TEN:Tand M= N
I wr iff T,

Proving Subject Reduction for PTSe is now trivial:
o lfrFeM: Tand M —5 N, thenT M : T.
@ By Subject Reductionin PTS,T=N:T,solte N: T.
@ Once again, by equivalence, ' =e M =g N : T.

Corollary: Weak [-Injectivity
If M e MxA.B =5 NxC.DthenT ¢ A= Cand I, x: Al¢ B=5 D.
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Expansion Postponement is another hard problem regarding
PTSs [Pollack92]. The idea is once again to modify the conversion
rule to suit our needs.
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Expansion Postponement is another hard problem regarding
PTSs [Pollack92]. The idea is once again to modify the conversion
rule to suit our needs.
r-M:A r-B:s A=3B
r’-m:B

0
r-M:A A—zB T-FM:A B—z;A TFB:s

r'-Mm:B r'-m:B
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Expansion Postponement: still stuck

Expansion Postponement is another hard problem regarding

PTSs [Pollack92]. The idea is once again to modify the conversion
rule to suit our needs.

Fr=M: A Nr-B:s A=3B

r'-m:B
i}
FrEM: A A—gB THEFM:A B—sA r'-B:s
r'-=M:B r'=M:B

Following ideas from [Lengrand06], we tried to switch to a view of

PTSs based on Sequent Calculus, but failed at finding a final answer to
this problem.
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In order to apply such a result to full scale type systems like the ones
behind proof assistants, we need to extend the theory.

@ Adding inductive types to have more usable datatypes.
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In order to apply such a result to full scale type systems like the ones
behind proof assistants, we need to extend the theory.

@ Adding inductive types to have more usable datatypes.
@ Trying to add n-expansion to the conversion.
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To infinity . ..and beyond !

In order to apply such a result to full scale type systems like the ones
behind proof assistants, we need to extend the theory.

@ Adding inductive types to have more usable datatypes.
o Trying to add n-expansion to the conversion.
@ Adding universes a la Martin-L6f: towards CC,, and CIC.
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We tried several different extensions in order to deal with subtyping in
the CC,, type system [Miquel01] but we didn'’t yet find a proper
solution.
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The Calculus of Constructions with Universes: CC,

We tried several different extensions in order to deal with subtyping in
the CC,, type system [Miquel01] but we didn’t yet find a proper
solution.

The two main issues we faced were quite different:

@ By keeping the same annotation process, the Erased Confluence
lemma is no longer true, so we can’t annotate a PTS into PTS .
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The Calculus of Constructions with Universes: CC,

We tried several different extensions in order to deal with subtyping in
the CC,, type system [Miquel01] but we didn’t yet find a proper
solution.

The two main issues we faced were quite different:

@ By keeping the same annotation process, the Erased Confluence
lemma is no longer true, so we can’t annotate a PTS into PTS .

o All the attempts to fix the way we deal with the annotations have
broken the Church-Rosser lemma.

We still need to find the right way to deal with universes and subtyping.
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Conclusion

Implementation contributions:

o Extension of the formalization started by Barras of the meta theory
of PTSs and PTSe by adding the full meta theory of PTS,; and
the complete proof of equivalence.

o Formalization of a part of [Lengrand06] about PTSs in Sequent
Calculus with some extensions.

Theoretical contributions:

@ A new system with typed reduction that enjoys all the good
properties of usual PTSs, without relying on normalization.

@ The right notion of equality at the level of types for PTSe, which
enjoys the Injectivity of MN-types.

o A final answer to the link between PTS and PTSe: they are
completely equivalent.

We finally have a unified theory of Pure Type Systems.
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