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Conservative forces
A force is conservative when the work

NGRS

1

only depends on the endpoints q(t1) and q(t2).
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Conservative forces
A force is conservative when the work

NGRS

1

only depends on the endpoints q(t1) and q(t2).

Principle
All forces are conservative.

Remark
This is not true for friction for instance since it clearly depends on
the path: we neglect heat loss!
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Conservative forces
A force is conservative when the work

NGRS

1

only depends on the endpoints q(t1) and q(t2).

Principle

All forces are conservative.

Remark
When the space is simply connected, this is equivalent to

dFF = VxF=0

which is equivalent to



Newton's law

In the case of a conservative force, Newton's law gives

dv

mx = ——
dx
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Newton's law

In the case of a conservative force, Newton's law gives

dv

mx = ——
dx

which turns out to be equivalent to the fact that the action

S = /: (;mkz - V(x)) dt

is stationary wrt variations of the path x(t).
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The Lagrangian

Principle (Hamilton)
A mechanical system is characterized by a function
L(q,q,t)

called the Lagrangian where q is (a vector of) position, ¢ is (a
vector of) speed and t is the time and the paths it takes follows
the least action principle: it minimizes the action

[}
S = /L(q,q,t)dt

[51

between any two instants t; and t.
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The Lagrangian

More formally, the position is a point g in a manifold M (for
instance for the double pendulum in R3, M = §? x 52) and the
evolution of the system is given by a path

q : [t17 t2] - M
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The Lagrangian

More formally, the position is a point g in a manifold M (for
instance for the double pendulum in R3, M = §? x 52) and the
evolution of the system is given by a path

q : [t17 t2] - M

The velocity is g(t) € Tq;yM. The Lagrangian is a function

L : T™M — R
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The Lagrangian

More formally, the position is a point g in a manifold M (for
instance for the double pendulum in R3, M = §? x 52) and the
evolution of the system is given by a path

q : [t17 t2] - M

The velocity is g(t) € Tq;yM. The Lagrangian is a function

L : T™M — R

Notice that when we write L(q', g'), ¢’ is a coordinate not the
derivative of something.

6
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The least action principle
Suppose that we perturb the position by taking

q+4q
where 0q is a (always small) function such that

(5q(t1) = 5q(t2) =0
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The least action principle
Suppose that we perturb the position by taking

q+4q
where 0q is a (always small) function such that
6q(t1) = 0q(t2) =0

The resulting change in action is

t t:
5S = /2L(q+5q,¢+5d,t)dt—/2L(qa‘77t)dt
t1

t1

and the least action principle says

0S = 0
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Formalizing the 0
In order to make this formal, we consider a family of paths
g : [0,T]—=M

smoothly indexed by s € [—1, 1], such that gs(0) = a, gs(1) = b
and qp = q.

71



Formalizing the 0
In order to make this formal, we consider a family of paths
g : [0,T]—=M
smoothly indexed by s € [—1, 1], such that gs(0) = a, gs(1) = b

and qp = q.

We write
d

5 f =
or ds o

so that the least action principle is

0S = 0

71



Euler-Lagrange equation
If we suppose that gs = g for every s outside a given chart,

t
0 — &5 = 6/2L(q,c'7,t)dt
t:

1

/oL . OL .
= -0q' + ,.5") dt
/n <8q’ T g%

with (g', g") local basis for TM (by abuse of notation!).
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Euler-Lagrange equation
If we suppose that gs = g for every s outside a given chart,

t
0 = 5 = 6/2L(q,c'7,t)dt
t:

1

/oL . OL .
= -0q' + ,.5") dt
/n <8q’ T g%

with (g', g") local basis for TM (by abuse of notation!).
Since 6g = ddq/ dt, we have

oL R /oL d OL .
o:as:[ Ls } +/ < _d _.>6’dt
09’7 ], " ), \og8  drogi) 7

and this it must be true for all dqg:

d(@L)_aL _
dt \0g’ dq’

called the Euler-Lagrange equation.
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The Euler-Lagrange equation

(2L
dt \ g’

relates

e the momentum:
pi

e the force:

Momentum and force

oL
oq'

oL
agi

oL
aq’
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Momentum and force
The Euler-Lagrange equation

d(f)L) _ oL 0
dt \ g’ dq’

relates
e the momentum:
oL
pi = BY
e the force: 51
F = 97
q

In other words, it states
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In the case of a particle
We have
L = T-V
where
o T = Imv? is the Kinetic energy
e V is the potential energy
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In the case of a particle
We have
L = T-V
where
o T = Imv? is the Kinetic energy
e V is the potential energy

NCO N
dt \ 0q dqg
e F=0L/0q is the force

e p=0L/0q is the momentum p = mv
in other words, we have recovered Newton’s law

F(q(t)) = ma(t)

In the E-L equation
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How do we know that?

Principle (Galileo's relativity)

The laws of physics remain unchanged in an other referential
moving at constant speed (think of a ball falling in a train).
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How do we know that?

Principle (Galileo's relativity)

The laws of physics remain unchanged in an other referential
moving at constant speed (think of a ball falling in a train).

For a free particle, L does not depend on position or time, only on
speed. Moreover, space being isotropic, it does not depend on the
direction of speed, only on its magnitude v?:

L = L(v?
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direction of speed, only on its magnitude v?:

L = L(v?
Thus E-L gives (d/dt)(0L/0v) =0, i.e.

4 = constant

12/71



How do we know that?

Principle (Galileo's relativity)

The laws of physics remain unchanged in an other referential
moving at constant speed (think of a ball falling in a train).

For a free particle, L does not depend on position or time, only on
speed. Moreover, space being isotropic, it does not depend on the
direction of speed, only on its magnitude v?:

L = L(v?
Thus E-L gives (d/dt)(0L/0v) =0, i.e.
v = constant

By elaborating on these ideas, we find L proportional to v?:
1 5

L = EmV
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Conservation of energy
We have (with Einstein summation convention)
dL oL oL oL

ar = aThquaT]iCIH-a
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Conservation of energy
We have (with Einstein summation convention)

dt oL, oL, oL
dat  0q, T 9,7 T e

By homogeneity of time, L/t = 0 and since, by E-L we have
OL/0q; = (d/ dt)(OL/0g;)

dL -.d<5L) oL ..
dr Ui \og ) " g7

_ 4 (-.m)
- dt qlaq;
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Conservation of energy
We have (with Einstein summation convention)

oL, oL, oL

dat  0q, T 9,7 T e
By homogeneity of time, L/t = 0 and since, by E-L we have
OL/0q; = (d/dt)(0L/04:)

Ao G d (2, oy,
dt — %dr\og) " 0g,”
_ d(-.aL)
- dt qlaq;
Therefore energy is conserved:
dE d oL
— = —|g=—-1L = 0
dt dt (q 0qi )
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Conservation of energy
We have (with Einstein summation convention)

dt oL, oL, oL
dat  0q, T 9,7 T e

By homogeneity of time, L/t = 0 and since, by E-L we have
OL/0q; = (d/ dt)(OL/0g;)

Ao G d (2, oy,
dt — %dr\og) " 0g,”
_ d(-.aL)
- dt qlaq;
Therefore energy is conserved:
dE d oL
— = —|g=—-1L = 0
dt dt (q 0qi )

(for a particle, E = mv? — (%mv2 — V) = %mv2 + V).
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Conservation of momentum

Similarly the momentum is conserved by invariance of space.

14 /71



Noether's theorem

“If a system has a continuous symmetry property, then there are
corresponding quantities whose values are conserved in time.”
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Noether's theorem

Consider a smooth map R x I — T, called family of symmetries,

(5,9) — gs

with g = g
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Noether's theorem

Consider a smooth map R x I — T, called family of symmetries,
(s,9) = gs

(e.g. gs(t) = g(s + t) or gs(t) = q(t) + sv, etc.)
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Noether's theorem

Consider a smooth map R x I — T, called family of symmetries,

(5,9) — gs

such that there exists a function ¢(q, g) : TM — R for which
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Noether's theorem

Consider a smooth map R x I — T, called family of symmetries,

(s.q) — as
such that there exists a function ¢(q, g) : TM — R for which

d/

L= =
dt

i.e. for every path q,

%L(qs(t),qs(t)) - %e(qs(t),érs(t))

16
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Noether's theorem

Consider a smooth map R x I — T, called family of symmetries,

(5,9) — gs

such that there exists a function ¢(q, g) : TM — R for which

oo
i.e. for every path q,
PICHORAG) RV CAORAG)
ds s=0 dt
then d '
0 (p;dq’ — E) = 0

16
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Noether's theorem

Theorem
d .
E(p;éq’—ﬁ) = 0
Proof.
d PN . de
4 (piéq - 5) = pidg; + piogi —
oL . . 0L
= —4q' - — 0L
0g°7 t o5 70
=0L—4L

=0

17/71



Applications of Noether's theorem
Conservation of energy

Consider
as(t) = qlt+s)
We have
oo dla))  _dL_;
ds |—o dt

and taking ¢ = L, we deduce that the energy
E = pg—1L

is conserved.
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Applications of Noether's theorem
Conservation of momentum
Consider

as(t) = as(t)+sv

For a free particle, we have L = %mc’ﬁ, and
oL = 0

because g = 0 and L only depends on g (not on q).
Taking £ = 0, we deduce that the momentum

pidg’ = mgv' = mg-v
is conserved.

(notice that this “momentum” is not the same as before, even
though it has the same value on usual examples)
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Applications of Noether's theorem

Conservation of angular momentum
Consider for X € so(n) an antisymmetric matrix
(so that eX € SO(n)),

as(t) = eXq(t)
We have oL (‘9L
SL = '
oq' o4’
=0, aL = mgq;, and
i dg’ dd/ d B
ds ~ dsdt (e q) _ &Xq X4
s=0 s=0
i.e.

SL=mg-(Xg)=0

by anisymmetry of X. The angular momentum

18/71



Hamiltonian
Mechanics
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The Hamiltonian

Instead of starting from the Lagrangian L(q, §)
L : ™ — R
we can characterize the system from the energy
H(g,p) = piq —L(q,q)
called Hamiltonian and seen as
H : T°M — R

since
oL

pi = o’

20/71



Changing coordinates

We have a map
™M
(9,p)

Il

(g.9)

where
o dL
pl - dq’
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Changing coordinates

We have a map

A ™ — T*M
(¢.9) = (q.p)
where
o dL
pl - dq’

which can be described in a coordinate-free way.

21/71



Regular Lagrangians

L is regular if it induces a diffeomorphism

A TM — XCT'M

to the phase space X. It is strongly regular when X = T*Q.



Regular Lagrangians

L is regular if it induces a diffeomorphism
A TM — XCT'M

to the phase space X. It is strongly regular when X = T*Q.

When A : TM — X C T*M is an isomorphism, we can see

g:TM—-R as §goX:X—>R

which we both write g. An in particular, we can see p; = g;,- as

X — R instead of M — RR.




Hamilton's equations

We have

oL . oL . . i i
dL = -dq’+87.,,-dq’ = pidq' + p;idg’

23 /71



Hamilton's equations

We have
oL . oL .. , ,
dL = -dg¢' + ——=d¢' = p;idqg' + p;dg’
3q’q+6q’q pidq' + pidg
and
dH = dpig'=L) = §'dpi+pidd — (prdg +pidd)

= q'dp;— pidq’
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Hamilton's equations

We have
oL . oL .. L i
dL = -dq' + -=d¢' = pidq' + p;idg’
aq' tolel
and
dH = d(pig' —1) = §'dpi+pidd — (pidg + pidq)
= q'dp;— pidq’
And therefore
. OH . _OH
7= opi Pi= "0,

23 /71



The principle of least action

Notice that the action can be defined as

s = /ttz (i — H) dt

1

and the principle of least action holds iff Hamilton's equations

. OH . 0H

ql

~ Op; Pi= g

hold.
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The Poisson bracket

Given a function f(q, p, t) on the manifold, we have

d
dt

f‘

of +8f of

apP T 97 " ae

OF OH _0f OH _ of

OpOdp 90qdq Ot
of

{f, H}—i——
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The Poisson bracket

Given a function f(q, p, t) on the manifold, we have

df _of +8f of

gt = P T aq T ar

OF OH _0f OH _ of

OpOdp 90qdq Ot
of

= {fH}—i—f

where the Poisson bracket is defined by

(g _ OFOF OF of
&5 T Ogiopr opoq
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The Poisson bracket

Given a function f(q, p, t) on the manifold, we have

df _of +8f of

TR P LT

OF OH _0f OH _ of

Opdp 90qdq Ot
of

= {fH}—i—f

where the Poisson bracket is defined by

(g _ OFOF OF of
&5 T Ogiopr opoq

In particular, an invariant f(q, p) satisfies {f,H} = 0.
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The Poisson bracket

Notice that we have

OH OH

q= ap—{q,H} pzaq—{p,H}
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The Poisson bracket

Notice that we have

OH OH

. B L_OH _
i=3, = {q,H} P= g {p,H}

And also

{q’,q/} =0 {pi,pi} =0 {qiapj} = 0jj

26/71



Symplectic manifolds

The phase space can be more generally modeled as:

Definition
A symplectic manifold M is a manifold equipped with a 2-form w
which is

e closed:
dv = 0

e non-degenerate: for every p € M and v € TM,
wp(v,—) : ™™ — R

is not 0 (everywhere)
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Hamiltonian on a simplectic manifold

Since w is non-degenerate, it provides a vector bundle isomorphism

™ — T'M
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Hamiltonian on a simplectic manifold

Since w is non-degenerate, it provides a vector bundle isomorphism
™ — T'M
Therefore, a function (Hamiltonian)
H : M — R
determines a vector field Xy € ' TM such that

dH = w(Xy,—)
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Hamiltonian on a simplectic manifold

Since w is non-degenerate, it provides a vector bundle isomorphism
™ — T'M
Therefore, a function (Hamiltonian)
H : M — R
determines a vector field Xy € ' TM such that
dH = w(Xy,—)
The Poisson bracket is then defined by

{f.g} = wXe,Xr) = dg(X)

28 /71



Hamiltonian on a simplectic manifold

For instance, given M of dimension 2n with canonical coordinates
(¢*,...,9",p1,...,Pn), the simplectic form is

w = Y dq'Adp
and we have

X = (20

7 \op’ ag

29/71



Special
Relativity



The principle of relativity

Principle (Einstein)
The speed c of light is the same in two referentials moving at
constant speed.
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What can we draw from this?

Suppose that a particle moves at speed ¢ from (x1, y1,21) to
(x2, y2, z2) between instants t; and t;. We have

A -t)l+e-—x)’+0e—n)l+(—2) =

0
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What can we draw from this?

Suppose that a particle moves at speed ¢ from (x1, y1,21) to
(x2, y2, z2) between instants t; and t;. We have

~Fh-t)l+e-—x) +0r-n)il+=-2) = 0
But also

—(t -8+ —x) P+ (-’ +(ZH—274)P? = 0
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What can we draw from this?

Suppose that a particle moves at speed ¢ from (x1, y1,21) to
(x2, y2, z2) between instants t; and t;. We have

A -t)l+e-—x)’+0e—n)l+(—2) =
But also
—A(t -1+ (o —x)’+ )’ +(B—27) =

This suggests to introduce a metric of the form

-2 000
0 100
0 010
0 00 1

on a spacetime manifold, which should be invariant of the
referential.
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Lorentz transformations

Suppose that we have a referential R’ moving at speed v along x
axis wrt R. Classically, we have

=t x ' =x—vt y’:y zZ =z
This is not consistent with relativity principle:

X2ty =ct Vs (x—wvt)2+y*+22=ct
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Lorentz transformations

Suppose that we have a referential R’ moving at speed v along x
axis wrt R. Classically, we have

=t x ' =x—vt y’:y 7=z

This is not consistent with relativity principle:
x? + y2 + 22 =ct

Vs (x—wvt)2+y*+22=ct

And actually, now we have Lorentz transformations

t,_t—c—"zx , x—uvt

X

/
—_— = zZ = Z
— — Y=y
c? V c?
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Deriving Lorentz transformations

Suppose that light is moving along y axis in R.

e in R:
¢ = L
t
e in R:
/y2 + V2t2
= T
and therefore
t, ; /y2+v2t2
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The proper distance

One thing that one can notice about the metric defined by

1
s = E\/*C2(t2 —t)?+ (e —x1)? + (2 = y1)? + (22 — z1)?

is that the distance between two events is invariant under Lorentz
transformations!

(which is not the case of distances, or time differences)
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Moving clocks

From the fact that s is invariant it is easy to show that during a
time dt in rest frame, in a frame moving at speed v a clock will
have advanced from dt’ such that
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Moving clocks

From the fact that s is invariant it is easy to show that during a
time dt in rest frame, in a frame moving at speed v a clock will
have advanced from dt’ such that

2
T RN P
c c?

Moving clocks go more slowly!

36
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The relativistic Lagrangian
For a free particle, the action must be of the form

b
S = —a/ds

with o > 0.
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The relativistic Lagrangian
For a free particle, the action must be of the form

b
S = —a/ ds
a
with o > 0. The Lagrangian satisfies

to
S = Ldt

t1
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The relativistic Lagrangian
For a free particle, the action must be of the form

b
S = —a/ ds
a
with o > 0. The Lagrangian satisfies

to
S = Ldt

t1

to 2
S = —/ ac“l—v—2
t1 (9

Therefore
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The relativistic Lagrangian
For a free particle, the action must be of the form

b
S = —a/ ds
a
with o > 0. The Lagrangian satisfies

to
S = Ldt

t1

to 2
S = —/ ac“l—v—2
t1 (9

Imposing lime_ oo L = %mv2 implies o« = mc, i.e.

Therefore
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Momentum and energy
The relativistic momentum of a free particle is

B @ mv
p = 8(] - ]__v2

c2

38/71



Momentum and energy

The relativistic momentum of a free particle is

oL mv
p = —_— = -
and its energy is
2
E = pv—-L = me

v2
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Momentum and energy
The relativistic momentum of a free particle is

oL mv
p = —_— = -
and its energy is
2
E = pv—-L = me =
-5

The rest energy of the particle is

lim E = mc?
C— 00
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Momentum and energy
The relativistic momentum of a free particle is

oL mv
p = —_— = -
and its energy is
2
E = pv—-L = me =
-5

The rest energy of the particle is

lim E = mc?
C— 00

Notice that we recover the classical notion of energy when v < c:
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Hamiltonian

From preceding formulas we have

E2
C2

H:C\/m

_ p2+m2c2

and therefore
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Hamiltonian

From preceding formulas we have

E2
C2

H:C\/m

In particular, when v < c,

_ p2+m2c2

and therefore

2

H = mc2+p——|—...
2m
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Electromagnetics
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The electric force

The electric force from a charge ¢’ on a charge g distant from 7

-

/ r
g ——q

- 1 ad
Eo_ qq' 7
4reg r2 r
where

e g and ¢’ are the charges (in Coulomb)

r is the distance (in meters)

F is the force in (in Newtons)
g0 is the permittivity of free space (in C2m—2N~1)
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Electric field

This can be reformulated by saying that a charge g is subject to a

force
qgE

and generates an electric field

— 1 g7

() = o
4reg rer

n.l
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The nabla symbol

In the following, we are going to make use of the nabla operator

o 0 0
Vo= (ax’ay’az)
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Divergence

Definition
The divergence of a vector field F measures its flux

V:E = OWFL+&Fh+03F3 = lim //
V—={x}JJS(V)

44 /71



Curl

Definition
The curl measures rotation

VxF = (02F3 — 03F3,01F3 — 03F1,01F» — 02F1)

lim f F- dri
= ] _—
A={x} Ja |A|
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Curl

Definition
The curl measures rotation

VxF = (02F3 — 03F3,01F3 — 03F1,01F» — 02F1)

lim % F- dri
= ] _—
A={x} Ja |A|

Example
Vx(ydx —xdy) = -2dz
S,
SN
/‘/’/'/wﬁw:‘\"\\ B
/\/\/‘ﬂzﬂﬂ\"\'\\_{ R R 2 2 2 2
fff}”*ﬂxs\\’ 2 2R 2 2 2 2R 2
%TT?\;;MyLX'\/ R R 2 2 2 2
TTﬁAAV¢$Lx N S N 2
XX’Y/:K<,(\L i} R 2 2 2 2 2
/\l\'\’\ﬂ«(,¢l R R 2 2 2 2
'\"\\,\(\E(/{\/\/[ R R R
s’s\r\&%(//;ff R N N N
DN e R
N R N N N
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Curl

Definition
The curl measures rotation

(O2F3 — 03F2,01F3 — 03F1,01F> — 02F1)

V x F

Example

45 /71
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Maxwell equations

V.-B

. 0B

E i

V x +at
V.-E

. JE
B—-——

V x 5

where:
o E is the electric field
e Bis the magnetic field
e p is the charge density
° j_"is the electric current density

.

46
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Quantum
Mechanics

7/71



Complex vector spaces

We will consider vector spaces over the field C.
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Complex vector spaces

We will consider vector spaces over the field C.

We write — for the functor Vect — Vect such that a linear
f:V — W is an antilinear f : V — W, i.e.

f(v) = Xf(v)

V is the same as V excepting that Av in Vis Av in V.
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Hilbert spaces

Definition
A Hilbert space H is a complex (or real) inner product space:

(-]-) : H®H — C

49 /71



Hilbert spaces

Definition

A Hilbert space H is a complex (or real) inner product space:

(-]-) : H®H — C

such that
o (x|Ay) = Alxly)
(xly1 + y2) = {xly1) + (x]y2)

o (xly) = {ylx)

e (x|x) > 0 with equality precisely when x =0
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Hilbert spaces
Definition
A Hilbert space H is a complex (or real) inner product space:

(-]-) : H®H — C

such that
o (x|Ay) = Alxly)
o (Xlyr+y2) = (xly1) + {x[y2)
o (xly) = {ylx)
e (x|x) > 0 with equality precisely when x =0

and H is complete wrt the distance function induced by the norm

X[ = v/ {x]x).

49 /71



Hilbert spaces
Definition
A Hilbert space H is a complex (or real) inner product space:
(==Y : H®H — C
such that
o (x[Ay) = Alxly)
o (Xlyr+y2) = (xly1) + {x[y2)

o (xly) = (vlx)
e (x|x) > 0 with equality precisely when x =0

and H is complete wrt the distance function induced by the norm
X[l =/ {x]x).
Remark

e Inner prod is antilinear wrt first argument: (Ax|y) = X (x|y)

e (x|x) is real
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Examples

The famous examples
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Examples
The famous examples
e CN
e (2 the sequences (z;)ien such that
Z |z,-|2 < o0
ieN
with

2y = > vz

ieN
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Examples
The famous examples
o Cn
e (2 the sequences (z;)ien such that
Z 1z < o
ieN
with
vlz) = ZWZ:'
ieN
e [2(X,u): given a measure space (X, M, 1) where M is a
o-algebra of subsets of X, the space of functions f : X — C
such that

/]f|2du < o0
X
with

€lf) = [ @
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A category

The most general notion of morphism we consider are continuous
linear functions between Hilbert spaces.

The category of Hilbert spaces is denoted
Hilb
and the full subcategory of finite dimensional spaces

FdHilb
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Riesz representation theorem

Theorem
Given a Hilbert space H

H = Hilb(H,C)

Proof.

e To v € H, we associate (v|—) : H — C.

e Tof:H—C, kerf is one-dimensional. Take z € ker f such

that ||z|| = 1. Then x = f(z) z suits.
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Riesz representation theorem

Theorem
Given a Hilbert space H

H = Hilb(H,C)

Proof.

e To v € H, we associate (v|—) : H — C.

e Tof:H—C, kerf is one-dimensional. Take z € ker f such

that ||z|| = 1. Then x = f(z) z suits. O

Remark
We also have H = Hilb(H, C).

52 /71



Riesz representation theorem

Theorem
Given a Hilbert space H

H = Hilb(H,C)

Remark
We also have H = Hilb(H, C).

Notation
We define the functor

~t . Hilb — Hilb%®

by
HT = Hilb(H,C)
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Notations

e We write

for a vector
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Notations

e We write
V)
for a vector
v 1 —o H

e Given a vector v : 1 —o H, we write

for
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Notations

e We write
V)
for a vector
v 1 —o H

e Given a vector v : 1 —o H, we write

for

e Wunderbar, this justifies the notation

(wlv) = (wlolv) : 1 — 1
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Orthonormal basis

A finite basis |1),]2),... is orthonormal when

(i = o
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Orthonormal basis
A finite basis |1),]2),... is orthonormal when

(i = o

Proposition (Graham-Schmidt)
A finite basis can be transformed into an orthonormal one.
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Orthonormal basis
A finite basis |1),]2),... is orthonormal when

(i = o

Proposition (Graham-Schmidt)

A finite basis can be transformed into an orthonormal one.

In such a basis, for a vector v = (vy,...,v,), we have v; = (i|v):

vy = 2l ilv)
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Notations
In such a basis, we write for an element v € H:

v) = > vl

i
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Notations

In such a basis, we write for an element v € H:

v) = > vl

i
and the corresponding v € H'

(vl = D vilil
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Notations

In such a basis, we write for an element v € H:
vy o= vl
i
and the corresponding v € H'
(vl = Y vilil
i

So that

(wlv) = ZZW,'V,'

i
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As vectors

We can see those as vectors

Vi

v) =1 M:(VT \Tn>

Vn

56 /71



We can see those as vectors

Vi

v)=1: (v =

and we have

(v

)

As vectors

Vi
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Operators

An operator is a morphism
A . H —o H

in our category Hilb.
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Operators

An operator is a morphism
A . H —o H

in our category Hilb.

In an orthonormal basis, its components are

Aj = (i[Al)
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Operators

An operator is a morphism
A . H —o H

in our category Hilb.

In an orthonormal basis, its components are

Aj = (i[Al)

Notice that

(v =X (] (Av] = (v] AT

57 /71



Self-adjoint operators

Definition
An operator A is self-adjoint (or hermitian) when

Al = A

and skew-adjoint (or anti-hermitian)when
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Self-adjoint operators

Definition
An operator A is self-adjoint (or hermitian) when

Al = A

and skew-adjoint (or anti-hermitian)when

Proposition

We can generalize the decomposition of real / imaginary:

A+AT+A—AT
2 2

A =
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Spectral theorem

Lemma
The eigenvalues of a self-adjoint operator are real.
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Spectral theorem

Lemma
The eigenvalues of a self-adjoint operator are real.

Theorem
Given a self-adjoint operator on a finite-dimensional space, there
exists an orthonormal basis in which it is diagonal.
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Spectral theorem

Lemma
The eigenvalues of a self-adjoint operator are real.

Theorem
Given a compact self-adjoint operator A, there exists an
orthonormal basis constituted of eigenvectors of A.

Definition
A is compact if the image of a bounded set is relatively compact
(its closure is compact).
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Unitary operators

Definition
An operator

A H —o0 H’
is unitary when

ATA = idy
and

AAT = idy
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Dagger categories
Definition
A dagger category is a category equipped with a functor
N AL N

such that
. idi\ = ida (the functor is identity-on-objects)
R | Id¢e
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Dagger categories

Definition
A dagger category is a category equipped with a functor

N AL N
such that

. idi\ = ida (the functor is identity-on-objects)
R | Id¢e

On says that
e an invertible morphism f : A — B is unitary when fi = f~1
e an endomorphism f : A — A is self-adjoint when T = f
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Dagger monoidal categories

Definition
A dagger symmetric monoidal category is a symmetric
monoidal category equipped with a dagger such that

e the dagger functor is strictly monoidal

e the components of the structural natural transformations
a, \, p, 0 are unitary, e.g.

O‘TA,B,C = O‘Z}B,c . A®(B®C) — (A®B)®C



Dagger compact categories

Definition
A dagger compact category is a dagger symmetric monoidal
category which is compact closed, such that

t

-2 A A
\L"YA,A*
A

A*® A
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In infinite dimensions

Warning: the few next slides are sloppy (maybe someday I'll dig
into measures and distributions).
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We can consider the space of functions [0,1] — C equipped with

(flg) / f
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In infinite dimensions

Warning: the few next slides are sloppy (maybe someday I'll dig
into measures and distributions).

We can consider the space of functions [0,1] — C equipped with
(flg) / f(x)

An orthonormal basis for those is Dirac’s “functions” d, such that
e 0y(x) =0 when x # y
° fol dy(x)dx =1
with which
xIfy = (&lf) = f(x)
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About Dirac’s functions

We can think of § as
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The derivation operator

Consider the operator D such that

Dify = |f)
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The derivation operator

Consider the operator D such that
DIfy = [f)

so that
xIDIf)y = (x|f) = f(x)
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The derivation operator

Consider the operator D such that
DIfy = [f)

so that
xIDIf)y = (x|f) = f(x)

with
(x|Dly) = dy(x)
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A self-adjoint derivation operator
Notice that D looks skew-adjoint:

Di, = (y| DIx) = 6,(y) = =6,(x) = — (x| D|y) = D},
we thus would get a self-adjoint operator

K = —-iD
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A self-adjoint derivation operator
Notice that D looks skew-adjoint:

Dl = (yIDIx) = 8.(y) = ~5,(x) = — (x| DIy) = D},
we thus would get a self-adjoint operator
K = —iD
But this is not enough: we also want
€Ki = Kl
[ [ ki) inaxdy = [ [tflx) (<K ly) tylg) dxdy
/Kx)(_ iFi(x)dx = /f(x) (ig() dx

—|g x)‘ = 0

(using integration by parts)
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