JB Compendium of statistical distances

Code name:

Argument type: Parameter

1 Jensen-Bregman divergence

1.1 Definitions

The Jensen-Bregman divergence® (first introduced in April 2010%) between pa-
rameters p and ¢ has been historically designed as a symmetrization of Bregman
divergences generalizing the renown Jensen-Shannon divergence®. The Jensen-
Bregman divergence defined by:

JBr (piq) = % (BF (p : p;q> +Br (q : p;q» (1)

where F' € Fp is a Bregman function generator.
The Jensen-Bregman divergence amounts to a Jensen divergence (also called
a Burbea-Rao divergence):

F(p) + F(q) _F(p+q
2

JBF (p;q) = 5

):Jp(p:q)zBRF(p§Q) (2)

Notice that the terms with the gradients VF' (pgﬂ) in the BD expressions cancel
out (proof given later on for skew versions).

Choosing F'(x) = —H/(x), the Shannon information, we recover the Jensen-
Shannon divergence:

=JS (p;q) (3)

JB-H(p;q)=H<p+q> _H{p) + H(g)

2 2

Let Kp(p:q) = Bp (p : p—‘gq) (generalizing Lin’s K divergence for the
Kullback-Leibler divergence). Then we have:

1
JBr (pq) = 5(Kr (p: q) +Kr (g:p))-
For a € R, we define the skew Jensen-Bregman divergence®:

JBE (p:g) = aBr(p:ap+(1—a)g) + (1—a)Bp (p: ap+ (1-a)g). (4)
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The skew Jensen-Bregman divergence amounts to a skew Jensen divergence
(and vice-versa):

B (p:q) = aF(p)+(1-a)F(q)— Flap+ (1 —a)g), (5)
= I 0. ©)

Proof. Let my = ap + (1 — a)q denote the weighted mixture of parameters p
and ¢. A direct expansion of JB&?‘) (p: q) yields

IBY (p:q) =
aF(p) — aF(my) — a{p — ma, VE(my))
+(1=a)F(q) — (1 — a)F(ma) — (1 — a){g — ma, VF(ma))

Reordering the terms, we get:
IBE (p: g) = aF (p)+(1-) F(g)—F (ma) +(VF(ma), —a(p — ma) = (1 = @)(q — ma))

Since p —my = (1 —a)(p— ¢q) and ¢ — my = —a(p — q), we have —a(p —
Mme)— (1 —a)(g—ma) = —a(l—a)(p—q) + (1 —a)a(p—q) =0 in the second

argument of the inner product, and the inner product is 0. Thus JB;?‘) (p:q) =

aF(p) + (1 —a)F(q) — Flap+ (1 —a)g) = 3% (p: q). O

Define the scaled skew Bregman-Jensen divergences and scaled skew Jensen
divergences for o € R\{0, 1}:

B (p:q) = JBY (p:q) = IBY (p: q) (7)

a(l —a)

In the limit cases @« — 0 or o — 1}, the scaled skew JBD tend to a sided
Bregman divergence®:

Oléli)l?([) JB/E,?) (p:q) = J'Eg) (p:q) = Br(p:q) (8)
lim B (p:q) =1 (p:q) = Brlg:p) (9)

(A straightforward proof for the scaled skew Jensen divergence follows from the
equivalence with the scaled skew Jensen-Bregman divergence, and by using the
definition of the scaled skew Jensen-Bregman divergence.)

Those definitions extend straightforwardly to matrix types®: For example,
by considering the von Neumann information (negative of the von Neumann
entropy) F(X) = tr(X log X — X) or the log-det information F(X) = —log | X]|.
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Remark 1. Although Br (p : q) = Bp« (¢* : p*) (from Young’s equality F(z) +
F*(x*) = (x,x*)), we cannot easily expressed a relationship between JB%O‘) (p:q)

and JBgff) (p* : q*) because m}, = VF(my) does not express in terms of p* and
q* (except for the case of the quadratic information F(x) = %(z,x))

We extend the skew Jensen-Bregman divergence to weighted convex combi-
nation of points using the Jensen-Bregman diversity:

IBF (p1,. - pniwi, ..., wy) i= ZwiBF (pi : M), My = Zwipi (10)
i=1 1=1

The Jensen-Bregman diversity amounts to a Jensen diversity:

JBr (p1y- - Prswiy .. ywn) = Jp (D1, -« - P Wi, -« Wh)s (11)

with the Jensen diversity defined as:

Jr (1, pywi, .. wp) = ZwiF(pi) —-F (Z wz-pi> (12)
i=1 i=1

Proof. We have >0 | w;Br (pi : my), My = Yy wipi = O, wiF(pi)) —
F(p) — 2252, wil (32, wilpi — p), VF(p)). Since 37, wi(p; — p) = (32, wipi) —
(3=, wi)p = 0, the inner product terms vanish, and we have the Jensen-Bregman
diversity that equals the Jensen diversity. O

In Bregman k-means clustering”, the Jensen(-Bregman) diversity is called
the Bregman information: It generalizes the notion of variance of a cluster
(that is obtained by considering the squared Euclidean distance, a Bregman
divergence).

Sided information radius: For a given weighted set, let Rp(x) =
>, wiBp (p;:x) and Lp(l) = Y, w;Bp (x:p;). Let r = argmin Rp(x) and
I = argmin Lp(z). Then Rp(r;p;,w;) = Lp=(r*;pf,w;) and Lp(l;p;,w;) =
Rp-(1*; pf,w;). In general, the sided information radii do not coincide (except
when the generator is F(z) = 3 (z, z))

1.2 Properties

e /IBFr (p;q) is a metric iff F(p + q) is a Conditionally Positive Definite
(CPD) kernel®.
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1.3 Further extensions

Jensen-Bregman log det divergence?, total Jensen-Bregman divergences!'? that
are equivalent to total Jensen divergences.

1.4 Historical notes
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