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Abstract

The Sharma—Mittal entropies generalize the celebrated Shannon, Rényi and
Tsallis entropies. We report a closed-form formula for the Sharma—Mittal
entropies and relative entropies for arbitrary exponential family distributions.
We explicitly instantiate the formula for the case of the multivariate Gaussian
distributions and discuss its estimation.

PACS numbers: 03.65.Ta, 03.67.—a

(Some figures may appear in colour only in the online journal)

The Sharma-Mittal entropy Hy g (p) [1, 2] of a probability density* p is defined as

1-8
Hy g(p) = ﬁ <</p(x)a dx) . 1) ,with « > 0, # 1 and B # 1. (D

This bi-parametric family of entropies tends in limit cases to Rényi entropies R,(p) =
ﬁ logfp(x)“ dx (for B — 1), Tsallis entropies T, (p) = ﬁ(f px)¥*dx—1) (for B — )
and Shannon entropy H(p) = — f p(x)log p(x) dx (for both o, § — 1). The Sharma—Mittal
entropy has previously been studied in the context of multi-dimensional harmonic oscillator
systems [3].

Many usual statistical distributions including the Gaussians and discrete multinomials
(that is, normalized histograms) belong to the exponential families [4]. Those exponential
families play a major role in the field of thermo-statistics [5] and admit the generic canonical
decomposition

pr(x]60) =exp ((0,1(x)) — F(0) + k(x)) , 2)

4 For the sake of simplicity and without loss of generality, we consider the probability density function p of a
continuous random variable X ~ p in this communication. For multivariate densities p, the integral notation f
denotes the corresponding multi-dimensional integral, so that we write for short [ p(x) dx = 1. Our results hold for
probability mass functions and probability measures in general.
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where (-, -) denotes the inner product, F is a strictly convex C* function characterizing
the family (called the log normalizer since F(9) = log [/ Wdx) 9 € © is the
natural parameter denoting the member of the family & = {pr(x]|0) | 6 € O}, 1(x) is
the sufficient statistics and k(x) is an auxiliary carrier measure [4]. The natural parameter
space ® = {0 | pr(x; 8) < oo} is an open convex set.

For example, the probability density of a multivariate Gaussian p ~ N(u, ¥) centered at
u with a positive-definite covariance matrix ¥ is conventionally written as

1 =)= (x—p)
= r eXp — s
(2m)2 /1] 2

where |X| > 0 denotes the determinant of the positive-definite matrix. Rewriting the density
of equation (3) to fit the canonical decomposition of equation (2), we obtain

p(xlp, X) 3)

pxlp, D) =exp (3" Tk + T2 u = LT = 7 — Llog(2m)!|Z)). 4)

Using the matrix trace cyclic property, we have —1x” £7'x = tr(—32" £7x) = tr(x” x
(— % %)), where tr denotes the matrix trace operator. It follows that

pixlp, £) = exp (((x, xx"), (T, —3271)) = F(9)), (5)

= px16), (6)

with = (27w, =327 ") and F(0) = §1log(2m)!|Z| + " =" 14 (and k(x) = 0). In this
decomposition, the natural parameter § = (X~ 'p, —%E") = (v, M) consists of two parts:
a vectorial part v and a symmetric negative definite matrix part M < 0. The inner product of
0 = (v,M)and 0’ = (v', M") is defined as (8, 6') = vTv' + tr(MT M"). For univariate normal
distributions, the natural parameter 6 is (;‘—2, —20%). The order of the exponential family is
the dimension of its natural parameter space ®. Normal d-dimensional distributions N (u, )
form an exponential family of order d + @ = @.

We have M = —3 %! thatis, [S7!| = |Z|7! = | — 2M| and u” = —Jv"M~! (since
M= 2%, —IMv = %v=pand M7 = M~"). It follows that the log normalizer F
expressed using the canonical natural parameters is

F(u, £) = 3log2n)!|Z] + 31" =71, (7)
d 1 |
F(v,M):zlog2n—§10g|—2M|—Zv M~ v. ()

In order to calculate the Sharma—Mittal entropy of equation (1), let M, (p) = f px)*dx so
that

1 -
Hy p(p) = m(wm% —1). ©)

Let us prove that for an arbitrary exponential family & = {pr(x]0) | 0 € O},

Ma (p) — eF(Ol('))*OlF(G)EP[e(otfl)k(x)] (10)



IOP FTC bbb

J. Phys. A: Math. Theor. 45 (2012) 032003 Fast Track Communication
Proof.

My (p) = / 2 (1(0).0)=F () +k(x)) (11D

— / e(t(x),aQ)—aF(9)+ak(x)+(1—ot)k(x)—(l—(x)k(x)+F((x(9)—F(a9) dx (12)

_ / F@aF®) ) (1 49) @ DK gy (13)

— eF(oté))faF(G) / Pr (X; (19) e(ozfl)k(x) dx (14)

— eF((xO)—ctF(Q)Ep[e(ot—l)k(x)]. (15)

Observe that in equation (13), we require o6 € © for a valid exponential family distribution.
This is the case whenever the natural parameter space ® is a convex cone (e.g. Gaussian
case). It follows from equation (10) that the Sharma—Mittal entropy of a distribution p ~ &
belonging to an exponential family & is

(eTs =P @) (g [el=DK0]) ), (16)

Ha,ﬂ(p) = 1— ﬁ

In particular, when the auxiliary carrier measure k(x) = O [4] (including the above-
mentioned multivariate Gaussian family), equation (16) becomes a closed-form formula since
Ep[e("‘*l)k()‘)] =E[]=1:

Ha!ﬂ(p) _ (e(l_ﬁ)F(aﬁ)l:o;F(G)) _ 1)’ (17)

1-8

1 wl)—aF ()1
= T (T . (18)
We derive in limit cases expressions for the Rényi, Tsallis and Shannon entropies of an arbitrary
exponential family (with k(x) = 0):

1
Ry (p) = él_f)nl Hy 3(p) = m(F(OlG) —akF(0)), (19)
T.(p) = éiir(]xHa‘ﬁ(p) = — (eF(aG)—aF(G) -1, (20)
H(p) = ﬁlifnga,,s(P) =F(0) — (6, VF(9)). (21)

Note that the Shannon entropy of a member of an exponential family p ~ £ indexed with a
natural parameter 6 can also be rewritten as H(p) = H(0) = —F* (), with n = VF (0) being
the dual moment coordinates and F* the Legendre C*° convex conjugate of F' [6].

Let us instantiate the generic formula of equation (17) to the case of multivariate Gaussians
with the mean parameter n and covariance matrix X. We obtain

1 27)2| |28
He (1, ) = <(( m D) —1) 22)

1-8 o 20-a)
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independent of u (in 1D, ¥ = o2 so that |X |% = o). Indeed, consider the expression
F(af) — aF (0) in equation (16) for the Gaussian log normalizer of equation (8). Using the
fact that |¢A| = a?|A| for d-dimensional matrices A, the term F («) is

F(af) = F(av,aM), (23)
d 1 d 1 T —1
= 5 log2m — Eloga | —2M| — Z(otv) (aM)™ (av), 24)
@027 — Lo L iog| = 2m| — EoTm! (25)
=— T — —loga — = — ——v v.
g BT T 0B T 08 4
Similarly, we have
d
aF (0) = aF (v, M) = 7“ log 277 — %log| —oM| — %UTM_IU. (26)
Thus, by subtracting equation (26) to equation (25), we obtain
d(l —a) d l—«
F(ot@)—aF(G):Tlog2n—zloga— log| — 2M|. 27
Therefore, we deduce that
(@n)* 5 b
F(a0) —aF(@©) =log| ——| —2M| 2 (28)
oz
2m)50-0
— log (%m‘z), (29)
o2

hence the result of equation (22). For 1D Gaussians with the standard deviation o > 0, this
yields

Hy p(,0) = (30)

1 (V2mo)' =P |
I=B\ aus '
Note that the differential Sharma—Mittal entropy of Gaussians may potentially be negative.
Figure 1 displays the plot of the Sharma—Mittal entropy for a 4 x 4 covariance matrix set
to 41, where I denotes the identity matrix.
We also report respectively the Rényi, Tsallis and Shannon entropies for multivariate
Gaussians
(2m)* x|
g——a

R,(u, )= 1o , (31)
o 2(—a)
{ztyie
Ty, 5) = — <((2”) ) —1>, (32)
1_ Olj
H(u, ) = logy/(2re)|Z| = %(d—}—dloan + log | Z]). (33)

Figure 2 displays the plots of the Rényi (equation (31)) and Tsallis (equation (32)) entropies
for a d x d-dimensional covariance matrix X = o2 = 4] (o = 2).

Information geometry [6] considers the underlying differential geometry induced by a
divergence. From the Sharma—Mittal entropy, we can derive the Sharma—Mittal divergence [7]
between two distributions P ~ p and Q ~ g:

18
1 o
Dayﬁ(p:q)=ﬁ<(/p(x)“q(x)l_“dx> —1),Va>0,a7é1,/37é1. (34)
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Figure 1. Plot of the Sharma—Mittal entropy (equation (22)) for the 4 x 4 covariance matrix ¥ = 4/
(independent of the mean ), where I denotes the identity matrix.

Ry (1, X) T, (1, %)

1e+35
1e+30
1e+25
1e+20
1e+15
1e+10
100000

1e-05

Figure 2. Plot of the (a) Rényi (equation (31)) and (b) Tsallis (equation (32)) entropies for
covariance matrices set to four times the matrix identity.

Note that D, g(p : g) = 0 if and only if p = g, since in that case fp(x)"‘q(x)"“dx =
[ p)dx=1.

For o, B — 1, the divergence tends to the renown Kullback-Leibler divergence. Let
Cy(p:q) = f p(x)%q(x)'~% dx denote the a-divergence [6], related to the Hellinger integral
of order o: Hy(p,q) = 1 — Cy(p,q). For o = %, the similarity measure C% (p:qis
symmetric and called the Bhattacharrya coefficient. The Bhattacharrya coefficient is related
to the following squared Hellinger distance:

1
H i) =5 [ (/pe0) - Jar de=1-¢,0: o) 35)

We rewrite compactly the Sharma—Mittal divergence of equation (34) as

1 -
Dup(p: ) = 5— (Calp. @) —1). (36)
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Let us prove that for members p(x) = pr(x|0) and ¢ = pr(x|0’) belonging to the same
exponential family &, we have C, (p : q) = e /F«®%) where

Jrg@:0)=aF @)+ (1 —a)F©®) — F(ad + (1 —a)d’) 37
is a Jensen difference divergence [8].
Proof.
Culpiq) = pr (x10)* pr(x]60')' ~* dx, (33)
C,(60:0) = /expa<<r<x>,9>—F(9)+k<x>> exp(1—0UW0)=FO1Hk@) g, (39)
— /‘e<t(x),0t9+(170t)9’> expfaF(G)f(17a)F(0’)+k(x) dx (40)
— /eF(a9+(l—ot)(-)’)—aF(O)—(l—a)F(G’)pF(X; b+ (1 —a)') dx (41)
= e Jra®6) / pr(xaf + (1 —a)f)dx (42)
= e /r®) 5 0, 43)

Observe that fora € (0, 1), a6 + (1 — @)’ € O since O is an open convex set, and therefore
the distribution pr (x; a0 + (1 — «)0’) is well defined in equation (41).

It follows that the Sharma—Mittal divergence of distributions belonging to the same
exponential family (even when k(x) 5 0) is the following closed-form formula:

1 -
Dup(p: ) = 5= (Cul6y 0 — 1) (44)

1 18,
— e ]—o( Fro (0p:04) —1). 45
51 ) (45)
For multivariate Gaussians, let us explicit the Jensen difference divergence Jg ,, as the difference
of two terms using the (u, X) coordinate system

d 1 |- .
aF (6) + (1 - a)F (6') = 5 log 27 + = log |B[*|Z/|'~* + LTS 4 T“M’Tz/ Ly

2

(46)
and F (a6 + (1 — a)6’). Let
5 ' 1 —1 o l—a_, -
Op=a0+ (1 —-a) =X ' n+(1—-a)X /L,—EE -— P = (Vo My).

(47)
Denote by £, = —%M; "and jiq = Uy X4 the corresponding parameters. Using equation (7),
we have

F@d + (1 = a)0') = F(jia, £a) = 510g2n)!|Ze| + 3Ly (48)

It follows that the Jensen difference divergence between two Gaussian distributions p ~
N(u, X) and g ~ N(u', ') is given by the closed-form formula

1 ( |2|a|2/|l—a

Jra(p:a) =3 5 +a" S+ A -T2 — ﬂii;‘ﬂa), (49)
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Figure 3. Plot of the Sharma-Mittal divergence D, g (equation (54)) for univariate normal

distributions with respective standard deviation o = «/5 and o/ = 2, and mean difference
p—p =4
with
Se=(eZ'+ 1 -z, (50)
flo = Uy = i(a2_1u+(1—a)2’71;1,’). (51)
Letting A = ' — p, equation (49) can further be rewritten compactly as
1 |z 2| T—1
Jp,a(p:q)zz logT—}-a(l—a)Au X, Ap). (52)

Thus, we obtain a closed-form formula for the Sharma—Mittal divergence of multivariate
Gaussians generalizing the Rényi a-divergences, previously reported in [9]:

/ / 1 —i(log M-&-a(l—a)AuTi’lAu)
Dy g(N(p, X) : N(n', X)) = 51 e e ¢ -1 (53)

1-B

1 2(12/ l—a\ ~20-a) 1_ _

S (| I||i || ) CXP<_¥A“TEJIA“)_I' oY
o

Figure 3 shows the plot of the Sharma-Mittal divergence for univariate normal
distributions with a respective standard deviation o = V2 and ¢’ = 2, and a mean difference
u — (' = 4 in equation (54). In practice, for numerical stability, we prefer to compute the
divergence by first computing the Jensen difference divergence of equation (52) and then
applying the generic formula of equation (45).

The underlying distribution is usually not explicitly given so that we first need to estimate
the distribution or related quantities like its entropy [10]. Leonenko et al [11] proposed a
method to estimate entropies using the k-nearest neighbor graph (k-NN) of an independently
and identically distributed sample set xi, . . ., x,,. However, their method suffers from the curse
of dimensionality of computing k-NN graphs and falls short when dealing with moderate
dimensions. For exponential families, we can estimate the natural parameter of an exponential

7
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family using the maximum likelihood estimator that admits the unique global optimum [4, 5]
0 such that

n

VF©®) = %Zt(x;). (55)

i=1
For multivariate Gaussians, from the sufficient statistic 7(x) = (x, x’x), we deduce that
VF(O) = (i, 2+ A7) = (G X0y i iy X x)-

It follows a simple and fast scheme tg estimate the Sharma—Mittal entropy (or divergence)
from n observations sampled identically and independently from an exponential family
distribution: estimate the natural parameter using equation (55) and apply the formula of
equation (17).

To conclude, let us note that any arbitrary smooth density can be approximated by an
exponential family of order depending on the approximation precision [12, 13] (enforcing
no extra auxiliary carrier measure: that is, with k(x) = 0). Thus, we can approximate the
Sharma—Mittal entropy of an arbitrary probability density [13] by approximating it to a close
exponential family, and then applying the closed-form formula (equation (17)). We believe
that equations (17), (22), (45) (numerically stable) and (54) will prove to be useful when
experimenting for suitable parameters («, ) in various statistical signal tasks [9]. ]
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