On the primality of F_{4723} and F_{5387}

François Morain morain@lix.polytechnique.fr July 21, 1990 (updated on May 10, 1999)

1 Introduction

We follow the notations of both [2] and [3]. Let F_n (resp. L_n) be the n-th Fibonacci number (resp. Lucas number). The aim of this informal note is to describe a short proof of primality for both F_{4723} and F_{5387}. See the paper [5] for more on this topic.

2 F4723

From [3, (4.1)], one has F_{4k+3} − 1 = F_{k+1}L_{k+1}L_{2k+1}. (1) Here k = 1180, k + 1 = 1181 and 2k + 1 = 2361 = 3 × 787. From [3] and with the help of factors found by Montgomery and Silverman [7, 8, 9], we get F_{1181} = 5453857 × C_{240}, L_{1181} = 59051 × 21719865481 × 1762204331274241091 × P RP_{214}, L_{2361} = L^�_3 × L^�_{787} × L^�_{2361} with L^�_{787} = 31481 × 13224749 × C_{153} L^�_{2361} = 10305997600922449 × C_{313}.

Although the P RP_{214} has been proven prime by the author using ECPP [1], the factored part of F_{4723} − 1 is not large enough to use any theorem.

Using [3, (4.2)], we now turn our attention to the factorization of F_{4723} + 1 = F_{2361}L_{2362}.

We have F_{2361} = F^�_3 × F^�_{787} × F^�_{2361} where F^�_3 = 2, F^�_{787} = 47221 × 3571442321831904937 × C_{141}, F^�_{2361} = P RP_{329};

L_{2362} = L^�_2 × L^�_{2362} with L^�_2 = 3, L^�_{2362} = 4723 × 151169 × 1016560631592041 × C_{470}.

After proving the P RP_{329} to be prime (using also ECPP), our quest is finished, since the factor part of F_{4k+3} + 1, namely

F_2 = 3246831878171708995863347951733900122395722952594509161018739689629519722 0933909362296817596952345516487745912707060400026433140420075693831568285724 0573956860335397693227522535348419352807647807045210612970428690483683473177 4893986465448130161026539395954264063262488919912452658798478391873194656388 4019388317633987495890987029330803813040613958136778718316818957383724490034

enables us to use Theorem 17 of [2] with m = 1. The computations were done as in [4]. On a DEC Station 3100, using the arithmetic described in [6], the process took about 45 minutes.

Historical comment: Interestingly enough, I had proved this number to be prime a little while ago, using ECPP alone. Then, the process (using a star network) took about 430 days of CPU of SUN 3/60 (approximately 100 days of DEC).

3 F5387

This time, we find that F_{5387} − 1 = F_{1347}L_{1347}L_{2693}.

Using [3, (2.4)], we get F_{1347} = F^�_3 × F^�_{449} × F^�_{1347}. (2) Using the Tables in [3] and that in [7, 8, 9], one has F^�_3 = 2, F^�_{449} = P_{94} and

F^�_{1347} = 2693 × 759709 × 66231540964081 × 2250635393569485855423798723804779449 × C_{128}.

Next L_{1347} = L^�_3 × L^�_{449} × L^�_{1347} with L^�_3 = 4 and

L^�_{449} = 369079 × 72195777446499975249912346541 × 311680756181475991522861299701 × P_{30}, L^�_{1347} = 10003891161597271 × 332169666981841732921 × P RP_{151}.

And finally L^�_{2693} = 53402191 × C_{556}.

The author has proved the primality of the 151-digit cofactor of L^�_{1347} using ECPP. Collecting data together, we see that the factored part of F_{5387} − 1 amounts to F_1 = 3200070799419201990493021617719432635147288 68559640693042591994432999970277597196454001327614 38840142073263720060341712679409797002045915929110 15783324158645465754907515903434556574590166254953 40157539193640106288541329569816892749936618766864 56616021966103553656175652044287517614831558095057 68438172668643952137657433965550660842482258571843 04752656934446307243974781866306223284282311463117 82685533166912533586188568224816516812458663923416.

A little algebra tells us that F_1 satisfies inequality (4) of Theorem 5 in [2] with m = 1. Hence, we can now prove that F_{5387} is prime provided that condition (I) of [2, pp. 623] is met. The author checked this using his own program. This computation took about half an hour. The number a = 3 was used for all prime factors of F_1.

References

[1] A. O. L. Atkin and F. Morain. Elliptic curves and primality proving. Math. Comp., 61(203):29– 68, July 1993.

[2] J. Brillhart, D. H. Lehmer, and J. L. Selfridge. New primality criteria and factorizations of 2^m ± 1. Math. Comp., 29(130):620–647, 1975.

[3] J. Brillhart, P. L. Montgomery, and R. D. Silverman. Tables of Fibonacci and Lucas factorizations. Math. Comp., 50(181):252–260, January 1988.

[4] H. Cohen and A. K. Lenstra. Implementation of a new primality test. Math. Comp., 48(177):103–121, 1987.

[5] H. Dubner and W. Keller. New Fibonacci and Lucas primes. Math. Comp., 68(225):417–427, January 1999.

[6] J.-C. Hervé, B. Serpette, and J. Vuillemin. BigNum: A portable and efficient package for arbitrary-precision arithmetic. Technical Report 2, Digital Paris Research Laboratory, May 1989.

[7] P. L. Montgomery. Fibonacci/Lucas update. Email to Morain, June 1990.

[8] P. L. Montgomery. Factorization of V1181, V1347. Email to Morain, June 1990.

[9] P. L. Montgomery. 37-digit P-1 factor. Email to Morain, July 1990.