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Motivation: Dynamical systems

- Up € A" Uk = f(ug) with f : A" — A" any kind of function.
- Approximation f, of f. Ensure that uy is enclosed in some set.
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Motivation: Dynamical systems

- Up € A" Uk = f(ug) with f : A" — A" any kind of function.
- Approximation f, of f. Ensure that uy is enclosed in some set.
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Speed of certified computations

1 —e— double
| —*— boost (interval double)
—— p1788 (interval double)

log(time)
°
P

ngre1:THnetoconunne:dedA)::EZUGGHs(a)IUL1ahUmin millisecond with double and
interval of double. See boost: Bronnimann, Melquiond, and Pion 2006, p1788:Nehmeier 2014
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- Given a numerical program, that uses basic arithmetic operations, how
accurate is the result? Can we bound rounding errors?
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- Given a numerical program, that uses basic arithmetic operations, how
accurate is the result? Can we bound rounding errors?

- Can we accelerate existing ball arithmetic ?
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Ball arithmetic

- (A,|-]) normed algebra (typically, A =R or A =)
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Ball arithmetic

- (A,|-]) normed algebra (typically, A =R or A =)

- B(a,r)={ze€ A |z—a| <r}.

- Areal number is represented by a ball : x € B(a,r).

- Set of balls B(A,R)

- Enclosure relation: X o—x <= x € x.

- Vectorial enclosure relation: Xxo—x <= Vi =1,...,m,X;o—X;

- Inclusion principle: for all input sets, the resulting set encloses the image of
the input sets.

XY
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Ball arithmetic

- Ball liftof f : A™ — A" is a function f : B(A,R)™ — B(A,R)" that satisfies the
inclusion principle:

vx € A" Vx € B(A,R)", (X o—Xx = f(x) o—f(x))
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Ball arithmetic

- Ball liftof f : A™ — A" is a function f : B(A,R)™ — B(A,R)" that satisfies the
inclusion principle:

vx € A" Vx € B(A,R)", (X o—Xx = f(x) o—f(x))

B(x+y,r+s)
B(x,r @
Go) B(y.)
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Floating point arithmetic

- Ap machine numbers.
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- ex: R, floating point numbers, C, = Ry[i] = R2.
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all machine numbers a,b € Ap:
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Floating point arithmetic

- Ap machine numbers.
- ex: R, floating point numbers, C, = Ry[i] = R2.

- Assume e € RN 2% with e < 1/16 such that for all operations * € {+,—, -} and
all machine numbers a,b € Ap:

|a* b —ax, b| <e|ax, b|

llal —lalo| <elalo

cIfA=Rthene=2P. IfA=Cthene=4-2"P.
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Floating point arithmetic

- Implementation of ball arithmetic using floating point arithmetic:

B(a,r) £ B(b,s) =B(a+,b,T[r+s+¢€|(a+, b)|]
B(a,r) - B(b,s) = B(a -, b, T [(la| +r)-s+[b] - r+€la-o b])
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Floating point arithmetic

- Implementation of ball arithmetic using floating point arithmetic:
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- Implementation of ball arithmetic using floating point arithmetic:
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Floating point arithmetic

- Implementation of ball arithmetic using floating point arithmetic:

B(a,r) £ B(b,s) =B(a+, b,1[r+5s+€|(a+ob)]]
B(a,r) - B(b,s) = B(a - b,t [(|la| +r)-s+[b] - r+€la-s b]])
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Floating point arithmetic

- Implementation of ball arithmetic using floating point arithmetic:

B(a,r)+ B(b,s) = B(a+, b,1 [r+ s+ ¢€|(a+, b)|])
B(a,r) - B(b,s) = B(a - b,t[(|la| +r)-s+[b]-r+ela-s bl])

Xo +o yo
Xo Yo l
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Matryoshki

Figure 2: On the left matryoshki. On the right a matryoshka.
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Matryoshki

- A matryoshka is a generalized ball for which the center is itself a ball.
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Matryoshki

- A matryoshka is a generalized ball for which the center is itself a ball.
- Let A€ A R,r € RZ, a matryoshka A := B(A,R, )
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Matryoshki

- A matryoshka is a generalized ball for which the center is itself a ball.
- Let A€ A R,r € RZ, a matryoshka A := B(A,R, )
- Leta:= B(a,s),

Ao—a <= B(A,R)o—aands<r.
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Matryoshki

Figure 3: A matryoshka B(A, R, r) encloses a ball.
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Matryoshki

Figure 4:

Example of a ball enclosed by the matryoshka B(A, R, r)
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Matryoshki

Figure 5:

Example of a ball not enclosed by the matryoshka B(A, R, r).
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Matryoshki

Figure 6:

Example of a ball not enclosed by the matryoshka B(A, R, r).
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Matryoshka lift

- Matryoshka lift of a function f : A™ — A" is a function
f:B(ARR)™ — B(A,R,R)" that satisfies the inclusion principle

Ao—a = f(A)o—f(a)
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Matryoshka arithmetic

Let [B(a,r)|pea,r) = |a| + r. Ring operations admit lifts:

B(a,r)+ B(b,s) =B(a+b,r+5s)
B(a,r)-B(b,s)=B(a-b,(la]+r)-s+|b|-r).

- For all normed algebra, (A, ] - ), G = (B(A,R),]| - |5(a,r)) formally implements
the structure of a normed algebra.
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Let [B(a,r)|pea,r) = |a| + r. Ring operations admit lifts:

B(a,r)+ B(b,s) =B(a+b,r+5s)
B(a,r)-B(b,s)=B(a-b,(la]+r)-s+|b|-r).

- For all normed algebra, (A, ] - ), G = (B(A,R),]| - |5(a,r)) formally implements
the structure of a normed algebra.

- Matryoshka can be seen as balls over the formal normed algebra B(A, R).

- Let |B(a,r)|parr) = lalBar) + - Consequently, (B(A,R,R),| - |54 rRr))

formally implements the structure of a normed algebra.
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Matryoshki

B(a,n,r,...,rk) can be seen as a ball whose center is itself a ball whose center... is
itself a ball, where the dots repeat the sentence k — 1 times.

Figure 7: Matryoshk
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Matryoshki

- Leta = B(a,r),b = B(b,s) be two balls, define @ —yec b = B(a — b,r —s).
- Let e € RN 2% with e < 1/16. Corresponding last bit error for balls:

|a* b —yec @ %o b| < €]ax, b

- Implementation in computer needs to take care of the rounding errors:

B(a,r) + B(b,s) = B(a+,b,1 [r+s+&(a+Db)])
B(a,r)-B(b,s)=B(a-xb,t[(la|+r)-s+|b]-r+&(|al-|b]))
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Straight Line Programs

All simple functions built of arithmetic operations (4, —, -) can be computed using
straight line programs.

For instance Straight-line program I':
f : (a1,0a2) = 5a1a; + a1 can be = X5 = hxh
computed by T. L = X2 = Xyx5

F3 = X3 = X2 - I1
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Static rounding errors: step by step

_Séf\T [

alo +o R 45 |blo 406 5]

\
\
\

a+o b, [R+S+€|a+o b|], )

B(b,S,0) @ (a, R, 0)

Figure 8: Sum of two particular matryoshka
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Static rounding errors

Proposition 1

f: A" — A" any straight line program.

Ball ansatz: A = (A1,...,Am) € B(Ap,Rp)"
Matryoshka B(A, 0) := (B(A1,0),...,B(Am,0))
Ball lift: f, Matryoshka lift: F

Assume F(B(A,0)) = (B(C1, Eq),...,B(Cn, En)).
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Static rounding errors

Proposition 1

f: A" — A" any straight line program.

Ball ansatz: A = (A1,...,Am) € B(Ap,Rp)"
Matryoshka B(A, 0) := (B(A1,0),...,B(Am,0))
Ball lift: f, Matryoshka lift: F f..1(a) — fi(a)| < E.
Assume F(B(A,0)) = (B(C1, Eq),...,B(Cn, En)).

Then forall a € Ag
where Ao—a, we have
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Static rounding errors: proof

- Ball lift property: B(a,0) o—a then f(B(a,0)) o—f(a).
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Static rounding errors: proof

- Ball lift property: B(a,0) o—a then f(B(a,0)) o—f(a).

- Matryoshka lift property: B(A, 0) c—B(a, 0) then F(B(A,0)) o—f(B(a,0)).
- Since f(B(a,0)) = B(f.(a),r) and F(B(A,0) = B(C, E),

- Thenr; < E;.

- Then |fa(a) — f(a)| < r; < Ei.
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Efficient ball lifts

Sty | =) =

‘ %

an
Evaluate a ball lift of the Jacobian of f at A, which yields a matrix J € B(Ap, R,)™™,
after which let B;; := |J;;].

of
87/(0) <B

= sup

A Ao—a

Proposition 2

f:A™ — A" any straight line program.

Ball ansatz: A = (A1,...,Am) € B(Ap,Rp)"
Matryoshka B(A, 0) := (B(A1,0),...,B(Am,0))
Ball lift: f, Matryoshka lift: F

Assume F(B(A,0)) = (B(C1, E1),...,B(Cn, En)).
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Efficient ball lifts

Sty | =) =

‘ %

an
Evaluate a ball lift of the Jacobian of f at A, which yields a matrix J € B(Ap, R,)™™,
after which let B;; := |J;;].

= sup g)]?(a) <B
J

A Ao—a

Proposition 2

f:A™ — A" any straight line program. Then foralla = B(a,r) e
Ball ansatz: A = (A1,...,Am) € B(Ap,Rp)" B(Ap,R,)™ such that
Matryoshka B(A, 0) := (B(A1,0),...,B(Am,0)) a1 CAy,...,am CAn

Ball lift: f, Matryoshka lift: F

Assume F(B(A,0)) = (B(C1,E1), ..., B(Cn, En)). fi(a) :=B(fs(a),E + Br).
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Efficient ball lifts: rounding

Proposition 3
Let Ilgm = [logy(m)], € := 27P, n := 2Emin=P*1 ‘and ball ansatz: A = (A1, ..., Am).
Assume that:

- (lgm)? < !
- F(B(A,0)) = (B(Cy,Eq),...,B(Cn, En)

Then for all a = B(a,r) € B(Ap,Rp)™ such thatays CAq,...,am C Ap,
f.(a) := B(fo(a),o[(E + Br)(1+ (Igm + 8)e) + (m + 1)n]) .

defines a ball lift of fja.
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Application to polynomial evaluation: Homogenization

- PeKx,...,Xm]
- Phom ¢ K(x1,...,Xm,t) such that all its monomials are of same degree and
PPOM (X1, .y Xm, 1) = P(X1, . . ., Xm).

Ex: P = XY + Z 4+ X2ZY, then Phom —= XYT2 4 7T3 4 X2Z7v.

)\dPhom(Xq,Xz, L ’ert) = Phom()\Xm)\Xza . _,/\Xm,)\t)
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Application to polynomial evaluation: Projective bounds

Forall x € K™, let A := maxj=__m(|Xi],1). Then (x,1)/X € B(0,1). Apply Proposition
3 with f = P"*m and domain A = B(0, 1).

A\ hom )\d
X ——2 s yhom —— phom(yhom) 2, p(x)

Figure 9: Scheme for certifying a polynomial evaluation
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slp prefp prelip preball fp lip ball

testl 21782 510.672 382 0.011 0.012 0.030
det2 20381 444718 149 0.010 0.013 0.513
det3  30.147 800.342 183 0.010 0.031 0.054
det4 32157 167693 304 0.013 0.030 0.109
det 5 55217 443534 447 0.027 0.031 0.729
det6  97.460 123422 723 0.068 0.066 0.333
det7 29725 399319 1463 0.219 0.225 0.928
det8  491.46 102470 2794 0.369 0.374 6.797
det9 11285 264722 5961 0.830 1.301 10.64
det 10 23653 687691 10907 2504 5126 17.70
det11 47173 1791649 21818 5601 11.79 37.01

Table 1: Time to compute: det(A) = ) s, £(o) [17-: Gi.o() in microsecond
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