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Abstract—In a k-ary n-cube QF with at most 2n — 2
faulty edges, let u and v be any two given nodes. Suppose
the number of healthy links of u is no more than that
of v, and denote by m. In this paper, we find m disjoint
paths between u and v.

Keywords-interconnection networks; disjoint paths; k-
ary n-cube; fault tolerance;

I. INTRODUCTION

k-ary n-cubes have been used as intercon-
nection networks for distributed-memory paral-
lel computers [1] and are popular choices for
networks-on-chips [2]. k-ary n-cube has the fol-
lowing basic properties: it is vertex- and edge-
symmetric [3]; it is Hamiltonian [4]; it has di-
ameter n[%J, it has a recursive decomposition.
Moreover, it has admirable properties in relation
to routing, broadcasting and communication in
general (see, for example, [3], [5]).

Of particular relevance to us is the one-to-
one node-disjoint paths problem, which enable
parallel communication between source and des-
tination nodes, provide alternative routing paths
when faults occurs or for the purpose of avoiding
traffic jam. Whilst Menger’s Theorem [6] implies
that there exist 2n node-disjoint paths between two
given nodes in a graph of node-connectivity 2n,
it is by no means easy to identify and actually
construct the paths. Moreover, it will be harder to
find as many as possible disjoint paths when there
exist faults in the graph.
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As more and more processors are incorporated
into parallel machines, faults become more com-
mon, be it faults in the processors or on the con-
nections between processors. Given the significant
cost of parallel machines, we would prefer to be
able to tolerate (small numbers of) faults and still
be able to use our parallel machine.

Bose et al [5] find 2n node-disjoint paths be-
tween any two given nodes in a healthy k-ary n-
cube. In this paper, we are going to find node-
disjoint paths between any two given nodes in a
faulty k-ary n-cube. In particular, in a k-ary n-
cube QF with at most 2n — 2 faulty edges, let u
and v be any two given nodes; denote the number
of healthy links of a node u as degy(u); we find
min{degy(u), degy(v)} disjoint paths between u
and v.

The paper is organized as follows: the next
section is the basic definition; we describe how to
find disjoint paths in faulty £-ary 2-cube in Section
III; by induction, we find disjoint paths for k-ary
n-cube for n > 3,k > 4, and this is described
in Section IV; Section V is the conclusion of the

paper.

II. PRELIMINARIES

The k-ary n-cube, denoted by QF, for
k > 3 and n > 2, has k™ nodes iIn-
dexed by {0,1,...,k — 1}", and there is a
link ((wp, tn—1,---,u1), (Vny Un_1,...,071)) if, and
only if, there exists d € {1,2,...,n} such that
min{|ug — vq|, k — |ug — vq|} = 1, and w; = v,
for every i € {1,2,...,n} \ {d}. Throughout, we



assume that addition on tuple elements is modulo
k.

An index d € {1,2,...,n} is often referred to
as a dimension. We can partition Q¥ over dimen-
sion d by fixing the dth element of any node tuple
at some value v, for every v € {0,1,...,k — 1}.
This results in k copies Qo, Q1, ..., Qr_1 of Q% _,
(with @), obtained by fixing the dth element at
v), with corresponding nodes in QQg, Q1, ..., Qr_1
joined in a cycle of length & (in dimension d) (we
suppress d, n and k in the notation as they are
always understood).

Denote F' the set of faulty edges in QF, F;
the set of faulty edges in subgraph Q;,i €
{0,1,...,k — 1}. FY (resp. HY) denotes the set
of faulty (resp. healthy) edges that incident with
vertex v. [7Y (resp. H) denotes the set of faulty
(resp. healthy) edges that lie in (); and incident
with v. The set of edges incident with node v
is denoted by NV. Denote the set of faulty edges
that are not incident with u and v as F¥". Given
a node v = (vp,Vp_1,...,02,v1), Which lies in
Qy,- Denote the node (v,,v,_1,...,02,U1 + 1)
as v', —(k —1) < i < k — 1. In addition, v'
(resp. v 1) is also denoted as v* (resp. v7). The
distance between two node u and v is denoted by
dist(u, v). A path can be written as a list of nodes
or as a list of nodes and edges mixed or sub-paths
with nodes and edges mixed. We put them in a
pair of squared brackets to denote that is a path.

III. NODE-TO-NODE DISJOINT PATHS IN
FAULTY k-ARY 2-CUBE, k > 4

We first find disjoint paths in (3 with at most
two faulty nodes. Based on this, we find disjoint
paths for Q& k > 5 with at most two faulty nodes
by mapping the graph Q% to Q3.

As the procedure of finding disjoint paths for
Q3 with two faulty edges is long and tedious, we
put it in the appendix A.

In Q%, one node associates with one row and
one column, and one edge associates with one
row and two columns, or one column and two
rows. Denote the two faulty edges as f; and fs.
If there are at most four rows and at most four
columns associate with u,v, fi, and fs, it can

be reduced to finding disjoint paths in Q3 by
removing some of the non-associated rows and
columns, and then extend the disjoint paths by
inserting back the rows and columns. So, we will
only consider the cases that there are more than
four rows or columns associated. We will consider
the following cases:

(1) six columns are associated;
(2) five columns are associated.

The cases with more than four rows associated
can be mapped to the above two cases by the
symmetric property of QF.

If there are 6 columns associated, then
there are at most 4 rows associated, and
the configuration can be described as fol-
lows: u = (0,0),v = (i5,51), i =
((i2,J2), (i2,J3)), f2 = ((is,]4), (is, j5)), where
1 <y, 9,13, J1,J2, 3, Ja, J5 < kyjz =Ja + 1, J5 =
Jja+ 1 and all the j;,1 <t <5 are different from
each other. To reduce the case to Q3, we keep
all of the associated rows and some other rows if
necessary to have 4 rows; to have 4 columns, we
set j1 = Jo = 1,74 = 2, if j1 < jo < j4, Or We set
92 = 0,51 = jy = 2, if jo < j1 < j4. The other
cases can be easily mapped to these two cases by
the symmetric property of QX.

If there are 5 columns associated, the
configuration can be described as: u =
(0,0),v = (i, 1), fi = ((12,52), (i, ), fo =
((13,Ja); (ia, Ja)), where 1 < iy, j; < kyiy #
it,7s # Jy for all 1 < st < 4. To reduce
the case to Q3 (to have 4 columns), we set
g1 =LJj2 =24 =3, if j1 < j2 < js, and
set o = 0,51 = 2,74 = 3, if jo < J1 < Jj4; by
the symmetric property of Q%, the four rows can
be kept in the same way as the columns if there
are five rows associated, or we just keep all of
associated rows and some other rows if necessary
to have four rows. The other cases can be easily
mapped to these two cases.

Thus, we have the following lemma.

Lemma 1: In a k-ary 2-cube 5, when there are
at most two faulty edges, for any two given nodes
u and v, there exist min{degy,deg,} disjoint
paths between. B



IV. NODE-TO-NODE DISJOINT PATHS IN
FAULTY k-ARY n-CUBE, n > 4,k > 4

There are at most 2n —2 faulty edges in Q, and
there are n dimensions. Hence, we can partition
QF on a dimension, such that there is at most one
faulty edge lies on that dimension.

Given an edge e = (s,t) on some path, define
U-jump(e) as replacing the edge e by a sub-path
of length 3: [s,s™,t 7, t]; similarly, D-jump(e) is
defined as replacing e by another sub-path of
length 3: [s,s™,t, t].

W.l.o.g., suppose we partition QF through di-
mension one. So that there is either one faulty edge
or none of the faulty edges lie in this dimension.

The proof is technical and complicated. There
are a number of cases to be considered. For
example, w.l.o.g., suppose u = (0,0,...,0), we
need to consider several different cases depends
on where the node v = (v,,,v,_1,...,v;) lies and
whether there is a faulty edge lies on dimension
1 or not. Suppose there is one faulty edge lies on
the dimension 1, then we have to distinguish the
value of vy:

(1) v; = 0, which means u and v lie in the same

sub-graph Qo;

(2) vy # 0, which means u and v lie in different

sub-graphs;

The technique in building disjoint paths for these
two cases are very different. For example, for case
(1), we can use induction on () by assuming some
of the faulty edges are healthy if necessary so as
to have at most 2n — 4 faulty edges (if a path
includes an edge, say e, that is originally fault,
we need to do adjustment to avoid the faulty edge
e, for example, do a U-jump(e) or D-jump(e)), and
then find some more paths to link the dimension 0
edges between them; while for case (2), as u and v
lie in different sub-graphs, we can apply induction
on each sub-graph by making some assumptions;
however, we need to link these disjoint paths in
different sub-graphs together, which makes the
procedure complicated.

Furthermore, if we go into details for case (2),
we have the following sub-cases to consider:

(2.1) dist(u,v~"") = 0, which means the node u

and the node v lie on the same dimension
1 circle. Node u or its neighbor can reach
node v or its corresponding neighbor along
the dimension 1 circle.

(2.2) dist(u,v~") = 1, which means node u
and node v lie on different dimension 1
circles, but they have one overlap incident
edge (u,v=").

(2.3) dist(u,v~"") > 2, which means node u and
node v lie on different dimension 1 circles,
and they have no overlap incident edges.

These cases are similar to each other. However,
the complexity of each case varies much. Due to
the space limited, we will not include all of the
proof in the paper, but the representative ones and
the remainder will be left in the appendix.

We claim that case (2.2) is representative as
most of the techniques used in the other cases
will be used here. For example, use induction on
Qo to find disjoint paths is similar to case (1);
to extend these disjoint paths to (),, is similar
to case (2.1) when Je; € F“ e* ¢ FY and
Jdey ¢ FM,e5' € FV, and case (2.3). Also, similar
discussion on the case that the dimension one
faulty edge does not block any path can be applied
to the case when there are no dimension one faulty
edges.

The condition for case (2.2) is:

(1) There is one dimension one faulty edge f =
(rh7rh+1);

(2) dist(u,v ") =1

In what follows, we will discuss case (2.2) in
details.

Case 2.2 dist(u,v~"") = 1, i.e., There exists
some j € {2,3,...,n},v; = 1, and for all i €
{2,3,...,n}\{j}, v = 0. W.Lo.g., suppose j = 2.

Lete € N*. Foragiveni € {1,2,..., k—1}, we
define map(t,i) as temporarily mark e’ as faulty
if ¢’ is faulty, or healthy otherwise.

Suppose r,s lie in a same sub-graph @Q);,7 €
{0,1,...,k — 1}, and |F;| < 2n — 4. Denote
DP(r,s) as a procedure of finding disjoint paths
between r and s in the sub-graph (); by induction.

Please note, if the following two paths exist,
and are not blocked, we will always keep them



in the set of disjoint paths, and thus we may not
mention them in the following discussion unless
necessary:

o1 [u, v, v]; and

oyt u,ut, v

(A22-1) Assume f is healthy.

As there are now at most 2n — 3 faulty edges
in Qfl, we have the following cases to consider.
Recall that we suppose |F™| > |FV|.

Suppose v; = 1.

(A22-1.1) |F*| =2n — 3.

We only need to find 3 disjoint paths. Let (u, s)
be the only healthy edge in (), that incident with
u. The two more paths are:

(@ [w,u=,v2 v, v]; and

(d) [u,s,s57,...,8%,u% vi v v];

(A22-1.2) After doing map(v,0), we have

If |[F*UFY | =2n — 3, we must have |F"| >
|V |+ 1. Assume a faulty edge (u,s) is healthy,
and do DP(u,v~). Remove the node v~ from
each disjoint path, and extend to v. For simplicity,
this procedure after doing DP(u,v~) will be
called “extend” the paths to v in throughout the
remainder part of this section. Two more paths can
be:

(@ [u,u’,u? v" v]; and

(b) [w,u, v v, v].

If there 1s a faulty edge e that is neither incident
with u nor with v™"1, assume e is healthy and do
DP(u,v™); extend the paths to v. Do U-jump(e)
if e lies on some of the disjoint paths. Two more
paths are:

(@ [u,u’,u? v" v]; and

(b) [u,u™,v2,v7,v];

(A22-1.3) |Fi| < 2n — 4, and after doing
map(v,0), we have |Fy| < 2n — 4.

Do map(v,0) and DP(u,v~). Extend the paths
to v. Two more paths are:

(@ [u,u’,u? v" v]; and

(b) [w,u,v2 v, v];

From our above construction method, in a sim-
ilar way to the case v; = 1 but extending the
dimension 1 edges, we will be able to find disjoint
paths for the case v; > 2.

If the dimension 1 edge f lies on some of
the above path, we will rebuild disjoint paths as
follows.

(A22-2) f is blocking some path.

Suppose v = 1.

(A22-2.1) f = (u,u™).

(A22-2.1.1) |F"| = |FY|

We first do map(v,0). But (u,v~) is marked
as faulty if either (u,v™) is originally faulty or
(ut,v) is faulty.

If (uyv’) € F, and (u™,v) ¢ F, assume
two of v~ ’s faulty links ey, es are healthy. Do
DP(u,v™). Let edge (u,w) lies on the path that
e; lies on, and (u,z) lies on the path that ey lies
on. Remove the paths that contains e; or e,. For
all of the other paths, extend them to v. Build the
following three paths:

(@ [w,u,p,v2 v, vl

(b) [u,z,z",2% py, v, v]; and

©) [u,w,wt, p3,ut, v],
where p; € Qr_1,p2 € Q2 and p3 € @1, and they
can be found by induction if not straightforward.
Specifically, p3 can be build by finding disjoint
paths between w' and v (note that there are at
most 2n — 4 faulty edges lie in @)y).

If (u,v™) ¢ F,and (u™,v) € F, domap(v,0).
If there are more than 2n—4 faulty edges in (), we
assume (u, v™) is healthy. Do DP(u, v~ ); remove
path [u, v~ ]extend the paths to v. Build one more

path:

v1+1 +
p, v v,

[u,u™,...,u
where p € Qy, 11
If either (u,v~) € F and (u*,v) € F, or
(u,v7) ¢ F and (u*,v) ¢ F, do map(v,0);
assume e € [V is healthy. Do DP(u,v™). Let
(u,w) is on the path containing e. Remove this
path, and extend all other paths to v. Build the
following two paths:

(@) [u,w,w™, p;,u’, v], where p can be chosen
from the disjoint paths between w* and v
in (J1; and

() [u,u* L. unt py, vt v], where py €
(v, +1 and can be found by induction.

If (u,v™) € F and (ut,v) € F, path (a) is not
needed.



(A22-2.1.2) |F¥| > |F"|

(A22-2.12.1) (u,v") € F and (u*,v) ¢ F.

If |[F*| = |FY| + 1, then after map(v,0), we
have |F('| = |FY | + 1. Assume faulty edge e
that incident with v~ is healthy. Do DP(u,v™).
Let (u,w) lie on the path that passes the edge e.
Remove this path and extend all other paths to v.
Build the following two paths:

(a) [11, W, W, p1, V_2a v, V]’ where pP1 € Qk’—l
can be found by finding disjoint paths be-
tween u~ and v 2 by induction, and

(b) [u,u™,...,u ™ py, v v], where py €
Qv1+1

If || > |FY|+2, then after map(v,0), assume
one of the faulty edges e that incidents with u
is healthy. Do DP(u,v~). Remove the path that
passes the edge e and extend all other paths to v.
Build the following path:

[w,u™,...,ut py vt v,
where p2 € Qm—i—l-

(A22-2.1.2.2) (u,v™) ¢ F and (u*,v) € F; or
(u,v™) € Fand (u*,v) € Fyor (u,v") ¢ F
and (ut,v) ¢ F.

Do map(v,0). If there are at most 2n —4 faulty
edges in o, do DP(u,v~), and extend the paths
to v. Build another path:

[u,u, ..., ut gy vV,
where p2 € Qm—i—l-

If there are 2n — 3 faulty edges in )y and
(u,v™) € F after map(v,0), we assume (u,v")
is healthy and do DP(u,v~). Remove the path
[u, v~]. Extend all other paths to v, and build one
more path as above.

If there are 2n — 3 faulty edges in )y and
(u,v™) ¢ F after map(v,0), we have (u,v™) ¢
F and (u*,v) ¢ F. Hence, we assume one of
v~ ’s faulty link e is healthy and do DP(u,v™).
Remove the path that passes edge e and extend all
other path to v. Build one more path as above.

(A22-22) f = (u,u).

(A22-2.2.1) |FY| = |FY|

(A22-2.2.1.1) (u,v") € F and (u*,v) ¢ F.

Do map(v,0), and assume faulty edges e, e3
incident with v~ are healthy. Do DP(u,v™). Let
(u,w) lies on the path that passes e;, and (u,z)

lies on the path that passes e;. Remove these two
paths and extend all other paths to v. Build the
following two paths:

(@ [u,w,w,p;,v 2 v ,v], where py €
Qx—_1, and

(b) [u,z,z",2% po, v, v], where ps € Q.
p1 and py can be built by induction in their
corresponding sub-graph.

(A22-2.2.1.2) (u,v") ¢ F and (u*,v) € F

Do map(v,0) but mark (u,v~) as healthy, and
do DP(u,v™). Extend the paths to v. Build one
more path:

[u,u*, u? ps, v, v,
where ps € Q5.

(A22-22.1.3) (u,v") € F and (u*,v) € F.

Do map(v,0), and DP(u,v~). Extend the dis-
joint paths to v. Build the same one more path as
in case (A22-2.2.1.2) .

(A22-2.2.14) (u,v") ¢ F and (u*,v) ¢ F.

Do map(v,0). There exists one faulty edge e
incident with v—. We assume e is healthy, and find
do DP(u,v~). Remove the path that passes the
edge e (if such path exists), and extend all other
paths to v.

(A22-22.2) |F¥| > |FY|

(A22-222.1) (u,v") € F and (u*,v) & F.

Do map(v,0). If |[F*| = |FV|+1, assume edge
e, a faulty edge incident with v~, is healthy, and
do DP(u,v™). Let (u, w) lies on the path passes
e. Remove this path and expand all other paths to
reach v. Build one more path:

[u,w,w—,p,v 2 v, v].

If [F*| > |FY| + 2, assume edge (u,v™) is
healthy, and do DP(u,v~). Remove the path
[u, v~], and extend all other paths to v.

(A22-2222) (u,v") ¢ F and (u*,v) ¢ F.

Do map(v,0). If there are no more than 2n —4
faulty edges in (), do DP(u,v~), and extend the
disjoint paths to v.

If there are 2n — 3 faulty edges in )y and
|FY| = |FY |, then there must exist e that is
neither incident with u nor incident with v~.
Assume e is healthy and do DP(u,v™). If some
path passes edge e, do U-jump(e). Extend these
paths to v.



(A22-2.2.2.3) (u*,v) € F.

No matter whether (u,v~) is faulty or not, we
do map(v,0), and assume (u,v~) is healthy and
do DP(u,v™). Extend the disjoint paths to v.

Build one more path:

[u,ut,u? p,v* v].

(A22-2.3) f = (v,v7).

If (u,v™) ¢ F and (u*,v) € F, we assume
two of u’s incident faulty edges ey, e5 (lie in Q)
are healthy. Do DP(u,v~). Suppose w; (resp.
Ww>) lies on the path that edge e; (resp. e») lies on,
where w; and w, are neighbors of v~. Remove
these two paths, extend all other paths to v, and
build the following three paths:

@ [u,v,vZ. .. vt V];
(b) [u u- 7)017W1 7W17W1 ) ] P1 S Qk 15 and
(C) [u u u 7p27W2>W2 ’ ] P2 € Q2

Based on the above paths, if (u™,v) ¢ F, no need
to build the above path (c) as u,u™, v is already
one of the disjoint paths; if (u,v™) € F, no need
to build the above path (a).

(A22-2.4) f = (v,v").

(A22-24.1) (u,v™") ¢ F and (u*,v) € F.

There exist faulty edges ej,e; incident with
node u. Assume they are healthy, and do
DP(u,v™). Let w; lies on the path that passes
edge e;, for : = 1,2. Remove path that passes e;
and e;. Extend all of the other paths to v. Build
the following two more paths

(@) [u,u” ,,017W1,W1,W17 v], p1 € Qr_1;

(b) [u,u™,u? po, W, wi,v], ps € Q.

(A22-24.2) (u,v") ¢ F and (u*,v) ¢ F.

Similar to case (A22-2.4.1), but only assume
one faulty edge e; is healthy, and only need to
find one more path (a) as in case (A22-2.4.1).

(A22-24.3) (u,v™) € F and (ut,v) € F.

There exists e; € F. Assume e; is healthy, and
do DP(u,v™). Let wy lies on the path that passes
the edge e;. Remove this path and extend all other
paths to v. Build the following two paths:

(@) [u,u” ,pl, ,V_,V];

(b) [u,u™,u ,pg,wl,wf,v]

(A22- 2.4.4) (u,v7) € F and (ut,v) ¢ F.

Similar to case (A22-2.4.3), but no need to
make any assumption, except when |Fy| = 2n —

3 after map(v,0). If the exceptional case hap-
pens, we assume (u,v~) is healthy and then do
DP(u,v™). Extend the paths to v.

(A22-25) f = (ulutl), or f =
(v, v R #£ 0, 1.

In this case, the two paths below are included
in the disjoint paths set:

(a) [u,v—,v]; and

(b) [u,u",v].
We need to find a path linking edge (u,u~) and
edge (v,v™") but avoid the faulty edge f. It can
be either

(@ [u,u™,p1,v V], p1 € Qr-1,
if f=(u", uh“) for some h # 0, —1, or

(b) [u 11 u 7p27W17W17 ] P2 € QQ,
if f=(vh Vh+1) for some h # 0, —1.

The other paths can be build similar to case
(A22-1).

As we assume v; = 1 at the beginning of case
(A22-2), we now consider v; > 1.

Compare to the case (A22-1), where we assume
f 1is healthy and when v; > 1, here we only need
to care about the case when f = (r" r"*!) with
0 < h < vy but f is neither incident with u nor
incident with v, and blocks some of the paths as
constructed in case (A22-1) (when v; > 1). We
consider the following cases.

e If r = wu, there exists s, a neighbor of
u, such that (u’,s’) is healthy for every
7 =0,1,...,k — 1. This is true, as there are
at most 2n — 3 faulty edges in all Q;,7 =
0,1,...,k — 1, and each node in (); has
2n — 2 neighbors inside @);. Thus, we adjust
the blocked path by replacing the faulty edge
with a sub-path: [r", s s"™1 r"*1]. Note that
if h = v;—1 or h = 0, some slight adjustment
is necessary, which will be simple and is not
stated here.

However, it might be the case that the only
healthy edge in (), for node r" is v,
and v"7"! is already on some path. In this
case, we change to partition the graph QF
through dimension 2. This will result in one
dimension two faulty edge. For convenience,



we also call a sub-graph (); if the dimen-
sion two number is 7; we also denote the
a node (Vp,Vy_1,...,09 + 4,v;) as v' if
v = (Un,Up_1,...,02,v1), for =k + 1 <
i < k — 1. Now we have dist(u,v™) > 1,
and the only dimension 2 faulty edge is:
((0,0,...,1,4),(0,0,...,2,7)). As there are
no faulty edges in the sub-graph )y, we find
disjoint paths by induction between u and
(0,0,...,0,v1), and extend these paths to v.
Thus we have found 2n — 4 disjoint paths.
Two more paths can be:

(@ [wu,p;,v3v,v], pp € Qp_ can

be found by induction;
(b) [u,u™,u? ps, vt v], po € Qo can be
found by induction.

This is essentially a small case of Case 2.3:
dist(u,v~"") > 1 in appendix B. For the case
that node r is a neighbor of v, it can be done
similar to the case r = u.

e If r = v, and the only healthy edge
incident with r” is u”", we then repartition the
graph similar to the case above. Otherwise,
there exists (r",s") ¢ F and (r"*! s"*!) ¢
F, replace the faulty edge f by a sub-path of
length three: [r",sh, s"1 "+ If (s s TY)
is already on some path and whose dimension
one part is s%,s*! ... sY, we replace these
edges by s%, %71 ... svtl gV,

Based on Lemma 1 and the above discussion
include the sections in the appendix, we obtain
the following result.

Theorem 1: In a k-ary n-cube with at
most 2n — 2 faulty edges, there exist
min{degy(u),degy(v)} disjoint paths between
any two given nodes u and v. &

V. CONCLUSION

We have proved that there  exist
min{degy(u),degy(v)}  node-disjoint  paths
in k-ary n-cube when there exist at most 2n — 2
faulty edges. This will make the k-ary n-cube
interconnection network robust in communicating
and routing even though there have up to 2n — 2
faulty edges. Our future research will focus on

finding shortest node-disjoint paths for k-ary
n-cubes with faulty edges and/or faulty nodes.
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Figure 1. Disjoint paths between u and v in Q3 for case v =

(0,1)

To the referee: the appendix part will
be removed if the paper being accepted
by the conference, but we will put the
related information on our  website:
http://’www.dur.ac.uk/yonghong.xiang/ for public
access, and we will direct the reader to our
website in the final version of the paper as well.

APPENDIX A.
DISJOINT PATHS IN Qg

Without lose of generality (W.l.o.g.), suppose
u = (0,0). By the vertex symmetric property
of Q’fl, for node v, only the following five cases
need to be considered: (0,1),(0,2),(1,1),(2,1),
and (2,2).

When there are no faulty edges in 3, if a path
passes node (0, 1) (resp. (1,0),(3,0), and (0, 3)),
then we name the path pig (resp. p2o, P30, and pyg).
We call these four of u’s neighbors the residual
nodes. Denote p;; as the jth alternative path to
path p;o if it passes the same residual vertex as
Pio-

1) v. = (0,1): Suppose there are no faulty
edges in (03, then we can build four disjoint paths
between u and v as follows (see Fig.1(a)).

P10 : [u, v]; p20 : [u,(1,0),(1,1),v]

1,1
P30 [u,(3,0),(3,1),v]; pao:[u,(0,3),(0,2),v].

Let e = ((1,0),(1,1)), ea = ((3,0),(3,1)),
es = ((0,2),(0,3)). From Fig.1(b), we can see
that if any two of ey, e; and e are faulty, we have
the following two sets of alternative paths ps1, p3;
and p4; (see Fig. 1(b)) and pss, p32 and pys.

P21 - [uv (17 0)? (27 0)7 (27 1)7 (1> 1)7V];

P31 - [ua (37 O>> (37 3)7 (37 2)7 (37 1)7 V]S

P41 - [u’ (O’ 3)7 (17 3)7 (1’ 2)a (07 2)>V];
and

P22 - [u’ (1’ 0)7 (17 3)7 (1a 2)a (17 1)7V]

P32 - [uv (37 0)? (27 0)7 (27 1)7 (37 1)7 V]

e [, (0,3), (3,3), (3,2), (0,2), v].

pij is disjoint with p;,t # j. So, if e; is faulty
for some i € {1,2,3} and the other faulty edge
lies on one of its alternative path, then we can use
the other alternative path.

Suppose {fi, fo} N (F* U FY) # (. (a) If
(u,v) € F, then, the problem reduces to the case
discussed above (just remove the path [u,v]). If
only one of the faulty edges linked with u or v,
then we only need to build 3 disjoint paths and
this again reduces to the case discussed above.
(b) If the both faulty edges are linked with u or
both linked with v, or one links with u and one
links with v but they both lie on p;; for some
i €{1,2,3,4}. All we need to do is to remove the
path(s) that contain faulty edges. (c) If the both
faulty edges are linked with different nodes and
are not lying on the same path, then we need to
adjust some of the p;y to obtain 3 disjoint paths.
When (u, (1,0)) and (v, (0, 2)) are faulty, we keep
path p;o and p3p, and build the following path (see
Fig.1(¢c)):

P43 - [ua (Oa 3)7 (07 2)7 (1a 2)a (]-7 1)7V]-
When (u,(1,0)) and (v, (3,1)) are faulty, keep
path p;g and p4, and build a new path (see
Fig.1(d)):

P33 - [uv (37 0)7 (37 1)7 (27 1)7 (17 1)7 V]‘

2) ve{(0,2),(1,1),(1,2),(2,2)}: If there are
no faulty edges in 3, we can easily build four
disjoint paths p10, p20, P30, P40 between u and v.

For v = (0, 2), we have: (See Fig.2(a))

9
I



Figure 2. Four disjoint paths between u and v in Q4. (a), (b) for

(d

case v = (0,2), and (c), (d) for case v = (1,1)

P10
P20
P30 -
P4o -
P21 -
P31 :

P10 :
P20 -
P30 -
P40
P31 "
Pa1 -

P10 -
P20 -
P30 -
P40
P11 -
P21 -
P31 -
pa1 -

[u, (0,1), v];
[u, (1,0),(1,1),(1,2),v];
[u,(3,0),(3,1),(3,2), v];
[u, (0,3),v];
[u7 (17 0)7 (17 1>7 (17 2)7V:|’
[u, (3,0),(3,3),(3,2), V]

For v = (1,1), we have: (See Fig.2(c))
[u, (0,1), v];
[u> (170)7"];
[u,(3,0),(3,1),(2,1),v];
[u7 (07 3)7 (17 3)’ (17 2)7 V]’
[u,(3,0),(2,0),(2,1),v];
[u, (0,3),(0,2),(1,2), V]

For v = (1,2), we have: (See Fig.3(a))
[u, (0,1),(0,2), v;
[11, (17 0)7 (1’ 1)7V]§
[u,(3,0),(3,1),(3,2),(2,2), v];
[, (0,3), (1,3), v];
[u7 (07 1)7 (17 1>7V];
[11, (17 0)? (1’ 3)7 V]§
[u,(3,0),(2,0),(2,1),(2,2), v];
[u, (0,3),(0,2),v].
= (2,2), we have: (See Fig.3(c))

I
@]
=
<

7am(0.0) (0,1)

@ C%0 O
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O
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Figure 3. Four disjoint paths between u and v in Q3, (a), (b) for
case v = (1,2), and (c), (d) for case v = (2,2)

P10 - [uv (07 1)? (07 2)7 (17 2)7 V];
P20 : [u,(1,0),(2,0),(2,1),v];
P30 - [uv (3’ 0)7 (37 1)7 (3’ 2>a V];
P4o - [uv (0’ 3)’ (17 3)7 (27 3)a V];
p11: [u,(0,1),(3,1),(2,1),v];
P21 - [ua (17 O>> (17 3)7 (17 2)7 V];
P31 - [u’ (3a 0)7 (27 0)7 (2’ S)a V]?
pa1 : [u,(0,3),(0,2),(3,2),v].

B
2
|

=

If none of the F“ U , and one faulty
edge is on some path, one not, then we can find
an alternative path for the blocked path as shown
above. Hence, we only need to consider when one
faulty edge lies on some path, say f; € pj,i €
{1,2,3,4}, and the other one lies on its alternative
path f> € pi1.

1) v = (0,2) (please refer to Fig.2(a)): if pog
and po; are both blocked, i.e., one of e; =
((1,0),(1,1)) and ey = ((1,1),(1,2)), and
one of ((1,0),(1,3)) and ((1,2),(1,3)) are
faulty, then define
P22 [u,(1,0), (2,0),(2,1), (2,2),(1,2), v];
if p3o and ps; are both blocked, then define
paa [, (3.0), (2,0, (2, 1), (2,2),(3,2), v].

2) v = (1,1) (please refer to Fig.2(c)): if pso
and p3; are both blocked, then define
P32 - [uv (37 O)’ (37 3)? (27 3>’ (27 2>7 (27 1)7 V];
if pyo and py; are both blocked, then define

P42 - [u> (07 3)? (3’ 3)’ (3’ 2)7 (27 2)’ (17 2)7 V];



3)

4)

v = (2,1) (please refer to Fig.3(a)): if pio
and p;; are both blocked, then define

P12 - [11, <O7 1>’ (07 2)? (17 2>’ (17 1)7V];

if poy and po; are both blocked, then define
p22 - [u,(1,0), (1,3),(2,3),(2,0),v] and
pa2 be u, (0,3),(0,2), (1,2),(2,2),v];

if p3p and p3; are both blocked, then define
P32 [ua (37 0)’ (37 3)7 (37 2>’ (37 1)7 V];

if pyo and p4; are both blocked, then define
paz - [u,(0,3), (3,3),(3,2), (2,2),v].

v = (2,2) (please refer to Fig.3(c)): if pio
and pq; are both blocked, then define

pi2 : [u,(0,1), (1,1),v];

if poy and po; are both blocked, then define
P22 [ll, (]-’ 0), (17 1)7V];

if p3p and ps3; are both blocked, then define
P32 - [ua <O7 3)? (37 3)7 (27 3)7 V];

if pyo and p4; are both blocked, then define
P42 : [ll, (3, 0), (3, 3), (3, 2), V].

If only one faulty edge is linked with u or
v, then we only need to build 3 disjoint paths
between u and v, and this reduces to what we
have discussed above.

If both faulty edges are of u and/or v’s neigh-
bors, then we have the following several cases.

1)

2)

3)

both belong to either u or v’s neighbors,
then we only need to find two disjoint paths
and it has been done;

one is u’s neighbor, and the other is v’s
neighbor, and they are on the same path as
shown in Fig.1~Fig.3, then we have done
as well;

one is u’s neighbor, and the other is v’s
neighbor, and they are not on the same path
as shown in the above Figures, we need to
rebuild some paths.

e v =(0,1) (refer to Fig.1(a)): if ps and
p30 are blocked, then define

p32 1 [u,(3,0),(3,1),(2,1),(1,1),v].
if poo and pyg are blocked, then define

pa2 - [u,(0,3),(1,3),(1,2),(1,1),v].
if p3o and p4o are blocked, then define

P42 - [uv (Ou 3)7 (37 3)7 (37 2)7 (37 1)7 (07 1)? V]

e v =(0,2) (refer to Fig.2(a)): if p1o and
p2o are blocked, then define

P22 [u,(1,0),(1,1),(0,1),v];

if p19 and p3g are blocked, then define
P32 - [u7 (37 0)7 (37 1)7 (07 1)7 V]9

if p1p and py are blocked, then define
p22 : [u, (1,0),(1,1),(0,1),v], and

paz - [u,(0,3),(1,3),(1,2),v];

if poo and p3g are blocked, then define
P32 [u,(3,0),(3,1),(3,2),(2,2),(2,1),v];
if pgo and pyo are blocked, then define
paz - [u,(0,3),(1,3),(1,2),v];

if p3g and p4o are blocked, then define
p42 . [u7 (07 3)7 (37 3)7 (37 2)7 V]'

v = (1,1) (refer to Fig.2(c)): if pio and
poo are blocked, then define

p32 = [u,(3,0),(3,1),(0,1),v], and
P22 = [uv (17 O)? (27 0)7 (27 1)7 V];

if p1p and p3g are blocked, then define
P32 = [ua (3a 0)7 (37 1)7 (07 1)a V];

if p1o and pyg are blocked, then define
P42 = [u7 (Ov 3)? (07 2)7 (07 1)7 V];

if poo and p3g are blocked, then define
P32 = [ua (37 0>7 (27 0)7 (L O)a V];

if pgo and pyo are blocked, then define
P42 = [uv (O’ 3)? (17 3)7 (17 O), V];

if p3g and p4o are blocked, then define
P42 =
[u,(0,3),(1,3),(2,3),(2,2),(2,1), v].
v = (2,1) (refer to Fig.3(a)): if p1o and
p2o are blocked, define

P22 = [ua (17 O)? (17 1)7"],

if p1p and p3g are blocked, define

P32 = [ua (3a 0)7 (37 1)7 (07 1)a (17 1)7 V];
if p1o and pyo are blocked, define

P42 = [u7 (07 3)? (07 2)7 (07 1)7 (17 1)7 V];
if poo and pso are blocked, define

P32 = [ua (37 O>7 (27 0)7 V];

if poy and pyg are blocked, define

P42 = [uv (Ov 3)? (17 3)7 (2v 3)7 (2’ 0)7 V];
if p3p and p4o are blocked, define

pa2 = [u,(0,3),(3,3),(3,2),(3,1), v].
v = (2,2) (refer to Fig.3(c)), we have
the following cases to consider: if pqg
and po are blocked, define

P22 = [ua (17 O)? (17 1)7 (17 2)7 V];

if p1p and p3o are blocked, define

p22 = [u,(1,0),(1,1),(1,2),v], and



P32 = [11, (37 0)7 (27 O)’ (2’ 1)7 V];

if p1p and p4o are blocked, define

Pa2 = [U_, (07 3)7 (17 3)7 (17 2)7"];

if poy and p3g are blocked, define

P32 = [11, (37 0)7 (27 O), (27 1)7 V];

if poo and pyo are blocked, define

P42 =

[u, (0,3),(1,3),(2,3),(2,0),(2,1), v];
if p3o and pyg are blocked, define

P42 = [11, (07 3)7 (3’ 3)’ (37 2)7 V]'
APPENDIX B.
THERE IS ONE DIMENSION ONE FAULTY EDGE

Let the dimension one faulty edge f = (r,r™).
We have three cases to consider: v; = 0; and vy #
0.

Case 1 v; = 0. This means that u and v lie in
Qo-

Case 1.1 |Fy| = 2n — 3.

(Al1-1) f € F*UFY. Wlo.g,let f = (u,u™).

(A11-1.1) |FY| > |FY| + 1.

If there exists e € F'F', we assume e is healthy,
and find disjoint paths in )y by induction. If e
lies on some path, then do a U-jump. Build one
more path as follows: [u,u*, p, vt v], where the
sub-path p is a path in ), that links with u* and
vt.

Please note that p can be easily obtained by
induction. For example, to find p in )1, even if
|F1| > 2n — 4, we can still find such a path by
assume some of the faulty edges are healthy until
|F| < 2n—4 is satisfied and then use induction to
find disjoint paths. Let p be one path that doesn’t
include originally fault edges. This is true, as there
are at most 2n — 3 faulty edges (f lies outside any
Q;, fort=0,1,...,k—1) in (01, and each node
has 2n — 2 neighbors.

If /¥ = @, and (u,v) € F, assume (u,v)
is healthy. Find disjoint paths in )y by in-
duction. Remove the path [u,v]; find a path:

[u,u™, p, vt v], where p is a path in );. We have
done.
If F¥ = 0, and (u,v) ¢ F, we have

|F“ > |FY| + 2. Assume faulty edge (u,w) is
healthy, find disjoint path by induction in g,
and remove the path that passes w; find a path:

[u,u™, p, v*, v], where p is a path in );. We have
done.

(A11-1.2) |FY| < |FV.

We have |FJ| |Fy| — 1. Assume faulty
edge (w,v) is healthy, and find disjoint paths
in )y by induction. There is a path that passes
the node w, do a U-jump. Find one more path:
[u,u®, p, vt v].

(A11-2) f ¢ F*U FV.

(A11-2.1) |FF| > 1.

Let e = (s,t) € F¥, such that (s,s™) ¢ F and
(t,t7) ¢ F, find disjoint paths in Qg by induction.
If e lies on some path, do a D — jump. Find a
path in @; that links with u* and v* and avoid
et. Find a path in Q;_; that links with u~ and
V™.

(A11-2.2) |FF| = 0.

If |Fv| |FV|, assume faulty edge (u,w)
is healthy, and find disjoint paths by induc-
tion in (). Remove the path that passes the
node w. Find two paths: [u,u™,p;,v~, V], and
[u>u+7p27v+7v]’ P1 € Qkfl and P2 € Ql-

If |[FY| = |FY|, as |[FF| = 0, we must
have (u,v) € F’; assume it is healthy, and find
disjoint paths in )y by induction. Remove the
path [u, v]. Find two paths: [u,u~, p;,v_,v|, and
[u>u 7p27v V] pler 1andP2€Q1

Case 1.2 |F0| < 2n —4.

(Al2-1) f € F*UFY. W.lo.g,let f = (u,u").

(A12-1.1) |Fy| > |Fy| + 1.

By induction, find disjoint paths in )y, and find
a path [u,ut, p, vt v], p € Q.

(A12-12) [Fu| < |Ry].

Assume faulty edge (w,v) is healthy, and by
induction, find disjoint paths in Qo. Suppose (u, s)
lies on the path that passes node w. Remove this
path. Find two more paths [u,s,s™, p1, v, V],

p1 € Qr_1, and [u,ut, po, v v], po € Q1.

(A12-2) f ¢ F* U FV.

By induction, find disjoint paths in (). Now,
we need to find another two disjoint paths.

(A12-2.1) It is possible that there exist ¢ = 1
or i = k — 1, such that |F;| > 2n — 4. W.lo.g.,
suppose Fi_1 > 2n — 4. Hence, F| < 2. So, in
(21, by induction, we find disjoint paths between
u' and vT, and choose the shortest one as the one



we need. To find a path between u™ and v, we
have the following two cases.

(A12-2.1.1) |Fj—1| = 2n — 2.

A special case is that |F}*,| = 2n — 2 or
|FY_,| = 2n — 2. It can be solved by finding a
shortest path between u~ and v, and do a U-
Jjump to avoid the faulty edge on the path.

If |F¥| > 2, we assume two of F'F' edges to
be healthy, and by induction find disjoint paths
between u~ and v~ in (Jy_;. Choose one of the
shortest path that has no original faulty edges on
as the one we need.

If |F¥| <1, wlo.g., suppose |FP | > |FY |
Choose two of u™’s faulty links to be healthy, and
find disjoint paths by induction in );_;. Choose
one of the paths that has no original faulty edges
on as the one we need.

(A1.2-2.1.2) |Fy_1| = 2n — 3.

If |Ff ;| > 1, we assume one F} ; edge to
be healthy, and by induction find disjoint paths
between u~ and v~ in (J;_;. Choose one of the
paths that has no original faulty edges on as the
one we need.

If Ff', =0, Wlo.g., suppose |F2 | > |FY,|.
Choose one of u™’s faulty links to be healthy, and
find disjoint paths by induction in Q;_;. Choose
one of the paths that has no original faulty edges
on as the one we need.

(A1.2-2.2) |Fy_1| <2n —4 and |F| < 2n — 4.

By induction, find disjoint paths in (J;_; and
(21, and each choose a shortest path as the one we
need.

Case 2 v, # 0.

W.Lo.g., suppose |F™| > |FV|, and v; < |£].

Case 2.1 dist(u,v=") = 0.

(A21-1) Ve € N, if e ¢ F, then " ¢ F.

The paths can be built as follows: start from
u, followed by a healthy link and then straight
down to a neighbor of v then reach v. Find
another two paths: oy : [u,u®,u? ..., v~,v] and
oy [u,ub k2 v ).

The faulty edge f = (r,r™) may block one of
the disjoint paths. If v; = 1 and f = (u, v), this is
a trivial case as we can just remove the path [u, v].
In what follows, we assume f # (u,v), or if f is
any of (u,u") and (v,v~), we have v; > 2.

(A21-1.) r = ut b€ {1,2,... 01 — 2}(v1 —
2> 1).
There must exists t € Ny, (u,t) ¢ F, such

that all the edges incident to t* are healthy, for
t = 0,1,...,k — 1. This is true as there are at
most |Fy| + |F,,| < 2n — 3, and there are 2n — 2
neighbors for each of the node in @);, for i =

0,1,2,...,k—1.
We remove the path that passes t, and build
the following path: [u,t,s,s*,s? ... s t1 v],

where s is t’s neighbor. The length of this path
is at most | %] + 4. Another path can be built as:
[w,ut,... ul th i ahtt w2 v ).
The length of this path is at most | %] + 2.

(A21-12)r = u" h € {v+1,0,+2,..., k—2}.

For this case, we need to mod-
ify  the path oy to  be: [uti(=
V) uv1+1 ) u th th—i—l h+1 h+2 o 7Vk—l U],

where t is a nelghbor of u, such that (u th)y ¢ F
and (w1 th*t1) ¢ F. This is also true as there

are at most 2n — 3 faulty edges, and each
node has 2n — 2 links in each subgraph
Qi,i=0,1,2,....k—1.

(A21-1.3) r = u. In this case, we must have
|F™| > |FV|. There is no need to do any change
but remove the path [u,u*,... v].

(A21-1.4) r = u™. In this case, we must have
|| > |F"V|. There is no need to do any change
but remove the path [u,u™,..., v].

(A21-1.5) r = v*. If there exists (u,t) € F,
such that (v,t"') ¢ F, adjust the path oy as
follows: [u,u™,..., vt p,t"+t t¥ v], where p
is a path between t“'*! and vT. This path can
be easily build by induction, and the length is at
most L,_;. Hence the total length of path o, is
L, 1+k+1

(A21-1.6) r = v—. Similar to (A21-1.2) above,
suppose t is such a node that links with u, and
all its neighbor links and their parallel edges are
healthy. If v; > 2, and there exists (u,s) € F,
such that (v,s") ¢ F, remove the path that
passes s and the path that passes t. Build the fol-
lowing two paths: [u, t,t7, p,s7,s,s7, ... s", V],
and [u,tT,r*,s? ... " v], where p € Q)_; can
be build by finding disjoint paths between u~ and
r~ by induction.



(A21-1.7) r = s”", where s is u’s neighbor for
some h € {0,1,...,v; — 1} and f is blocking
some path p. There exists some node t that
is a neighbor of s and different from u, such
that (s/,t/) ¢ F, for all j € {0,1,...,k —
1}. The path p can be adjusted as follows:
[u,s,st, ... o th thFL Lt st v

(A21-2) de; = (u,t) ¢ F™ and e € F, and
Jes = (u,8) € F" and ¢ ¢ F'. In this case, there
are at most 2n — 4 faulty edges in each subgraph
Qi,i=0,1,... k—1.

Find a node w in @, such that r # w’,
for every i = 0,1,...,k — 1; f ¢ NW, for
i=0,1,...,k—1. Such w exists. There are k"~!
nodes in )y, and there are at most 2n — 2 faulty
edges in Qﬁ. Node u,r will block 2n — 1 nodes
each. As u and v each incidents with at least one
faulty link and f has already been considered, we
have at most 2n—2—3 faulty edges left . with each
block two nodes. Hence the number of available
nodes is at least k"' —2(2n—1) —2(2n—5) > 4.
So, there are at least 4 choices for w.

The steps of building disjoint paths in this case
are as follows.

Step 1: Find disjoint paths between u and w in
(o by induction.

Step 2: Remove w from each path, and extend
the path by straight going down until reach a
neighbor of w*!.

Step 3: Assume the edges are faulty if they are
(1) incident with w"', (2) not incident with any
path built in step 2, and (3) lie inside Q),,.

If there are at most 2n — 4 faulty edges in
(v, we find disjoint paths between v and w"'by
induction, and link these paths with the paths built
in step 2.

If there are 2n — 3 faulty edges in @Q,,, there
must exist e € (J,,, such that it is not incident with
v and w"!. Obviously, there are no faulty edges
in Q); for ¢ # 0,v;. Assume e is healthy, and find
disjoint paths between v and w"'by induction. If
e lies on some path, do D-jump(e).

Step 4: Build one or two more paths.

(A21-2.1) f = (u,u”). If |F"| > |FY|, then
we only need to build one more path: (P1):
[w,ut,... v]. If |[F"| = |FY|, then we need to

build two more paths: one is path (P1) as above.
There have an healthy edge (u,s), that is not
on any path. We build the following path: (P2):
[u,s,s7, pr,u",u? ... utl v], where p; is a
path lies in (;_; that can be found by induction.

(A21-2.2) f = (u,u™). Path (P2) as built above
is kept for this case.

If v, =1, or vy > 1 and |F"| > |FY|, then no
need to find more path.

If v; > 1 and |F"| = |FV|, then we go back
to Step 3. Before finding disjoint paths in (),, by
induction, we assume one of v’s faulty edge is
healthy. After finding disjoint paths, name the path
passes this faulty edge as p. Suppose pNQy,,—1 =
s~ In Q,,_1, find a path to link v~ and s"* ™!
and disjoint with all other paths. This can be done
by carefully setting some of w¥*~1’s links as faulty
and using induction to find disjoint paths between
v~ and w'' !, Path p is now changed to be: p :
[u,...,s, 871 . v vl

(A21-2.3) f = (v,v™). If |[F"| = |FY|, similar
to above (A21-2.2) to build a new path. Otherwise,
we don’t need any more path.

(A21-2.4) f = (v,v"). If |[F"| = |FY|, similar
to above (A21-2.1) to build a new path. Otherwise,
we don’t need any more path.

Case 2.2 dist(u,v~"") = 1 has been discussed
in the main body of the paper.

Case 2.3 dist(u,v™"") > 1.

We expand the definition for F: if we are
considering finding disjoint paths between node
w and node z in a sub-graph Q;, F¥ is defined
as the set of faulty edges that are neither incident
with w nor incident with z. This expansion also
applies to appendix C.

General steps in building disjoint paths:

G1. Do map(v,0).

G2. Do DP(u,v™).

G3. Extend the paths to v.

G4. Find two more paths: (Ga): [u, u~, p,
vl vy v] (Gb): [u, ut, L ut, utt
p2, v, v].

If all of these paths are not blocked, then we
have done. However, there will have some case
that we need to avoid faults. Below is the detailed
discussion.




(A23-1) v, = 1.

(A23-1.1) f = (u,u”)

(A23-1.1.1) |F"| = |FY|

Do map(v,0). There exists a faulty edge e,
incident with v—. Assume e is healthy, and do
DP(u,v™). Suppose w lies on the path that e lies
on. Remove this path and extend all other paths
to v. Build the following two more paths: (a):
[lu,w,w~, p1,v 2 v, v|, where p; can be found
by induction in Q;_; on w~ and v~2 to avoid u~;

(®): [w,u,...,u T gy v V]
(A23-1.12) [F¥] > |F¥| + 1
Do map(v,0).

If there are at most 2n — 4 faulty edges in @),
do DP(u,v~), and extend the disjoint paths to v.
Build one more path: (a): [u,u™, p1,v2,v",Vv],

p1 € Qi1
If there are 2n — 3 faulty edges in Qy, we have
two cases to consider: (i) |F™| = |FY| + 1. This

means that F© > 1. Let ¢ € F¥, and assume
e is healthy, do DP(u,v™). If e lies on some
path, do a U-jump. Build path (a) as above but
need to avoid existing paths (the jumped up edge)
and node u~. (ii) |F"| > |FY| + 2. Assume e, an
faulty incident with u, is healthy. Do DP(u,v™).
Remove this path and extend all of the other paths
to v.

(A23-1.2) f = (u,u")

(A23-1.2.1) |FY| = |F™|

Do map(v,0). There exists e, an faulty edge
incident with v—. We assume it is healthy,
and do DP(u,v~). Suppose w lies on the
path that passes e. Remove this path and ex-
tend all other paths to v. Build the follow-
ing two paths: (a): [u,w,w—, p;,v 2 v, v]; (b):
[u,u™, u?, py, v+, vl.

(A23-12.2) |[Fu| > |FY|+1

Do map(v,0). If there are at most 2n — 4
faulty edges in (Qg, do DP(u,v~), and extend all
paths to v. Find one more path as follows: (a):
[ua u+> 1127 P2, V+7 V]'

If there are 2n — 3 faulty edges in ()y, and
|FY| = |FV] + 1, there exists e € F¥. Assume
e is healthy, and do DP(u,v™). If e lies on some
path, do a U-jump(e). One more paths is built as
above (a).

If there are 2n — 3 faulty edges in )y, and
|F| > |FV| + 2, assume e, a faulty edge incident
with u, is healthy, and do DP(u,v~). Remove
the path that e lies on, and extend all other paths
to v. One more paths is built as above (a).

(A23-1.3) f = (v,v")

Do map(v,0). Assume e € F, incident with u,
is healthy. Do DP(u,v~). Suppose w, a neighbor
of v~ lies on the path that passes edge e. Remove
this path, and extend all other paths to v. Build
two more paths: (a): u,u, p;, w_,w,wt, v; (b):
[u,u™, u?, py, v, vl.

(A23-14) f = (v,vT)

Compare to case (A23-1.3), we only
need to adjust paths (a) and (b) as
follows:  (a): uw,u,p,v v iv; (b

[u,u™, u?, ps, w2, wt, vl

(A23-1.5) f = (v_,v?)

After the four general steps G1, G2, G3, and
G4, the path (Ga) is blocked by f. To avoid
the faulty edge f, we choose one of the dis-
joint paths, such that it includes the follow-
ing sub-path: u,w,p;,t, where t is a neigh-
bor of v, and p;,p; are faulty free. Remove
this path and build another three paths: (a):
u,u,p,t, 6 v v (b): [u,w,w ol tT v
(©): [u,u™,u? py, vt vl

(A23-1.6) f = (ut,u?)

After the 4 general steps, path (Gb) is blocked
by f. There must exist (ut,wt) € @Q; is
healthy. An alternative path is built as follows:
[u,ut, wt, py, vt v], where ps € Q.

(A23-2) v, > 2.

This case can be analyzed similarly to case
(A23-1), and will not discussed here.

APPENDIX C.
THERE 1S NO DIMENSION ONE FAULTY EDGE

W.lLo.g., suppose |F"| > |FV|

Case 1 v; = 0.

Case 1.1 |Fy| = 2n — 2.

(B11-1) |FF| > 2.

Let eq,ey € F'F, and assume them are healthy.
Find disjoint paths by induction in @Qy. If e
(or ep) is on some path, do U-jump(e;) (or U-
jump(ey)). Build two more paths as follows: (a):



u,u -, p,v,v;(b):u,ut, ps, v, v; Both p; and
p2 are disjoint with all existing paths, and they are
easy to find.

(B11-2) |[FF| =1.

Assume e; € F'F' is healthy.

If (u,v) € F, then assume it is healthy, and find
disjoint paths by induction in )y. Remove the path
[u, v]. If e; is on some path, do U-jump(e;). Find
another two more paths: oy : [u,u=,p;, v, Vv];
o9 ¢ [u,ut, pa, v, v], where p1, py are all disjoint
with existing paths.

If (u,v) ¢ F, then Je; € F“. Assume ey is
healthy and find disjoint paths in )y by induction.
If e; lies on some path, do U-jump(ey). If ey lies
on some path, remove this path. Build two more
paths: o1, and o9 as in (B11-2) above.

(B11-3) |FF| = 0.

If (u,v) € F, then |F"| > |FY|+ 1. Assume
e € F" and (u, v) are healthy. Find disjoint paths
by induction in @)y, remove the paths that pass the
assumed faulty edges. Build two more paths: oy,
and o, as in (B11-2) above.

If (u,v) ¢ F, then either |F"| > |FY|+ 2 or
|F*| = |FY|. In the case that |F"| > |FV|+2, we
can assume two of F™’s faulty edges are healthy
and find disjoint paths by induction in ). Remove
the two paths that pass the assumed faulty edges.
Build two more paths: oy, and o5 as in (B11-2)
above.

In the case that |F"“| = |FV|, we assume the
following faulty edge are healthy: e; € F™ and
es € FV. Find disjoint paths by induction. Build
path o1, and o5 as in (B11-2) above if e; and e,
are not lie on any path or lie on a same path. If
e; and es lie on different paths, do D-jump(e;) for
1 = 1,2, and remove the path o5.

Case 1.2 |Fy| =2n — 3.

This means there is one faulty edge f lies in
Qi1 # 0.

(B12-1) |FF| > 1.

Assume e € F¥ is healthy. Find disjoint paths
by induction in (). If e lies on some path, to avoid
it, either do U-jump(e) or D-jump(e) so as to avoid
f as well. Build two more paths oy, and o5 similar
to (B11-2) above; but need to avoid existing paths
and faulty edge f.

(B12-2) |F¥| =o.

If (u,v) € F, assume it is healthy, and build
disjoint paths by induction. Remove the path [u, v]|
and build two more paths oy, and o, similar to
(B11-2) above; but need to avoid faulty edge f.

If (u,v) ¢ F, then assume e € F" is healthy.
Find disjoint paths by induction in ). Remove
the path if it include e. Find two more paths oy,
and o5 similar to (B11-2) above; but need to avoid
faulty edge f.

Case 1.3 |Fy| <2n —4.

Find disjoint paths by induction in ). Find two
more paths o; and o9 similar to (B11-2) above;
but need to avoid faulty edges. o1 and o, can be
obtained by induction even though there may have
more than 2n — 4 faulty edges lie in (0,1 or Q.
An exceptional case is, for example, when all of
the 2n — 2 edges in N" are faulty. We can not
find o1 in Q)x_;. This can be solved by doing a
U-jump(e) on o1, where e € N" .

Case 2 v; # 0

Case 2.1 dist(u,v="") = 0.

We will always include the following two
paths in the disjoint paths set unless otherwise
stated: oy [u,u,...,u*t v|, and o,
[u,u’, ..., un"1 vl

(B21-1) Ve € N, if e ¢ F, then e ¢ F.

To find disjoint paths for this case is straight-
forward.

(B21-2) de; € Ny,es € Ny, such that e; €
Fiel* ¢ F,and ey ¢ Fes* € F.

If |[F"| = 2n — 3, we can easily find 3 disjoint
paths between u and v as follows: [u,u®,... v];
[u,u”,r~,r2,...,r", v| (suppose ¢; = (u,r));
and [u,s,s7,u",r 2, ..., u""! v| (suppose ey =
(v,s7%)). Similarly, we can find 3 paths for the
case when |FV| = 2n — 3.

Now, we suppose |F"| < 2n — 4 and |[FY| <
2n — 4.

Find a node w € @, such that N¥ N F = (.
By a simple calculation (k"' — [(2n — 2) + 1 +
2(2n —2) — 1] > 4), we claim that such w exists.

Step 1.

If |Fy| = 2n — 3 (we have F'F' # (), assume
e € F¥ is healthy; otherwise, no need to make
any assumption. Find disjoint paths by induction



in () between u and w. If e lies on some path,
do a U-jump(e).

Step 2. Remove w and extend these paths each
to a neighbor of w"!

Step 3. Assume those edges in NW'' that are
not incident with any of the paths built in Step 2
are faulty.

(B21-2.1) If this results in at most 2n —4 faulty
edges in @Q),,, find disjoint paths between v and
w"! in (),, by induction. Remove the node w*!
from each of the path and thus links with the path
built in Step 2.

(B21-2.2) If this results in 2n — 3 faulty edges
in (),,, and all faulty edges are incident with one
of v and w'', then assumees; € FV"" is healthy.
Otherwise, there exists e, € F' not incident with
any of v and w"!, and assume e, is healthy. Find
disjoint paths in (),, by induction. Remove the
path if it passes edge es, or do D-jump(e,) if it
passes edge ey. All remained paths are incident
with the paths built in step 2.

(B21-2.3) If this results in 2n — 2 faulty edges
in @Q),,, we will have several cases. (1) All faulty
edges are incident with either v or w*'. If |FV| =
|va1 , for each of v and w"', we assume e3 € "V
and e, € F™'' are healthy and find disjoint paths
by induction. Do D-jump(es) or D-jump(e,) to
avoid the faulty edge es or ey if it lies on some
path. If they lie on a same path, then remove
that path. All remained paths are incident with the
paths built in step 2.

(2) One of the faulty edge e3 is neither incident
with v nor w®'. We must have |F¥|+1 < [FW"].
Thus we assume e; and e, € FV'' are healthy,
and find disjoint paths between w"' and v by
induction. If es lies on some path, then do D-
jump(es); if ey lies on some path, then remove
this path. All remained paths are incident with the
paths built in step 2.

(3) At least two faulty edges e; and ey are
neither incident with v nor w*!. Assume ez and ey
are healthy, and find disjoint paths between w*!
and v by induction. If e; lies on some path, then
do a D-jump(e;), for i = 3,4.

Case 2.2 v # 0,dist(u,v™"") = 1.

Need to consider that if (u,v~) and/or (ut,v)

are faulty.

If (u,v™) is healthy but (u",v) is faulty, we
have the following cases.

If (u,v™) is faulty but (u™,v) is healthy, we
have the following cases.

If they are both faulty, we will discuss it in the
following cases.

(B22-1) v; = 1.

Define two paths as: o1 : [u,u’,v]; oy
[u,v=,v]. o3 : [u,ut, vF2 vF3 v V] 04
[u,u™, u?, v, v]; o5 : [u,u”, v2, v, v].

(B22-1.1) After map(v,0), we have |Fy| =
2n — 2.

We have either at most one of (u,v~) and
(ut,v) is faulty.

We choose two faulty edges ey, e; by the fol-
lowing rules:

(1) if |FF| > 2,letey, ep € FF; Q) IF |[FF| =1,
lete; € F¥ and ey € FU\ FY ; Q) If [FF] =0
and |[F"“| > |F"|, we choose e1,e5 € FU"\ FV ;
4 If |[F¥| = 0 and |F"| = |FY |, we choose
€1 € Fu\Fv7,€2 e v \Fu

Assume ey, eo are healthy. Do DP(u,v~), and
extend the disjoint paths to v.

If ey, ey are chosen from above case (4), and
they both lie on a same path, just remove this path
and include o1, 09, if 0;,7 = 1, 2 is faulty free, and
o3 in disjoint paths; if they lie on different paths,
do U-jump(e;), for ¢ = 1,2 and include o; and o,
if 0;,7 = 1,2 1s faulty free, in disjoint paths.

Otherwise, e, e, are chosen from above case
(1-3) if ¢; lies on a path and ¢; € F¥, do U-
Jump(e;), i € {1,2}; if e; lies on a path and e; €
FU, i € {1,2}, remove the path. Include o1, 09
and o3, if 0,7 € {1,2, 3} exists, in disjoint paths.

(B22-1.2) After doing map(v,0), |Fy| = 2n—3.

If de ¢ F" U FY , assume e is healthy, and do
DP(u,v™). Extend the disjoint paths to v. Do U-
jump(e) or D-jump(e) to avoid faults if necessary.
Two more paths can be o; and 0,. However, if
there is one faulty edge e lies on oy or o5, just do
U-jump(e) or D-jump(e).

If |[F* U FY | = 2n — 3, let choose a faulty
edge e from F“, and assume it is healthy. Do
DP(u,v™). Extend the disjoint paths to v. If e
lies on some path, just remove the path. Include



o1 and oy as disjoint paths. Similarly, if there is
one faulty edge e lies on oy (or o9), just do U-
Jump(e) (or D-jump(e)).

(B22-1.3) After doing map(v,0), |Fy| < 2n—2.

Do DP(u,v™). Extend the disjoint paths to
v. Include o; and o9, if exist, as disjoint paths.
However, if o; is blocked from outside )y and
(21, we can easily find an alternative path that is
disjoint from all of existing one by replacing the
sub-path in ();_; with a path that can be found
by induction. The case that o5 is blocked from
outside )y and (); can be dealt with similarly.

(B22-2) v; > 2.

This case can be analyzed similar to case (B22-
1), and we will not go into details.

Case 2.3 v; # 0,dist(u,v™") > 2.

This can be dealt with similar to Case 2.2.



