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Remember?

Object

Reasoning

First order logic

Sequent calculus

Mathematical theory

Inference rules
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What if...

Object

Reasoning

Modal logic

Labelled
Sequent calculus

Frame conditions

Inference rules
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The standard translation

Modal language ⇒ FO language with:
- a binary predicate R
- a unary predicate a for each atom a

STx(a) = a(x)
STx(A ∧ B) = STx(A) ∧ STx(B)
STx(�A) = ∀y(R(x, y)⊃ STy(A))
STx(♦A) = ∃y(R(x, y) ∧ STy(A))

where x is a free variable.

Equivalence
For any modal formula A, any modelM and any world w

M,w 
 A iff M � [x/w]STx(A)
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Delays

Delay operators ∂+/∂− force a formula to be positive / negative.

Γ ` B ⇓ ∆

Γ ` ∂+B ⇓ ∆
∂+
R

Γ ⇑Θ,B ` Ω ⇑∆

Γ ⇑Θ, ∂+B ` Ω ⇑∆
∂+
L

Γ ⇑Θ ` B,Ω ⇑∆

Γ ⇑Θ ` ∂−B,Ω ⇑∆
∂−R

Γ ⇓ B ` ∆

Γ ⇓ ∂−B ` ∆
∂−L
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Polarised translation

We define a translation for labelled sequents

[G1, Γ ` G2,∆] = [G1, Γ]l ` [G2,∆]r

[x : a]l = [x : a]r = a(x)
[xRy]l = [xRy]r = R(x, y)

[x : A ∧ B]l = ∂+ [x : A]l
−
∧ ∂+ [x : B]l

[x : A ∧ B]r = ∂+ ([x : A]r
−
∧ [x : B]r)

[x : �A]l = ∀y(R(x, y)⊃∂+[y : A]l)
[x : �A]r = ∂+∀y(R(x, y)⊃[y : A]r)

[x : ♦A]l = ∂−∃y(R(x, y)+

∧[y : A]l)
[x : ♦A]r = ∃y(R(x, y)+

∧∂−[y : A]r)
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Labelled rules are synthesised!

An inference rule in the labelled modal proof system corresponds
to a synthetic rule in the focused proof system LKF.

xRy,G, Γ ` ∆, y : A
�
G, Γ ` ∆, x : �A

G, Γ′⇑ ` ⇑∆′, ∂+[�A]x, ∂
+[A]y

SR G, Γ′,R(x, y)⇑ ` ∂+[A]y ⇑∆′, ∂+[�A]x
SL G, Γ′ ⇑ R(x, y) ` ∂+[A]y ⇑∆′, ∂+[�A]x⊃R G, Γ′⇑ ` R(x, y)⊃ ∂+[A]y ⇑∆′, ∂+[�A]x∀R G, Γ′⇑ ` ∀y(R(x, y)⊃ ∂+[A]y) ⇑∆′, ∂+[�A]x

RR G, Γ′ ` ∀y(R(x, y)⊃ ∂+[A]y) ⇓∆′, ∂+[�A]x
∂+
R G, Γ′ ` ∂+∀y(R(x, y)⊃ ∂+[A]y) ⇓∆′, ∂+[�A]x
DR G, Γ′⇑ ` ⇑∆′, ∂+[�A]x

Note: in this case, the polarity assigned to R(x, y) does not
matter, it can always be stored.
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Alternative synthetic rules

R(x, y) positive:

y : A, xRy, Γ ` ∆

x : �A, xRy, Γ ` ∆
�L1

xRy, Γ ` ∆, y : A
xRy, Γ ` ∆, x : ♦A

♦R1

R(x, y) negative:

Γ ` ∆, xRy y : A, Γ ` ∆

x : �A, Γ ` ∆
�L2

Γ ` ∆, xRy Γ ` ∆, y : A
Γ ` ∆, x : ♦A

♦R2
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Pre-existing extensions
Horn clauses as bipoles.

∀z(P1 ∧ . . . ∧ Pm ⊃ Q)

∀z(P±1 ∧ . . . ∧ P±m ⊃Q±)

∀z(P+1
+

∧ . . . +

∧P+m ⊃Q+)

Q, Γ ` C
P1, . . . , Pm, Γ ` C (H1)

∀z(P−1
−
∧ . . . −

∧P−m ⊃Q−)

Γ ` P1, . . . Γ ` Pm
Γ ` Q (H2)

Geometric axioms as bipoles.

∀z(P1 ∧ . . . ∧ Pm ⊃ ∃x1(∧Q1) ∨ . . . ∨ ∃xn(∧Qn))

∀z(P±1 ∧ . . . ∧ P±m ⊃∃x1(+

∧Q±1 ) ∨ . . . ∨ ∃xn(+

∧Q±n ))

∀z(P+1
+

∧ . . . +

∧P+m ⊃∃x1(+

∧Q±1 ) ∨ . . . ∨ ∃xn(+

∧Q±n ))

Q1, Γ ` C . . . Qn, Γ ` C
P1, . . . , Pm, Γ′ ` C

(G)
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In the modal cube

Axiom Rule scheme 1 Rule scheme 2

t R(x, x), Γ ` ∆

Γ ` ∆
t1 Γ ` ∆,R(x, x)

t2

4
R(x, z), Γ ` ∆

R(x, y),R(y, z), Γ ` ∆
41

Γ ` ∆,R(x, y) Γ ` ∆,R(y, z)
Γ ` ∆,R(x, z)

42

5
R(y, z), Γ ` ∆

R(x, y),R(x, z), Γ ` ∆
51

Γ ` ∆,R(x, y) Γ ` ∆,R(x, z)
Γ ` ∆,R(y, z)

52

b
R(y, x), Γ ` ∆

R(x, y), Γ ` ∆
b1

Γ ` ∆,R(x, y)

Γ ` ∆,R(y, x)
b2
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