From Axioms to Rules:
The Factory of Modal Proof Systems

8. Lecture

Synthetic rules in labelled sequents
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Remember?
Object [ First order logic ] [Mathematical theory]
Reasoning Sequent calculus Inference rules
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What if...

Object [ Modal logic ] [ Frame conditions ]

Labelled
Reasoning Sequent calculus Inference rules
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The standard translation

Modal language =- FO language with:
- a binary predicate R

- a unary predicate a for each atom a

STy(a) = a(x)
STx(ANB) = ST\(A) AST«(B)
ST((OA) = Wy(R(x,y) D STy(A))
STx(0A) = Jy(R(x,y) A STy(A))

where x is a free variable.

Equivalence
For any modal formula A, any model M and any world w

MwlEA  iff ME [x/w]STx(A)
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Delays

Delay operators 9/ force a formula to be positive /

r=Bi A re,B-QfA
rFotByA R r4+e,0tB-QfA +
rMoerBQftA o= ryBEA o
reroBayA R ryoBrA ¢
Polarised translation
We define a translation for labelled sequents
[g17 M= gZaA] = [gla r][ = [g27A]r
[x:a=[x:qa = a(x)
[XRyli = [xRy], = R(x,y)
[X:A/\B][ = ot [X:A][ ot [X:B]1
[x : AA B, = O ([x: A [x:B])
[x : DA, = (RO y) >0y - Al)
DDA, = 9T W(R(Gy) Oy : Al
[x : OA], = Y (R(x, y)Aly - Al

[x : Al

ROy Ty - Al
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Labelled rules are synthesised!

An inference rule in the labelled modal proof system corresponds
to a synthetic rule in the focused proof system LKF.

G, T E A, 0T [OAl, o7 [Aly

"G, ROy OF Al 1 A, 0F [DAL

Y G, T R(x,y) F O [A], f A, 07 [0A],

XRy, G, THFAy:A R G, F R(x,y) D 0T [A], ft A, 0F[DA]«
G.THA,x:0A * 6,11 F Wy(R(x.y) D 0F[A],) A, 0% [CA]

RGP EVY(R(x,y) D 0 [Aly) | A, 0 [OA]
DR G, atvy(R(x,y) D 01 [A]y) | A, 7 [DA
k G, ' - A, 07 DAl

Note: in this case, the polarity assigned to R(x, y) does not
matter, it can always be stored.
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Alternative synthetic rules

R(x,y) positive:

y: A XRy,T A
x:OA xRy, T A

XRy, THA,y:A
XRy, T+ A, x: QA

Ui Or1
R(x,y) negative:

FrN-AxRy y:ATEFA FrN-AXRy THAy:A

x:OATFA Dz T A x: OA Or2
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Pre-existing extensions
Horn clauses as bipoles.
VZ(PLA...ANPp D Q)
(PEA...APESQY)
(PFi...7P5 > Q") ( )
ork-c FTEPy, ... THEP,
Pi,....Pm,TFC () rFQ )

Geometric axioms as bipoles.

VZ(PL A ... APy D 3X1(AO1) V...V IXn(AQy))

(PEA...APESTX(RQF) V... v X, (R0F))
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(Prx _ tpt - I (10E) ¥ (10E))
T T <17

B3N

0, T-C ... 0,TFC
; (6)
Pr.... . PmT'FC




In the modal cube

Axiom Rule scheme 1 Rule scheme 2
R(x,x),T A -_— 1
t A ty M= A R(x,x)
4 R(x,z),T A M= AR(x,y) TEAR(Y,2)
R(x.y),R(y.2),T A ™ [ A R(x,2)
5 R(y,z),T+ A s e AR(x,y) TEAR(KXZ)
R(x,y).R(x,2),T = A ~* r-A4,R(y,2)
b R(y,x),TF A b M= A R(x,y) b
R(x,y),TFA * FF ARy, x) 2

4,

2
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