From Axioms to Rules:
The Factory of Modal Proof Systems

5. Lecture

Synthetic rules and bipoles

Sonia Marin and Lutz Stralburger
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LKF
Inversion phase
Negative formula on the right
MM FALABNA, _ Tif T FALAN A TifMEALBAY A,

RN FALAVBT A, Ml Tar ALARBN Ay
T rlﬂr2FA1,D//X]AﬂA2
AT F AL T A, X Tofifok AL VXA (T A,

MM, AF AL B A MM, AF AL A
R AT F AL ASBT A RTifiTa - Br AT A,

y is fresh

Positive formula on the left
y TifN T ABEAINA, | TifT,ARAL Ay Tif T, BEAL A,
M TLAABE AL A, M TL,AVBE Ar 1 Ay

+ Mo, [y/XJAF AL A

AL I A A, - Tl IXAF B A, Y S fresh
Storage
Fr,Af Nk AL A, M EALfAA,
L A=Norat Sg A=Porat
M, ARAL A, MR EFAADA,;
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Inversion — Focus
INUNEA TEPYP A
‘T NOFR A *THFQNPA

Focus phase
Positive formula on the right

. THAUA ., TFBUA . THFAUA THBUA
VR1 VR2 AR

r-AVBY A r’-AvB{ A r’-AABY A
? re [t/X]A va tis aterm
"TETUA "TraxAlA

Negative formula on the left
 TUAFA _ TyBFA _TUAFA TUBFA
MTUAABFA "PTUAABFA *7 TUAVBFA LFiiFa
FTFALA TUBFA FFALA FEt/xA LA

FrYADBFA _‘LrU,—\AFA L FEVXA LA tisaterm

Identity Focus — Inversion
rYPEfA Fr’=ENf A
rUPFA “TENUA

id|_ L

ronrna RTorp0a
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Example

— id = id
Fab,a Fab,b .
- AR ——id
Fa,b, F3dxa, b, b
————= Vrt —————— id —— = VRl
Fabvc,anb 3 Fa,3Jy(bVvc),a 5 F3dxa,bVve, b 3
FOxa.bV C,anb Ra F3xa,3y(bVe),a X F 3xa,y(bVc)b VR
F 3xa,3y(bVc),aAb RV F 3xa,3y(b V¢, v
- 3xa, Jy(b V), § - 3xa, Jy(b V), R

Unfocused|  ———— [ Focused|
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Example

dg
b [u/ylb U 3xa.

A‘LR. VR
ol e \ 3\.‘\(5‘\7;) e b I—[-u.lv] (o)L Fra .
ol ]mll,J\,(Lva b 3y bl Tea ;
ot v Wamaq(svg R ETENGD) ]
To b T 3za adu,m T v+ ﬁam,aﬂw*vaj;
T el Ina 3y (bVo) A T {'7b1f§ua,’.l\‘1(b\+/c)

T Flw[z] o A b T o, Iy (V)
Tk o vb)T Jea, 3y (b))

= Vl—(‘lm?\‘lb)\u Iea, Iy (bUe)
T oF Mace, 33t%), Yalhaiy

Ve Wis frefh
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Motivation

Object First order logic Mathematical theory Which ones, how, and why?

Reasoning Sequent calculus

Inference rules

Avantages of the sequent framework

(1) simple; (2) strong properties (analyticity); (3) easy implementation.

Add mathematical theories to first order logic and reason about them using all
the machinery already built for the sequent framework.
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Big steps reasoning

Control over choices in focused proof is known to improve proof
search, but also allows for a compact synthetic representation.
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Big steps reasoning

Control over choices in focused proof is known to improve proof
search, but also allows for a compact synthetic representation.

Synthetic rules result from looking only at border sequents:

M-k A
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On the example

g
b Flu/ylb U 3xa ¢
b l-fu/v](b\?f.)uzfi‘xa_ R
bk Fybi)l Fea
b+ 'nazala-u(b{f,) SK
o e, g

1
T \—7b173xa,’:l|a(b\7c) A
= 0% R
™ l"‘[ul%}"la,ﬁ‘l\o T e, 33l ve, e et
T + ‘i%(-no;'\-nb)qL Jra, 3y (b¥<)

R
b Va(ahw) 4 3a, 3y (bVe)

T r Tace, 34l ¥2rarny

Axl&

N R 2D T
ot Jaa b Yol

o ¢ TW3hadbhy S:"

o F T 3o 363 _

T Faa T Ina 3y (G
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Polarity-based hierarchy

Hierarchy of negative and positive formulas.
(Inspired by [Ciabattoni et al.])

N, and P, consist of all atoms

n= Py [Ny AN [N VN I T VXN,

R S| | Pn+1 DNn+1 |

Popg w= | Pry1 APy |7?n+1¢73n+1|$|l|3x7?nJr
PVq
‘8,0, 8.
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Polarity-based hierarchy

Hierarchy of negative and positive formulas.
(Inspired by [Ciabattoni et al.])

N, and P, consist of all atoms

a= P | +1/\ n+1 ‘ -1-1V n+1 |%|J_-’VXNn 1
ntt | P N+1 |
Poyg o= | Ppit APpia | Poy1 ¥ Py | T11]3xP,y4

Bipolar formulas. Any formula in the class /V, is a bipolar formula.
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Bipole

Let B be a polarised negative formula.

A bipole for B is a synthetic rule obtained as a derivation in LKF
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Bipole

Let B be a polarised negative formula.

A bipole for B is a synthetic rule obtained as a derivation in LKF

1. starting with a left decide on B;

2. no “focused” rule occurs above an “inversion” rule;

3. and only atomic formulas are stored.

Mf-F-fAL ... TN A,

FBUBFA
FBY-F-f A

Atomic storage

Atoms are stored
C,Fﬂ(—)FQﬂAS Fﬂ~#SZﬂD,AS
THC.0FQNA * T -FD,OTA "

Asynchronous phase
Invertible rules are applied eagerly
Tt HFAQHMA THEBQTA P
't HFAAN B,QfA "

Focusing persists

TFAYA THBYA
TFAANBUA s
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Bipole
Let B be a polarised negative formula.
A bipole for B is a synthetic rule obtained as a derivation in LKF
1. starting with a left decide on B;
2. no “focused” rule occurs above an “inversion” rule;
3. and only atomic formulas are stored.

Mf-F-fAL ... TN A,

Corresponding synthetic rule
in LK

\ / MEAL ... ThEA,

- r-A
rBUBFA
LBY-F-f1A

Dy
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Bipolar +— Bipole

Let B be a polarised negative formula.

Theorem:
@ If Bis bipolar, then any synthetic rule for B is a bipole.
@ If every synthetic rule for B is a bipole, then B is bipolar.

This delineates precisely the scope of the relationship between

axioms and rules!

> And provides the answer to Which ones?
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Rules from axioms

How?
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Rules from axioms

W(((P1X) 2 Po(3)) A QX)) > FYR(x,1))
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Rules from axioms

Axiom
Boanoancanag ' X(((Pl()() (X))/A\Q(X)) EyR(X“V))

(Prpetarised)....o (P, ()7, 0) 00> R01)

B x(((P1(x) P2 ()2 Q(x)) DIYR(x, y))

Polarised
Axiom
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Rules from axioms

s ()/(:0) IR, 1)

Polarised
Axiom
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Rules from axioms

iIs it bipolar?
Polarised Derivation
@—"mi&)
A1 n0.a
Pt -FPfa F
TOP()F PO A " TRt 2Z) - F-fA <
Axiom Th-FPODPENA - T=10t . TARELDF 1A -
TEAOPRO LA T THOH LA IXR THIREY)F -1 A
FE(P()DP()) A QM) § A E L
(PO S P(O) R QW) OFREY) F A :
Axiom T4 x(((P1(x) DP2(x))A0(x)) DFyR(x,¥)) F A
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Rules from axioms

Derivation
—{*aee]

polarising P - F -1 Pa(t), A
LA@t-FA@O 1A

Unpolarised I Pi(t) F P2(0) A
Axiom

)1 A
- FP(t) DPA) A
)4 A

Sk

- MREZ)N-F-f A

r=r,on . TRt -4
R

St

r

R

TFPi(t) D Pa(t er(t)uA'X RE IR T

FF (Pu(t) D P2(D)) A Q) & A " O TUIRE) L

(PO S P(O) R QW) OFREY) F A :
Axiom 4 Vx(((PL(X) DP2(x))AQ(X)) D3YR(x,¥)) F A
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Rules from axioms

Derivation Bipole
[ in LKF ] [rule for LK]

polarising MRy 1 F 1 Pat), A PO FP(0),A TR(LZ)FA
CAOTFPO1A " r=r.onra

Unpolarised THp)FPEra TR(EZ) N1 A
Axiom

YA
Tf-FP()DP(D) A r=r,0t = THRELZ)F-1A
)i A k

St

r

R

TFPi(t) D Pa(t er(t)uA'X RE IR T

FF (Pu(t) D P2(D)) A Q) & A " O TUIRE) L

(PO S P(O) R QW) OFREY) F A :
Axiom 4 Vx(((PL(X) DP2(x))AQ(X)) D3YR(x,¥)) F A
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Rules from axioms

Derivation Bipole
[ in LKF l (rule for LKJ

‘polarising L Pi(t) - Py(t),A T,R(t,2)F A
.............. = GO R

Unpolarised
Axiom

Polarised
Axiom
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Rules from axioms

R X(((P1(x) 2P (x)) O(x)) D3yR(x,¥))

Polarised
Axiom
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Rules from axioms

Is it bipolar?
Polarised Derivation
O—(FE
polarising’ CAWM D P04
T Pi(t) - F Py(t) ﬂ N
THA@FPORE - T-F- 1004  LREDE-F-f1A
Axiom Fﬂ-)—P1(t))Pz() " ThRaRfA Y THRGAF-A T
r- F(Pl(f)DPz(t))AO(t)ﬂA " THIRENF A4
FEP()dP)r0n)ha E L
T I ((P1(t) D P2(2)) A Q(t)) D 3yR(t,y) - A "
Axiom I 4 Vx(((PL(x) DP2(x))7 0(x)) D3yR(x,¥)) = A
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Rules from axioms

Polarised Derivation Bipole
0 [ in LKF ] [rule for LK]

poLarlsm CP(E) - ft A [Pi(t)FPa(t),A THOQ(),A T,R(t,z)FA
F,P1(t)ﬂ-l—Pz(t)ﬂA 8 r-a
T Pu(t) F Pa(t) CorfeR-pO(n),A MRt Z)N-F-fA
Axiom Fﬂ-)—P1(t))Pz() r-Fonfta ° THRGLAF-f1A
- F(Pl()DPz(t))AO(f)TTA " THIRENF A4
TEP()DP() A0 LA E L

Polarised r U ((Pl(t) o PZ(t)) A Q(t)) D HyR(tv y) A v
T3 vx((P1() P2 () 00)) YRGB

St

r
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Rules from axioms

Derivation Bipole
[ in LKF l (rule for LKJ

: polarising; LA F Py, A TFQE),A [R(t2)FA
............... o

Unpolarised
Axiom

Polarised
Axiom
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Rules from axioms

‘ls it bipolar? ;

Polarised
Axiom

U x(((PL()DP2(x))1 Q()) D 3yR(x, ¥))

Polarised
Axiom
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Rules from axioms

Unpolarised
Axiom

Polarised
Axiom
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Rules from axioms

Derivation Bipole
[ in LKF l (rule for LKJ

Unpolarised
Axiom

I,Pi(t) F Py(t),A T,R(t,z)FA
r=r,ot+A

Yx(((P1(x) > P2(x)) A Q(x)) 2 3yR(x,¥))

T P(t)F Py(t),A TFQ),A T,R(t,z)FA
rFA

Polarised
Axiom
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Rules from axioms

Derivation Bipole
( in LKF (rule for LKJ
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Axiom
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Cut admissibility

Let 7 be a set of bipolar formulas.

LK7 denotes the extension of LK with the synthetic inference
rules corresponding to a bipole for each B € 7.

Theorem: The cut rule is admissible for the proof system LK7T.
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Cut admissibility

Let 7 be a set of bipolar formulas.

LK7 denotes the extension of LK with the synthetic inference
rules corresponding to a bipole for each B € 7.

Theorem: The cut rule is admissible for the proof system LK7T.
Note: the proof is simple!
It is a direct consequence of cut admissibility in LKF.

Fry-FBHA  THBF-f1A
- fA

Cut

This is why bipoles live in harmony within the sequent framework.

12/12



’ Questions?j

12/12



12/12



