From Proof Nets to Combinatorial Proofs

A New Approach to Hilbert’s 24th Problem
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Intuitionistic composition

r[FA + AAFB — T,AFB
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For intuitionistic combinatorial proofs
Option 1: use a special left-implication connective »

[FA + AAFB — T,A»AAFB

@ The conclusion is still[; A+ B and A» A is hidden
@ » is a meta-connective and may only occur at top level
@ Cut-elimination is standard (local rewriting with kingdoms)
Option 2: compute the result directly
r'FkA + AAFB — T,AFB

@ Fixes the reduction strategy
@ Game semantics and Geometry of Interaction do this
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Option 1 is a standard way to add explicit cuts to proof
nets in the sequent + axioms paradigm.

@ Exercise 10.1: Add an explicit cut-connective to
MLL proof nets in this way, and give the
cut-elimination steps.



Option 3 (new!): build a tree

MEA + AAFB rAFB

c3 - G2~ ]
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ICPs as nodes
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An ICP over a sequent Aq, ..., A, - B becomes a node with

premises/inputs A; through A, and conclusion/output B.

— A
xX:akx:a

[
Q—eoe—o—QO
N

AT r
[ x:AFM:B g ﬂ ﬂ
TFa M ASB L=4} > r=%}

H GoH

B ADB

6/13




Fr=M: A x:B,AFN:C
L f:A>B AFNFM/X:C

" ADB A
H GDH
B - w - (i
||
A c
7/13
r A
feMB I |1
v F Fmi
Fox:AFM: B [u} o [u
H H
I I
B B
r A A r A
Mx:Ay:A-M:B ﬂiciK ﬂiG//i\\K
Fx:A-Mx/y]: B¢ i %;:u
H H
B B
8/13
Building trees
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Reduction :
I

)

I
A

(O] (S)

I I
Fp - O
b,

1101 | ]

F—G>H—K H—K

| — LI L

| T LTJ
C

10/13

v VR

L
I I (.
r A r r A r A A
R R Y
g L lL
—— Theorem

ICP reduction is confluent and strongly normalizing.

12/13




Observations

@ ICP reduction is sequent calculus cut-elimination, but

e without permutations
e with all cuts at top level

@ Contraction on ICP trees requires graphs
@ Abstraction on ICP trees is lambda-lifting

@ ICP reduction is closed reduction (in A-calculus: a redex
(Ax.M)N may only be reduced if it has no free variables)

@ Reduction uses only sub-ICPs of those in the original tree
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