From Proof Nets to Combinatorial Proofs

A New Approach to Hilbert’s 24th Problem

5. Lecture

Proof Nets for Additive Linear Logic
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Additive linear logic

Formulae:
ABC:=a|AeB|A&B
Sequents:
AFC or FAC
Sequent calculus:
A-C BERC A G .
AFAY A©BFC AFGoG
AFB BRC AiEC AFB ARC
AFC " AaArcH ArBac F
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Sum and product
A B BaC C
/!\ \I/
B B&C C D
B-D oL CkD ol B-D CHD
B&CFD B&CkFD BeCkFD
AFB ARC A-B AFC

ArBec f

ArBaC® arBac™

3/23




Proof nets: graph-of-rules

— AX — AX — AXx — Ax
- A, A A, A FAAT FAA
— +R,1 = +R,1 —— xR
A A+B A A+B & FAxA A
= = xR ——— +R1
FAxA A+B FAxA A+B

AxA A+B
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Proof nets: (two-sided) sequent + axioms

AFAY AFAY AFAY AFA™
+R,1 +R,1 ————— %R
AFA+B AFA+B ~ A+ALA
xR —FF +R1
A+AFA+B A+AFA+B
A+A
A+B
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BFD CkD  BED CHD |
AFA™ BxCFD" BxCFrD~ B+CFD
A D D D
A-B BFC  AFB AFC . AFB AFC
AFC " ArB+C™  ArB+cC’ AFBxC *
A
" A A A

/ \ /\

! B+C B+C BxC
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Eta-expansion

AH\AXR1 BFBMRZ
A+BFA+BY —~ ArA:B " BFA+B+J
A+B-A+B *
A+B A+ B
- |
A+B A+B

@ Links may be restricted to atoms
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Composition

@ Composition is relational composition
@ Requires eta-expansion

bxa bxa
ax(b+b)
bxb bxb

Correctness

@ A product x (and a sum + on the left) is switched
@ A switching deletes one entire subtree (not only the edge)

AFB AFC

A-1A
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@ Give a simple example to show that relational
composition requires eta-expanded proof nets.



De-sequentialization and switching

BFD kD BFD CFD
BxCFD " BxCFD" B+CFD
/X\ /X\ P
B C B C B® °cC
D D D
AFC AFC AFB AFC
AFB+C " AFB+C AFBxC *
A A A
B C B C B C
N/ N 7/ Xy
+ + x
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Example
;+\~
/ T X
’ /7 N\
N
(a+b)><(a+ ) a b a
N / N /
+\\ ’,—0-
11/23
—— Definition

@ A linking for an additive sequent A+ B is a relation
L C sub(A) x sub(B) where sub(A) are the subformula
occurrences of A. An axiom linking is one where every link
relates two occurrences of the same formula.

@ A switching s of A is a choice of B or C for every product B x C
in sub(A). A co-switching chooses on sums B + C.

@ The resolution s(A) C sub(A) given by a switching s consists
of those subformula occurrences C where for every By x B, in
A, if Cis in B; then s chooses B;. A co-resolution is defined
analogously for a co-switching.

@ A resolution of a linking L for A+ B is the restriction of L to
r(A) x s(B) for some co-switching r of A and switching s of B.

@ An additive proof net is a sequent A - B with an axiom linking
L such that every resolution is a singleton.
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Coalescence: correctness by rewriting

BFD c-p B-D CFD
BxCFD" BxCFD™ B+CFD
BxC BxC BxC B+C B+C
\ / = / =

D D D D D
ALB ALC AB AFC
AFB+C ~  AFB+C AFBxC ~
A A A A A
/ \ = /\ -

B+C B+C B+C BxC BxC
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Example again
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—— Theorem
A linking is a proof net if and only if it coalesces, if and only if it
sequentializes.

—— Theorem
Coalescence for a linking over A - B is decidable in O(|A| x |B|).

SVRs

@ Apply coalescence steps to show correctness of this
example.



Deep inference: classical logic —

A A1l A2

I == a1 [+ | =
C Gl |G B

-

@ Connectives: A, v, T, L
@ Invertible rules:

Av(Bv(C) AvB A \ AN(BAC) AnB A
(AvB)vC BvA LVA (ArnBYAC  BrA  TAA
@ Non-invertible rules:
T (AvB)AC AANA 1 AVA A A
AvA  Av(BArC) 1 A A ArNA T
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Deep inference: additive linear logic A
A Al A B
” = a | ” * ” | —r
C G| |G Lﬂz
@ Connectives: x, +,1,0
@ Invertible rules:
A+(B+C) A+B A Ax(BxC) AxB A
(AXB)+C" B+A’ 0+A (AxB)xC" BxA’ 1xA

@ Non-invertible rules:
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Inductive translation

A Al A 3”1
I = o 1 (1M1 =
C G| |G ”2
A
I
a AL x Ay By
I
a Cl*CZ BZ
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q

0 A+A A A
—7 — A —1
A AxA 1
A A AxA
A+(B+C) A+B A  Ax(BxC) AxB A
(ATB)+C" BYA” 0+A  (AxB)xC" BxA~ 1xA
A\+(ﬁ+C\\) A>+/B /A fi\X(ﬁXi\) A>X/B A\
(A+B)+C B+A 0+A (AxB)xC BxA 1xA
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Example again again
a+(bxc) A a+(bxc)
< b
a+bX1! <la+||g'] ¢
| | |
""_"(c_z_Jr_t_))_;_(b_Jr_E)_ ______ (@a+b)x(a+c)
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BFD CHD BFD CFD
AFA™  BxcrD BxcrD BiCrD *
C B
BXII I!><C ﬁ ﬁ
,,,,,,,,,,,,,,, N
A
ﬁ p| ||
b D
AFB BFC AFB AFC AFB AFC
Arc  “ arsrc™ arg+c' ArB<c X
A
H i i A,
,?, B C A A
T S P
| B+|E? Y214 ¢

21/23




Big picture

1 .
Sequent calculus ———— Deep inference

\ /
Proof nets

(sequent + axioms)

1. Translation
2. Translation with eta-expansion and cut-elimination
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