From Proof Nets to Combinatorial Proofs

A New Approach to Hilbert’s 24th Problem

4. Lecture

Deep Inference
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Deep inference

A method for structuring proofs

A Al | A

=1

Gl |G B,

-

A derivation from A to C:
@ Atoma
@ Horizontal construction with connective x
@ Vertical construction with rule r from By to B;

A deep inference proof system is given by:
@ A set of connectives
@ A set of rules
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Classical logic
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@ Connectives: A, v, T, L
@ Invertible rules:
Av(BvC) AvB A An(BAC) AnB
(AvB)vC BvA LVA (ArBYAC  BnrA
@ Non-invertible rules:
T (AVB)AC ANA 1 AVA A
=3 s 1 —7 \Y A
AvA Av(Br(Q) 1 A A ANA

T
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Example: Peirce’s law
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Intuitionistic logic -
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@ Connectives: >, A, T
@ Invertible rules:
Ar(BAC) AnB A
(AnB)AC  BAA  TnrA
@ Non-invertible rules:
B (A>B)AA A A A
AS(BrA) B ANAT T
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Example: switch

(A>B)AC
(A>B)AC) A

(A>B)AC
A>(BArC)
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Multiplicative Linear Logic —
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@ Connectives: ®, %/, L
@ Invertible rules:
A®(B?C) A»B A Ao (BeC) AeB

--------- a ---=-0 --==-=) —------->q =-----0
(A®B)»C BRA 1®A (A®B)®C BeA

@ Non-invertible rules:

I, (A®B)aC  AeA
- = N
AvA A®(BeC) 1
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Example

((@®b)eb)ec
(@=b)eb
anr @ % C o / ;
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From deep inference to proof nets

A derivation from A to B becomes a two-sided proof net:
A

A
I~ |
B B

@ Informally: by tracing atoms through a derivation

@ Formally: by defining horizontal and vertical construction on

proof nets
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Tracing atoms

(@®b)eb)=c (@3b)eb)®c
(@»b)eb (@sb)eb
! /
bob _ Z beb _
a7 |—a|re 1 L d c
___________ d=d d®d
a a
"""" cra c?a
S —
(c®a)od)®d (c®a)ed)=d
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Inductive translation

A Al A 3”1
I| == o 1 |I]H{1] 1
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Composition

@ Composition is path composition across the common formula

azb azb asb
(@?b)eb)7b //ﬁ
- _ = (@sbheb)sb =
((@®b)eb)=b [
N
((5’95)®l)_|’>’f ((b’gﬁ)@fl:)_’?lc ((iﬂ’z‘”J)@l)_"ffE
Rules
I, (A®B)aC Ao A
A% A A% (Be () 1 -
A% B)eC
1 A A
HE T O N
A% (Be ()

AR(BRC) ARB A Ae(BeC) A9B A
(A®B)3C" B®A 1%A (AeB)aC BeA s

A% (B®C) A%»B A®(BeC) A®B A

VI X NV X

(A®B)®C B»A 134 (AeB)eC BoA IoA
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Switch
(B®C)eD
—_— 5
B% (CwD)
A D
A
|| ® D
B®C
s B C D
Ceo®D
B=| |
E
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MLL is the logic of undirected, connected, acyclic networks.
@ We can add the mix rule to allow disconnected networks

A®B
A% B

mix

@ We can drop the axiom and cut to get directed networks
(this is called weakly or linearly distributive logic)

@ We can add primitives (with inputs and outputs)

Al An

AL®...®Ap
C& ? PRI ? c;n
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From sequent calculus

—=A /
FAA ~ A% A
(F3A)e (B2 A)
LA FBA s
R
FTAeB A g |AS(B74)
(AeB)2 A
FT,A B
A Q Q
FT,A%B" ~ r(A4%8)

(FeA)e (A% A)

N

_ Az (AR A)
FTLA FAA . —_—
Fr,a rz|A%4 |5
T
A
A
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FT,A®B, A r A\%/B A
r.a8 L]
FTA®B " ~ roA..-B
i
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Cut — s
BT, A r A A A
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Eta-expansion

———— Ax
FA®B,A%B =
A©B, A®B ~

— Ax —— Ax
A A" FBB
— — ®
FA®B A B
— %
FA®B,A®B
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Cut-elimination

FLA FAB 10,AB FAB FOAB.
FT,AAcB FO,A%B = FTIA FA.6,A_ u
T, 4,0 a FT,A,© u
A®B , A®B s A,B, A, B
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Big picture
Sequent calculus -t Deep inference

3
Proof nets

(graph-of-rules)

1. Translations

|:

Proof nets
(sequent + axioms)

2. Cut-elimination and eta-expansion
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