
Lecture notes for ESSLLI 2017 course

“Efficient Proof Systems for Modal Logics”

Roman Kuznets Lutz Straßburger

July 17, 2017

Unit 2: Sequent calculus

Why sequent calculus?

• Easy to use. [[Exercise: Try to prove something with a Hilbert system!]]

• Main tool for structural proof theory.

Basic idea

• Hilbert system: many axioms, one (or two) rules

• Gentzen system: one (or two) axioms, many rules

A simple sequent proof system (for the modal logic K)

• Formulas are in negation normal form (NNF)

• The negation Ā of a formula A is defined by De Morgan laws.

• A sequent is a list of formulas (in NNF) separated by comma, denoted by capital Greek letters (Γ, ∆, Φ,
. . . )

• A sequent is valid if the disjunction of its formulas is valid.

• Axiom:

id −−−−−
p̄, p

• Logical rules:

Γ, A
∨1 −−−−−−−−−

Γ, A ∨B

Γ, B
∨2 −−−−−−−−−

Γ, A ∨B

Γ, A Γ, B
∧ −−−−−−−−−−−−−−−

Γ, A ∧B

A,B1, . . . , Bn
k −−−−−−−−−−−−−−−−−−−−−−

�A,♦B1, . . . ,♦Bn

• Structural rules:
Γ

weak −−−−
Γ, A

Γ, A,A
contr −−−−−−−−

Γ, A

Γ, B,A,∆
exch −−−−−−−−−−−

Γ, A,B,∆

• Cut rule:
Γ, A Ā,∆

cut −−−−−−−−−−−−−−−−
Γ,∆

Let us call this GK.

Proposition 1. The axiom

id −−−−−−
Ā, A

is derivable in GK.

Proof. By induction on A. [[Exercise: Complete this proof.]]
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Soundness and Completeness

Next we see that GK is sound and complete for the modal logic K.

Theorem 2 (Soundness). If a sequent Γ is provable in GK, then it is valid.

Proof. By induction on the height of the derivation D for Γ.

D

Γ

We show for each rule instance: if all premises are valid, then so is the conclusion. [[Exercise: Complete this

proof.]]

Theorem 3 (Completeness). If a formula A is valid, then it is provable in GK.

Proof. By completeness of the Hilbert system, A is provable in the Hilbert system. For showing that it is
provable in GK, we first show that every axiom of the Hilbert system can be proved in GK, and then we show
how modus ponens and necessitation can be simulated in GK. [[Exercise: Complete this proof.]]

Cut elimination

Theorem 4 (Cut admissibility). If a sequent Γ can be proved in GK (using the cut-rule), then it can also be
proved in GK without using the cut rule.

Theorem 5 (Cut-free completeness). If a formula A is valid, then it is provable in GK without using the cut
rule.

There are two principal paths to prove these two theorems:

• Syntactic: Start from a derivation with cuts and perform a series of rewriting steps on that derivation
until it is cut-free. This proves Theorem 4. Then Theorem 5 follows via Theorem 3.

• Semantic: Prove Theorem 5 using semantics, e.g., constructing a canonical countermodel from a failed
proof search. Then Theorem 4 follows via Soundness (Theorem 2).

We show here a syntactic proof of Theorem 4, using the multi-cut :

• Notation: If Γ is a sequent and A a formula, we write Γ(A)n to denote a sequent that is obtained from Γ
by adding n copies of A at arbitrary places. In particular Γ(A)0 = Γ.

• Multi-cut:
Γ(A)n ∆(Ā)m

mcut −−−−−−−−−−−−−−−−−−−−−
Γ,∆

where n,m > 0.

• Remark: cut is an instance of mcut, and mcut is derivable from cut, contr, and exch.

Lemma 6. If there is a derivation

D1

Γ(A)n

D2

∆(Ā)m
mcut −−−−−−−−−−−−−−−−−−−−

Γ,∆

(1)

where D1 and D2 are cut-free, then there is a cut-free derivation

D

Γ,∆
.

Proof of Theorem 4. Replace all cuts by multi-cuts. These are eliminated one by one, using Lemma 6, starting
with a topmost mcut (i.e., we can always pick an instance of mcut that has no other mcut above it).

Proof of Lemma 6. The height of a tree is the longest directed path from the root to a leaf. Consider (1). We
write rA for the height of (the formula tree for) A, and h1 and h2 for the heights of the derivations trees D1

and D2, respectively. The proof of Lemma 6 is then obtained by induction on the pair 〈rA, h1 + h2〉 ordered
lexicographically. We proceed by case analysis on the bottommost rule instances in D1 and D2.
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• If one side is just an axiom, we have:

id −−−
p̄, p

D2

∆(p̄)m
mcut −−−−−−−−−−−−−−−

p̄,∆

which we can replace by

D2

∆(p̄)m
contr, exch ========

p̄,∆

which is already cut-free.

• If on one side the bottommost rule instance is a structural rule working on a cut formula:

D′
1

Γ(A)n
′

ρ −−−−−−−−
Γ(A)n

D2

∆(Ā)m
mcut −−−−−−−−−−−−−−−−−−−−

Γ,∆

where ρ is either weak (n′ = n− 1 and n′ > 0), contr (n′ = n+ 1), or exch (n′ = n), then “the mcut eats
ρ”:

D′
1

Γ(A)n
′

D2

∆(Ā)m
mcut −−−−−−−−−−−−−−−−−−−−

Γ,∆

and we can apply the induction hypothesis. [[Exercise: Why?]]

• If in the case above ρ is weak with n′ = 0:

D′
1

Γ
weak −−−−−−−

Γ(A)1

D2

∆(Ā)m
mcut −−−−−−−−−−−−−−−−−−−−

Γ,∆

then the mcut disappears. We have

D′
1

Γ
weak =====

Γ,∆

which is cut-free.

• If the bottommost rule instance in D1 does not act on the cut formula A, then we have one of the following
cases:

D′
1

Γ′(A)n
ρ −−−−−−−−

Γ(A)n

D2

∆(Ā)m
mcut −−−−−−−−−−−−−−−−−−−−

Γ,∆

or

D′
1

Γ(A)n, C

D′′
1

Γ(A)n, D
∧ −−−−−−−−−−−−−−−−−−−−−−−−

Γ(A)n, C ∧D

D2

∆(Ā)m
mcut −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Γ, C ∧D,∆

where in the first case, ρ can be ∨1, ∨2, weak, contr, or exch. Note that it cannot be k because this rule is
active on the whole sequent. In both cases above we can “permute the mcut up”:

D′
1

Γ′(A)n

D2

∆(Ā)m
mcut −−−−−−−−−−−−−−−−−−−−

Γ′,∆
ρ −−−−−

Γ,∆

D′
1

Γ(A)n, C

D2

∆(Ā)m
mcut −−−−−−−−−−−−−−−−−−−−−−

Γ, C,∆

D′′
1

Γ(A)n, D

D2

∆(Ā)m
mcut −−−−−−−−−−−−−−−−−−−−−−

Γ, D,∆
∧, exch ==========================================

Γ, C ∧D,∆

In both cases we can apply the induction hypothesis. [[Exercise: Why?]]
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• Finally, we come to the so called key-cases: on both sides a cut formula is active in the rule above the
cut. Let us first consider the ∨/∧-case:

D′
1

Γ(A ∧B)n−1, A

D′′
1

Γ(A ∧B)n−1, B
∧ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Γ(A ∧B)n−1, A ∧B

D′
2

∆(Ā ∨ B̄)m−1, Ā
∨1 −−−−−−−−−−−−−−−−−−−−−−−−

∆(Ā ∨ B̄)m−1, Ā ∨ B̄
mcut −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Γ,∆

This can be transformed as follows:

D′
1

Γ(A ∧B)n−1, A

D′
2

∆(Ā ∨ B̄)m−1, Ā
∨1 −−−−−−−−−−−−−−−−−−−−−−−−

∆(Ā ∨ B̄)m−1, Ā ∨ B̄
mcut −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Γ, A,∆

D′
1

Γ(A ∧B)n−1, A

D′′
1

Γ(A ∧B)n−1, B
∧ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Γ(A ∧B)n−1, A ∧B

D′
2

∆(Ā ∨ B̄)m, Ā, B̄
mcut −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Γ,∆, Ā
mcut −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Γ,∆,Γ,∆
contr, exch ===========

Γ,∆

Each new instance of mcut can be removed because of the induction hypothesis. [[Exercise: Why?]]

• The final case is the �/♦-case:

D′
1

A,Γ(B)n
k −−−−−−−−−−−−−−−−

�A,♦Γ(♦B)n

D′
2

B,∆
k −−−−−−−−−

�B,♦∆
mcut −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

�A,♦Γ,♦∆

where ♦Γ and ♦∆ stand for sequents in which all formulas are ♦-formulas. We can replace this by

D′
1

A,Γ(B)n

D′
2

B,∆
mcut −−−−−−−−−−−−−−−−−−−−−−−

A,Γ,∆
k −−−−−−−−−−−−−−

�A,♦Γ,♦∆

and apply the induction hypothesis.

For each case there is a symmetric case that we did not show. [[Exercise: Check that there are no missing cases.]]
This completes the proof of cut elimination.

What about the other modal logics?

• For the modal logic D: add the rule
B1, . . . , Bn

d −−−−−−−−−−−−−−−−
♦B1, . . . ,♦Bn

to GK.

• For the modal logic T: add the rule
Γ, A

t −−−−−−
Γ,♦A

to GK.

• For the modal logic S4: remove the rule k from GK and replace it by the two rules

Γ, A
t −−−−−−

Γ,♦A

A,♦B1, . . . ,♦Bn
4 −−−−−−−−−−−−−−−−−−−−−−

�A,♦B1, . . . ,♦Bn

• For the modal logic K4: remove the rule k from GK and replace it by the rule

A,♦B1, . . . ,♦Bn, C1, . . . , Cm
k4 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

�A,♦B1, . . . ,♦Bn,♦C1, . . . ,♦Cm
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• For the modal logic D4: remove the rule k from GK and replace it by the two rules

B1, . . . , Bn
d −−−−−−−−−−−−−−−−
♦B1, . . . ,♦Bn

A,♦B1, . . . ,♦Bn, C1, . . . , Cm
k4 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

�A,♦B1, . . . ,♦Bn,♦C1, . . . ,♦Cm

• For the other modal logics in the modal cube there is no sound and complete and cut-free sequent system.

[[Exercise: Try to adapt the proofs of Theorems 1–4 to the extended systems. What do you observe?]]
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