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How to propose a first possible model
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Introduction

Inverse Problems in Biological Complex S
Biological Context

Genetic regulatory networks (GRN) and morphogenesis
Developmental stages of Arabidopsis Thaliana

@ Arabidopsis Flower Development

@ GRN dynamics + other factors :
morphogenesis, structure, tissue
diversity

@ Continuous development

o Discrete stages

@ Genetic Control of Morphogenesis

Initium Stage O Stage 1 Stage 2 N Stage 3
~
M = ° M ‘?) ! e
P wus # Too \
REV . Ast A LEy £ A(\) .
sTM STM % \ AT 7 sTM 7 S
[V =
Recruitment of founder FC proliferation, blish of blish of
cells from the flanks of outgrowth begins. Floral Meristem (FA). carpel identity.
the IM Sepal Primordia appears
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Inverse Problems in Biological Comple:
Biological Context

GRN Subnetworks’ Stability

Mutants stable states ~ Unstable states at wild-type stages. ]
Wild type stages (unstable states) A
[ "-‘v‘) 7 ' e / D‘

Mx

LOx

(Pelaz, 2000) /

stage 2 = at least 4 stable states (sepals (1) + meristem (3)) R\
-
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Modelling the Biological Problem

Gene Expression, regions and tissues
Gene Interactio k
k models

Gene Expression, regions and tissues

FIL
Expression data w5
MRNA > ¢
) e ’ i - Ra: See;:ial:’r:imud\a
Spatlotemporal Esched et al, 2001 Otsuga et al, 2001 Shoof et al, 2000 ;i! grgas;izingcenlel
N ) i Current Biology. The Plant Journal Cell R5: Stem cells
distribution

@ Qualitative

@ Imprecise @ & m m -

6 s7

@ Time-discrete )

Exploiting the data

@ Superposition of expression patterns reveals regions.
@ Data is difficult to analyze, multiple interpretations are possible.

@ Tentative subdivisions in homogeneous regions are proposed.
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Modelling the Biological Problem

Gene Expression, regions and tissues
Gene Intera r
Gene Regulatory N < 5

Cell or tissue lineage

Stage 2

Stage 3

Stage 4

Stage 5
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Modelling the Biological Problem

Gene Expression, regions and tissues
Gene Interaction Network
Gene Regulatory Network models

Gene Interaction Network

Interaction data
@ Molecular evidence

@ Genetic evidence

Exploiting the Data

@ Uncertain

@ Conflicting
interpretations

@ Error prone

@ Prior Interaction
Network

Camilo La Rota, Fabien Tarissan, Leo Liberti Inferring parameters in genetic regulatory networks



Modelling the Biological Problem

e k
Gene Regulatory Network models

9 Modelling the Biological Problem

@ Gene Regulatory Network models

amilo La Rota, Fabien Tarissan, Leo Liberti Inferring parameters in genetic regulatory networks



Modelling the Biological Problem

Gene ression, regions and tissues
Gene Interaction Network
Gene Regulatory Network models

Gene Regulatory Network models
Gene transcription mechanisms, mass action kinetics: the Shea-Ackers model

« 9

Quantitative activity of gene i ) i =
/ 7> = mrna >
I — 1 (P], i), ... feml) - Ae] |
fi([P], [xal, - . [xm]) = Z V(s)P(si =s) :
SES; 075
P(s = 5) = —KeEIPI bl ] o
L+ 3 Ke(@)IPI% bl .bim] s

Exemples of regulatory phenomena

Activation

fi([P], [xa]) =

[P](VpKp+VapKap[*a])
14+Kp [P]+Ka[Xa]+Kap[Xa] [P]
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Gene Expression, regions and tissues
Gene Interaction Network
Gene Regulatory Network models

Gene Regulatory Network models
Gene transcription mechanisms, mass action kinetics: the Shea-Ackers model

« 9

Quantitative activity of gene i

« M
a1l 7> >
d([xé]( fl([P] [Xl] [Xm]) _Ai[xi] ( S& i

~E.
\

Gene DNA

W(PLBal oo b)) = 3 VERE=9) |

P(si=s)= Ke (8)[P]% [x1]% ... [xm] %% o
i 1+ 3 Ka(2)lP): [X1]% ..[xm] O
Z€S;

[x] °

Exemples of regulatory phenomena

Activation Repression
fi([P], [xa]) = fi([P], [x]) =
[P](VpKp+VapKap[*a]) [PIvoKp
1+Kp [P]+Ka[Xa] +Kap [Xal[P] 1+Kp [PTHK [xr ]+ Kip [Xr][P]
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Modelling the Biological Problem

Gene Expression, regions and tissues
Gene Interaction Network
Gene Regulatory Network models

Gene Regulatory Network models
Gene transcription mechanisms, mass action kinetics: the Shea-Ackers model

« 9

Quantitative activity of gene i ) i =
fﬁ‘/m/>
D () o], ..., o)) —A] | L
G(PL s bxn]) = 5 V(S)B(s1 =)
SES;
P(s; = s) = — keI (] % .. fxm] %

14 3 Kg(2)[P1o2 [x]% ...xm] %"
Z€Sj

Exemples of regulatory phenomena

Activation Repression Competition/Synergy

fi([P]; [xa]) = fi([P1, [x]) = fi([P], Pxal, -, Bxm])

[P](VpKp+VapKap[xa]) [P]VpKp [P](Vpr+ Z }VipKip[xi]

14+Kp [P]+Ka[xa] +Kap [xa][P] 14+-Kp [P]+Kr [xr [4+-Krp [X¢ ][P] e D EE T
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Modelling the Biological Problem

. s and tissues
Gene Interaction Network

Gene Regulatory Network models

Gene Regulatory Network models

Quantitative Piecewise Differential and Qualitative Generalized Logical models

Quantitative activity of gene i

d(>gt(t)) = fi(X, .., Xm) — Aixi(t)

HE) = 5 ot wHa(s(0.0) |

1,...m ol f

0.25]
| I

[TF] 4

@ 0j: threshold of interaction.
@ Vji: induced transcription rate.
@ @ : Kind of interaction (-1, +1)

Lost: transitory dynamics, interaction crosstalk (constant thresholds)
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Modelling the Biological Problem . ) -
Gene Expression, regions and tissues

Gene Interaction Network
Gene Regulatory Network models

Gene Regulatory Network models
Quantitative Piecewise Differential and Qualitative Generalized Logical models

Quantitative activity of gene i Qualitative activity of gene i
d(x(;t(t)) = fi(Xg,. .-, Xm) — Aixi(t) ai(n) = A(xi (El)a{oii}j)
HEO) = 3 (va+uHo (0, 0) | () =GR o)
e $i(n) = F(qa(n), ..., dm(n))
(30 (30 . | ) s Ym
X|(t): F|E\)i( ) 7(':'()\): ) 7Xi0)e_A't q|(n+l)ﬂl,ll|(n)
@ 0j: threshold of interaction. @ A: Discretization operator.
@ v induced transcription rate. @ (: Image of state .
@ (aj : Kind of interaction (-1, +1) @ F_ : Multivalued function.

Lost: transitory dynamics, interaction crosstalk (constant thresholds).
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Modelling the Biological Problem

and tissues

Gene Regulatory Network models

Gene Regulatory Network model

Weighted sum and threshold boolean network paradigm

Qualitative activity of gene i

gi(n) =H(x(t), 5i)

wi(n) =H('GeY o)

q,gn+1) wl( ) .

fi(X)Eitn)) ,elz (% +X—’;Hmi (x(t),q))
i=1

@ 6 : threshold of activation.

« 9 a

/ Promoter h
= )i
( RNAP f ~MRNA_-
N cene

F a1 2 3

@ wj: interaction strength (
Kind of the interaction (—1,+1)

o Qjj :

RENEIS
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GRN Inference Modelling the inverse problem
Mathematical Programming Formulation

Modelling the inverse problem (1): defining the GRN

Solve steady state equations, no time evolution

Gene Regulatory Network (GRN): (G, T,a,w,x, )

@ Sets and Graph: @ Functions: _
V: vertexes (genes) a:A—{+1,—-1} arcsign;

A: arcs (interactions) wiA—Ry arc weight;

G=(V,A) x:V —{0,1} gene state;
y:V —{0,1} state image;
6:v—-R threshold,

@ Evolution rules

ued—(v)

0 otherwise,

1 if Y a(u,v)w(u,v)x(u)>06(v)
y(v) = {

where 6 (v)={ueV |(u,v) €A} forallv eV.
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GRN Inference Modelling the inverse problem
Mathematical Programming Formulation

Modelling the inverse probleme: defining the problem
Finding network parameters for simultaneous stable subnetworks

9o (G,a)

@ S:={1..Smax}: set of stages and/or mutants.

® U = {Us}ses;Us C V: nodes of Gg, the (induced) subnetworks of G.
)

°

R = {Rs}ses;Rs := {1..Rmaxs } : regions of homogeneous expression.
® ={@u}sesrersucus; Gru:V — {0,1}: expression data.

w, 8 such that all (Gs, 0, w,Xs , 8) satisfy the steadiness constraints and
collectively minimize the total Dy (X, ¢).

Dy : hamming distance from steady state (fixed point) to data. J
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GRN Inference Modelling the inverse problem
Mathematical Programming Formulation

e GRN Inference

@ Mathematical Programming Formulation
@ Definitions
@ Objective Function and Constraints
4 Objectlve Functlon and Constralnts
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GRN Inference Modelling the inverse problem
Mathematical Programming Formulation

Mathematical Programming Formulation

subjectto  g(x) <

min,  f(x) . }

x: decision variables, f: objective function, g : constraints

Sets V, A, S, R (genes, interactions, stages, regions)
Variables x :V xR — {0,1},w :A—R*", 6 :A—R

Parameters a : A — {—1,+1},bounds: 6,0 w", w"
@ r, (observed gene expression.)
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GRN Inference Modelling the inverse problem
Mathematical Programming Formulation

Objective Function and Constraints

Objective function

|Xs,u,r - ps,u,r|
sES,reRs ucUy

State image rules

AQuvWuyXsru = 6vys,r,v - ||V || (1 _YS,r,v)
u€Us:(u,v)eA

Oy yWuyXsru < (ev - 8)(1 _ySJ.,V) + HV H Ys,rv
u€Us:(u,v)eA

Steadiness conditions

Vs € S,r € Rs,u € Ug Ys,ur = Xs,u,r

V
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GRN Inference Modelling the inverse problem
Mathematical Programming Formulation

Cell or tissue lineage:
Knowledge on steady states AND initial conditions

Stage 2

|

Stage 3

N
N[>
N

Stage 4

Iy
)
NEEE

N
N
R

@ Which transitory dynamics ?

Stage 5 . .
e @ Which update scheduling ?
21 221 221
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GRN Inference Modelling the inverse problem
Mathematical Programming Formulation

Modelling the inverse probleme(ll): defining the GRN

Find fixed points from initial conditions

Gene Regulatory Network (GRN): (G, T,a,w,x, ,0)

@ Sets and Graph: @ Functions: _
V: vertexes (genes) a:A—{+1,-1} arcsign;
A: arcs (interactions) w:A— Ry arc weight;
T:={1,2,.}cN x:V xT — {0,1} gene activation;
G=(V,A) 1:V —{0,1} initial configuratian;
@ Evolution rules 6:v—-R threshold,
x(v,1) = 1(v)
1 if S a(u,v)w(u,v)x(u,t—1)>6(v)
x(v,t) = ued—(v)
0 otherwise,
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GRN Inference Modelling the inverse problem
Mathematical Programming Formulation

Modelling the inverse problem: defining the problem
Finding network parameters for simultaneous stable subnetworks,using initial condition data

Given

o (G, T,qa)

@ S:= {1..Smax}: set of stages and/or mutants.

® U ={Us}ses;Us € V: nodes of Gg, the (induced) subnetworks of G.

® R ={Rs}ses;Rs := {1..Rmaxs} : regions of homogeneous expression.

@ | = {lsru}sesrereucus:lsru sV — {0,1}: initial conditions.

@ O ={@ u}tsesrerucusi @ ru:V — {0,1}: expression data. )
w, 0 such thatV Ts, (Gs,T,a,wW,Xs, s, 0) satisfies the evolution
constraints and have fixed points that collectively minimize Dy (B, (7))

Dy (P, (f)) : total hamming distance from model fixed points to data.

— — — —
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GRN Inference Modelling the inverse problem
Mathematical Programming Formulation

Modelling the inverse problem: ilustrating the problem
Finding network parameters for simulaneous stable subnetworks
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GRN Inference Modelling the inverse problem
Mathematical Programming Formulation

Modelling the inverse problem: ilustrating the problem
Finding network parameters for simulaneous stable subnetworks

——————————— o
¢?| X l'22
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GRN Inference Modelling the inverse problem
Mathematical Programming Formulation

Modelling the inverse problem: ilustrating the problem

Finding network parameters for simulaneous stable subnetworks

O =1 Ot
,
wyx =1 ey -1
zy=-1 o

u)yz —1 7 =2
mXZ =’
B2z =1
D1=4

dx =1
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Modelling the inverse problem

GRN Inference
Mathematical Programming Formulation

Modelling the inverse problem: ilustrating the problem

Finding network parameters for simulaneous stable subnetworks

/leg g
‘Dx y ! 0 %
AR & g

t : :
H Stage 3d3 =0f
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GRN Inference Modelling the inverse problem
Mathematical Programming Formulation

Mathematical Programming Formulation

min,  f(x)
subjectto g(x) < O,
x: decision variables, f: objective function, g : constraints

Sets V, A, T, S, R (genes, interactions, time steps, stages,
regions)

Variables x : VxR xT — {0,1},w:A—R", 6:A—>R

Parameters a : A — {—1,+1},bounds: 6,8 w", w"
@,y (Observed gene expression and initial cond.)
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GRN Inference Modelling the inverse problem
Mathematical Programming Formulation

Objective Function and Constraints

Objective function

Z 2\ (O-st;l - O-st;) z s u,r pS,UJ‘
SGS,I’GRstET 1
- .
Evolution rules

Z Ay vWy vxsru 6V)(;,r,v VI(1- srv)
UEUs:(u,v)EA

t—1
aU7VwU7sz,r,u
u€Us:(u,v)eA

Fixed point conditions

v

IN

(a/ — 8)(1 - X;,r,v) + ”V H X;,r,v

|

Z |X&l‘;,u,r _th} < ”USH o,
ueUs :
|X;,u,r — X;,TJ:,Lr ‘ > O-;,r
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GRN Inference Modelling the inverse problem
Mathematical Programming Formulation

Reformulation, Linearization and Solution

Nonconvex Mixed-Integer Nonlinear Program (MINLP).
Reformulated exactly to a MILP. J
yXx terms Ox terms
(y,x: binary) (6: real, x: binary)
z>0 { > 6«
z<y {<0+(]6"+[6"])(1—x)
z <x { < 8%
z>x+y-1 {=0—(|64+]6Y)(1—x)

@ Absolute values and distances.
@ Auxiliary decision variables for fixed point conditions.

We use AMPL to write the model of the problem, and
use CPLEX 11.0.1 to solve efficiently to optimality the MILP problem.
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Ongoing work

Ongoing work: transitory dynamics

@ Deterministic vs Stochastic
@ Deterministic: Asynchronouse vs synchronous
@ Biological interpretation

Asynchronous parameters

PiTHait1) _ F (x (T Ha)) @ p;: period
| @ (: delay

-

Biologically based

@ A : gene product degradation

W Allog(l_di (Xio)/Di(xio))) @ D; : distance to state image
P

@ d; : distance to threshold

-
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Results
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Results

Figure: WUS mutant  Figure: Wild-type Stage 2 Figure: Wild-type Stage 3

ETTh KAN LY

avave

Camilo La Rota, Fabien Tarissan, Leo Liberti Inferring parameters in genetic regulatory networks



Summary

Summary

@ Static modelling of a dynamic system.

@ Generic modeling approach for the inference of biological
regulatory networks.

@ Easier to test different models than simulation approaches.

@ Perspectives

o “Flexibilize” the “hard” constraint on the prior network (find signs,
new interactions)

@ Introduce theoretical results on regulatory networks.

@ Multiobjective problems ?

@ Reintroduce transitory dynamics (Is it possible using mathematical
programming ?).

@ Study more complicated qualitative models of GRN.
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