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Geometric models Cartesian product

Cartesian product in a category C

The object ¢ is the Cartesian product (in C) of a and b when there exist two morphisms 7, : ¢ — a and 7, : ¢ — b such
that for all objects x of C the following map is a bijection

C[x, c] ———— C[x, a] xC|x, b]

h +—— (moh, moh)

When such an object ¢ exists we write c = a X b
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el
Cartesian product in the category of graphs (Grph)

A Al Ax A
tlls X t’lis’ = txt’ilsxs/
v % Vx Vv

The Cartesian product in Grph is deduced form the Cartesian product in Set
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Geometric models Cartesian product

Examples of Cartesian products

- The product of (X,€Qx) and (Y,Qy) in Top is given by X x Y together with unions of subsets of the form U x V
with U € Qx and V € Qy. It is the least topology making the projections continuous.

- The product of (X,Cx) and (Y,Cy) in 2os is given by X X Y and the partial order C defined by (x,y) C (x’,y’)
when x Cx x” and y Cy y’. It is the greatest partial order such that the projection are poset morphisms.

- The product of (X,Cx) and (Y,Cy) in PoSp is given by X X Y and the product order Cx x Cy.

- The product of (X, [U]~) and (Y,[V]~) in Lpo is given by X X Y together with the collection of ordered charts
Ux VwithUeland VeV

- The product of (X, dx) and (Y,dy) in Met,,; does not exist.

- The product of (X, dx) and (Y, dy) in Met., is given by X X Y together with
d((x,y), (x',y")) = max{dx(x,x"), dy(y,y")}.
- The product of (X,dx) and (Y, dy) in Met,, can also be given by X X Y together with the Euclidean product

d((x ), (<)) = /a4 (6, x') + B (v, ")

- Categories of models of algebraic theories.
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Geometric models Cartesian product

Infinite Cartesian product

The product of a family (A;);cz of objects of a category C, when it exists, is an object

I

i
together with projections

Ta; [TA —— A;

i

such that the next mapping is a bijection.
C(X,[JA)) ———T1C(X, A)
1 1
h F——= (7 0h)

Infinite products of directed circle does not exist in Lpo.
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(Il IIEM  Turning discrete models into geometric ones

Canonical partition

.
G:A——=V 1Gl = V U Ax]o1]
—
1G1| X -+ x1Gyl = (VAUA1x]0,1[) x -+ x ( Vol Asx]0,1])
1G]l x -+ x1Gol = || {p}x]0,1[ @im(prrsope)
points p of

where p = (p1,...,pn), pi € ViUA;, and dimp = #{i € {1,...,n} | pi € A;}
Bp = {p}x]0, 1[ dim(P1>---Pn) is called a canonical block

The collection of canonical blocks forms the canonical partition of G| X - -+ X |Gp].
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(Il IIEM  Turning discrete models into geometric ones

The geometric model of a conservative program

The forbidden region of a conservative program N = (Gy, ..., G,) is the disjoint union of canonical blocks

L &

forbidden points p
of (G1,...,Gp)

The geometric model of I is the locally ordered metric space
1G1| X -+ x 1Gp| \{forbidden region}

the distance being given by
d(p,p’) = max{dig (pi,p})|i€{L,...,n}}

in accordance with the fact that the execution time of the simultaneous execution of many processes is the longest
execution time among that of the processes considered individually.
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Geometric models Gallery of examples

From discrete to continuous

sem: 1 a sync: 1 b
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Geometric models Gallery of examples

From discrete to continuous
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Geometric models Gallery of examples

Square

sem 1 a

proc: p = P(a);V(a)
init: 2p

V(a)-

P(a)-

P(a)-

V(a)-

11/53



Geometric models Gallery of examples

Swiss Cross

v(a) oy
Ay
100000000
15022020
10000000
15222520
100000000
Ay
V(b)+ 100000003000000000,00000000
sem 1 a b 000000055005000500500050000:
100000000000000000000000000
. 1020002250200020002500050%0
proc: 00000000000000000000050000.
10200022502050200025020500%:
100000000000000000000000000
p = P(a);P(b);V(b);V(a)
i Ay
= P(b);P(a);V(a);V(b)
q P b ’P a ’V a ’V b 777777777
it 100220020
. 100000000
init: p q 105000007
100000000
15222020
A
i AN
P(a)
T T T T
a C C a
£ N N o}
o o = =
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Geometric models Gallery of examples

Binary synchronization

sync 1 a l

synchronization
proc: p = W(a) W(a)
init: 2p

unreachable

W(a)
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Geometric models Gallery of examples

Producer/Consumer
nonlooping
W(a)
sync 1 a
proc:
p = x:=x+1 ; W(a) X :=x+1
c = W(a) s x:i=x-1
init: p c

w(a)
x:=x-14
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Geometric models Gallery of examples

Producer/Consumer
looping
W(b)
sync 1 ab W(a)
proc:
p = x:=x+1 ; W(a) ; W(b) 5 J(p)
c=W@ ; x:=x-1; W) ; J() X =x+14
init: p c
T
S
~ 5 f2
= i =
P

15/53



Geometric models Gallery of examples

3D Swiss Cross (tetrahemihexacron) and floating cube

v(a)
P(a)

<

V(a)

P(a)

V(a)

V(a

P(a)
V(a)
P(a)

P(a) v(a)
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Geometric models Gallery of examples

The Lipski algorithm

sem 1: uvwzxyz

proc:
p = P(x);P(y);P(2);V(x);P(w);V(2);V(y);V(w)
q = P(W;P(v);P(x);V(u);P(2);V(v);V(x);V(z)
r = P(y);P@w);V(y);P(u);V(w);P(v);V(w);V(v)

init: paqr

17/53



G 0
Justifying de definition of discrete directed paths

Let By and B,/ be canonical blocks.

If there exists a directed path starting in Bp, ending in B,/, and whose image is contained in B, U B,/ then one of the
following facts is satisfied:

- forallie{1,...,n}, pi = p/ or p; is the source of the arrow p/, or

- forallie {1,...,n}, pi = p/ or p! is the target of the arrow p;.
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Geometric models compared to discrete ones

Discretization and lifting

- Given a directed path « on the local pospace G| X -+ X 1Gp| we have a finite partition Iy < -+ < Iy of dom(~y)
such that for all k € {0, ..., N}, there exists a (necessarily unique) point p¥ such that (/) C Bk

- The sequence p°, ..., p" is a directed path on (Gi, ..., G,), it is called the discretization of v and denoted by D(~).

- Given a directed path § on (Gi, ..., Gp) there exists a directed path v on 1Gi| X --- X 1G,| whose discretization is
d, such a directed path -~ is said to be a lifting of 4.
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Geometric models compared to discrete ones

Example of discretization
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Geometric models compared to discrete ones

Admissible directed paths and execution traces
on 1Gy| X -+ X 1Gp|

The sequence of multi-instructions of a directed path v on 1Gi| X -+ X |Gyl is that of its discretization of D(v).
A directed path on 1Gi| X --- X 1G,| is admissible (resp. an execution trace) iff so is its discretization.

The action of a directed path v on [Gi| X - -+ X 1Gp| on the right of a state o is that of its discretization of D(7).
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o] (O
Example

var x = 0

var y = 0
var z = 0
sync 1 b
sem 1 a

proc p = y:=0 ; W(b) ; P(a) ; x:=z ; V(a)

proc q = z:=1 ; W(b) ; P(a) ; x:=y ; V(a)

init p q
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Geometric models compared to discrete ones

Discretization of an execution trace

sem: 1 a sync: 1 Db

V(a)

X:=y .

P(a) ; :

W(o)

< = o » <
] o o U] o
o ~ ~ N ~

23/53



Geometric models compared to discrete ones

Discretization of an execution trace

sem: 1 a sync: 1 b

X

(DM
(®)d
(@A

Z
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Geometric models compared to discrete ones

Potential function on [G;| X --- X |G,|

If the program under consideration is conservative, then we have the potential function

F:1Gi| x---x1Gyl x & — {multisets over {1,...,n}}

The function F is constant on each canonical block By, its value is given by l:_(p) where F denotes the “discrete”
potential function.
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Geometric models compared to discrete ones

Geometric models are sound and complete

- Any directed path on a continuous model is admissible.

- Conversely, for each admissible path on a continuous model which meets a forbidden point, there exists a directed
path which avoids them and such that both directed paths induce the same sequence of multi-instructions.
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Geometric models compared to discrete ones

Directed paths on the geometric model are admissible

sem: 1 a sync: 1 Db
©
=
x:=y
[
- |

< = o " <
I} o o Il o
o ~ ~ N ~
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Geometric models compared to discrete ones

Directed paths on the geometric model are admissible

sem: 1 a sync: 1 b

V(a)

150050
1003500550055055

1002500550055007

1003500555555055

xim 1000500550055027
Y 5550555555555505%
10035005505550575

1003550550055025

1003550550055057

1005500555055025

P(a)

W(b)

@n
(®)d
@A
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The motivating theorem
Trade off

More mathematics for more properties?

- Both discrete and geometric models are sound and complete.

- The continuous models satisfy extra properties that are “naturally” expressed in terms of metrics.
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(Il I IE  The motivating theorem

Uniform distance between directed paths

Given a compact Hausdorff space K and a metric space (X, dx), the set of continuous maps from K to X can be
equipped with the uniform distance

d(f,g) = max{dx(f(k),g(k))| ke K}.

We consider the case where K = [0, r] is the domain of definition of a directed path and (X, dx) is the geometric model
of a conservative program.
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(Il I IE  The motivating theorem

The main theorem

Let Bp and B,/ be canonical blocks of the geometric model X of a conservative program.
Let dX[O'r](Bp, B,/) be the set of directed paths on X whose sources and targets lie in B, and B, respectively.

Let v be an element of dX[%1(B,, B).

There exists an open ball Q of dX[O’r](Bp, Bp/), centred in v, such that all the elements of Q induce the same action
on valuations. Moreover, if v is an execution trace, then so are all the elements of Q.
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Geometric models The motivating theorem

[[lustration

V2

73 N

31/53



s
Homotopy of paths

Let v and ¢ be two paths on X defined over the segment [0, r]

A homotopy from « to § is a continuous map h from [0, r] x [0, q] to X such that
- The mappings h(0,—) : [0,q] — X and h(r,—) : [0, q] — X are constant
- The mappings h(—,0) : [0,r] — X and h(—,q) : [0,r] — X are v and ¢

As a consequence we have v(0) = §(0) and ~v(r) = &(r).
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[T (IS EIL M The undirected case

Uniform distance and Curryfication

Suppose that X is a metric space.

For all compact Hausdorff space K, the homset Zop(K, X) with the (topology induced by the) uniform distance is denoted
by XK
The Curryfication () induces a homeomorphism from X[0:r1x[0.9] to (X[O‘r’])[o"q]

(h:[0,r] x [0,q] = X) — (h: [0, q] — x[°)
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[T (IS EIL M The undirected case

The two faces of homotopies

h is a continuous map from [0, r] x [0, q] to X i.e. h € Top[[0, r] x [0, q], X]

but is also a path from ~ to § in the space X[% i.e. h € Top|[0, q], X[01]

[0.4]

_—
[0,r]

We introduce the following notation

= G
| N
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Homotopy of paths The undirected case

Concatenation of homotopies

vertical composition

Let g : [0,r] x [0,¢'] = X and h: [0, r] x [0, g] — X be homotopies
from ~ to £ and from & to §.

The mapping hx g : [0,r] X [0,q + q'] — X defined by

. g(t,s) if0<s<gq
hre(ts) = {h(t,s—q) ifg<s<qg+q
is a homotopy from ~ to 4.
—_— L
g
— e hxg
h
—_—— B
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LTI VAT EI The directed case

Directed homotopy on a locally ordered space

Let 7,8 € Lpo([0, r], X) such that &y = 946 and 8y = 6.

- A directed homotopy from « to ¢ is a local pospace morphism h: [0, r] x [0, g] — X whose underlying map U(h) is
a homotopy from U(y) to U(J).

- An anti-directed homotopy from ~ to d is a homotopy of paths h: [0, r] x [0, q] — X such that (t,s) — h(t,q —s)
is a directed homotopy from § to ~.

- An elementary homotopy between « to ¢ is a homotopy of paths h: [0, r] x [0, g] — X obtained as a finite
concatenation of directed homotopies and anti-directed homotopies.

- A weakly directed homotopy from v to § is a homotopy of paths h: [0, r] x [0, g] — X whose intermediate paths
h(-,s), for s € [0, q], are directed.

- Any elementary homotopy is a weakly directed homotopy. The converse is false.

- Each of the preceding class of homotopies is stable under concatenation.
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LTI VAT EI The directed case

Homotopy and dihomotopy relations

Two paths v and «/ are said to be homotopic when there exists a homotopy between them.
We have the equivalence relation ~} between paths on a topological space.

They are said to be dihomotopic when there exists an elementary homotopy between them.
We have the equivalence relation ~4 between directed paths on a locally ordered space.

They are said to be weakly dihomotopic when there exists a weakly directed homotopy between them. We have the
equivalence relation ~,, between directed paths on a locally ordered space.
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Bk lar
Reparametrization

An increasing and surjective map 0 : [0, r] — [0, r] is called a reparametrization.
The mapping

h:(t,s) €[0,r] x[0,1] — O(t) + s - (max(t,0(t)) — 6(t)) € [0, r]

is a directed homotopy from 6 to max(id[oy,],e).

If v : [0, r] — X is a directed path on the local pospace X, then v o h is a directed homotopy from o 6 to
7 o max(ido,, 0)

Therefore v and ~ o 6 are dihomotopic.
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LTI VAT EI The directed case

Images of directed paths on a pospace

Theorem

The image of a nonconstant directed path on a pospace is isomorphic to [0, 1]. ‘

Corollary

Two directed paths on a posapce having the same image are dihomotopic. J
proof:

Suppose that im(v) = im(y’).

¢:[0,r] — im('y) a pospace isomorphism.

¢ Lo~ and ¢~ o~/ are reparametrization.

We have h an elementary homotopy from ¢ 1o~ to ¢~ o~ .
Hence ¢ o h is an elementary homotopy from ~ and +’.
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Homotopy of paths Relation to geometric models

Main theorem

Two weakly dihomotopic paths on the geometric model of a conservative program induce the same action on valua-
tions. Moreover, if one of them is an execution trace, then so is the other.
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Relation to geometric models
Proof

By a standard result from general topology, the Curryfication of h
h:se[0,q] = (t €[0,r] = h(t,s) € X)

0. (p, p').

is a continuous path on dX
The image of his thus compact, so we cover it with open balls given by the main theorem of geometric models.

By the Lebesgue number theorem there exists a real number & > 0 such that |s — s’| < e implies that h(s) and h(s’)
belong to the same open ball from the covering.

The conclusion follows considering the sequence
E(O)v ?7(5)7 fA‘l(QE), E(35)7 R} IA1(n5), E(q)

where n is the greatest natural number such that ne < q.
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Homotopy of paths Relation to geometric models

Programs with mutex only
Directed Homotopy in Non-Positively Curved Spaces, E. Goubault and S. Mimram, LMCS 2020

Let X be the geometric model of a conservative program whose semaphores have arity 1 (mutex), then two directed paths
on X are dihomotopic if and only if they are homotopic.
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Smooth models Blow up
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Smooth models Blow up
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d
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Smooth models Blow up

tgt
G = GW T’) G© . graph
|G| = (G(I)X]O,l[) U{(a,b) € G¥xGY |0"(a) = (b)} : set

For small € > 0, the e-neighborhoods of (a, t) and (a, b) are

{ {a} x]t —e,t+¢] (for e < min{t,1 — t})
{a} x11—e,1[ U {(a,b)} U {b} x]0,e[ (fore<3)

The standard ordered base E; of G is the collection of e-neighborhoods
(each of them being equipped with the obvious total order).
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Smooth models Blow up

The blowup of G is the map
Be = Gl — |G|

(a;b) = 0'(a)(= 0 (b))
(a,t) — (a,t)

The blowup S; is locally order-preserving from &; to AX.
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Smooth models Universal property of graph blowups

An ordered base £ is said to be euclidean of dimension n € N when every point p of £ is contained in some E € £ with
E =~ R" (as ordered spaces).

A locally order-preserving map f : € — X is a local \V-embedding when for every point p of £ and X € X containing f(p),
there exists E € £ containing p such that E =2 R"” and f : E — X is an ordered space embedding preserving V.

Theorem (Universal property of graph blowups)

For every euclidean ordered base £, and every local \-embedding f : £ — X, x -+ x X, of dimension n, there is a
unique continuous map g : € — &, x -+ x &, such that f = o g with 8 = 3¢, x -+ x B; moreover g is a local
V-embedding of dimension n.
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Smooth models Chart

A chart of dimension n € N is a bijection ¢ whose codomain is an open subset of R".

U C dom () is said to be open when so is ¢(U) in R"; we deduce ¢, : U — ¢(U).
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Smooth models Compatible charts
The n-charts ¢ and 1 are compatible at p € dom(¢) N dom(z)) when there exists W open in dom(¢) and in dom(%) such

that ¢y o ¥w?t and 1y o ¢! are smooth.
We say that W is a witness of compatibility of ¢ and v at p.
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Smooth models [AES

The n-charts ¢ and 1 are compatible when they are compatible at every p € dom(¢) N dom(%)).

T

W = dom(¢) N dom()) is open in dom(¢) and in dom(v) and the maps ¢y o ¥w ' and 1y o ¢y ' are smooth.
An atlas of dimension n € N is a collection A of pairwise compatible n-charts.

Given atlases A, B, map f : A — B is said to be smooth when for all ¢ € A, p € dom(¢), ¥ € B with f(p) € dom(v),
1o fo@dtis smooth (as a map between open subsets of euclidean spaces).
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Smooth models [AES

The standard charts of G are the following bijections
¢, {apx]0,1[ — ]0,1[, and

¢ {a} <15, U {(ab)} U {b} x10,5[ — I-3,3[

with (a,t)—t—1, (a,b)—0, (b, t)—t
for all arrows a and all 2-tuples of arrows (a, b) such that 9*(a) = 9 (b).
The standard atlas Ag of G is the collection of its standard charts.
The transition maps are translations:

poodt it el — t—1 € ]-1,0
ppodit 1t €]0,3[ — ot e 10}
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Slul Wil Sl Tangent bundle

The set of tangent vectors of A is the quotient

{(p,¢yu) | ¢ € A; p€dom(g); u€R"}/ ~

with (p, ¢, u)~(q,%,v) when p = g and d(¥w o qﬁ;vl)up)(u) = v (with W a witness of compatibility of ¢ and v at p).
Denote by [p, ¢, u] the ~-equivalence class of (p, ¢, u&.

We have (p, ¢, u) ~ (p,$,v) = u=v, and the collection TA = {T¢ | ¢ € A} with To[p, ¢, u] = (¢(p),u) is an atlas.

The tangent bundle of A is the smooth map 7, : TA — A sending a tangent vector to its attachment point;
i.e. mi([p, ¢, u]) = p.

The tangent space at p is hA = mi({p}); it is a vector space with

[p, ¢, u]l + Xp,p, vl = [p,d,u+ Av].
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Slull Wl Sl Vector fields

A vector field on A is a smooth map f : A — T.A such that 7, o f = id,,
i.e. f(p) € B.A for every point p of A.

If ¢ and 9 are standard charts of G, then d(¢) o ¢™1)
so [p, ¢, u] does not depend on ¢ € Ag.

o) IdR'

TA¢ = AgxR and BPAc = {p} xR

The standard vector field on the standard atlas is

AG — T.A(;
p = (p1)
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SIulI WISl Smooth paths

For every smooth map f : A — B we have Tf : TA — TB defined by
Tf[[p7 ¢7 U] = [[fp7 ¢7 d(¢ ofo ¢71)¢(p)(u)ﬂ
with ¢ € A, 1) € B charts around p and f(p).

A curve is a smooth map defined on an open interval of R; a smooth path is the restriction of a curve to a compact
subinterval.

For every smooth path v on Ag, every ¢ € Ag we have
Ty(t, u) = T[t,idj, u] = [(t), ¢, d(¢ 0y oidit)e(u)] = (v(t),7' () - u) .

The tangent vector to v at t is of the form (v(t),~/(t)); 7 is locally order-preserving iff /() > O for every t.
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Sltetl OISl Standard vector field vs Standard ordered base

Proposition (standard vector field vs standard ordered base)

For every ¢ € Ag, for all p, g € dom(¢), we have p < q (with (dom(¢), <) € Ag) iff there exists a smooth path v on Ag
from p to q with im(vy) C dom(¢) and v’ > 0, i.e. ¢ o~ is a smooth map between open intervals of R with nonnegative

derivative, min(¢oy) = ¢(p), and max(¢p o v) = ¢(q).

The above result is a special instance of Lawson’s correspondence:

Ordered manifolds, invariant cone fields, and semigroups. Lawson, J. D., Forum Mathematicum, 1989.
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Smooth models Approximation

From every norm |_| on R" one defines the length of a smooth path v = (v1,...,7) on A1 x -+ x A, by
L) = [ W@l
tel

with +/(t) = (71(t), ..., vn(t)) the coordinates of the tangent vector to ~y at t in the standard base
((71(t),1),..., (ya(t), 1)) of the tangent space at ~(t).

We also define the distance between p, g € |G| x -+ x |Gyl as d(p, q) = |de,(p1, ¢1), - - -, de,(Pa, g.)| from which we
deduce the length L(v) of any path v on |Gi| x -+ x |G,].

If 6 is a smooth path on Ay x --- x A, then L(§) = L((Bs x -+ x Be,) 0 9).

IXt,. s xnl2 = Sh X Riemannian
Ixt, .. oxnlt = o0 |l cumulative execution time
[x1,...,Xn|loo = max{x1,...,xn} parallel execution time
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Smooth models Approximation

A subset X of |G| x -+ x|G,| is said to be tile compatible when for all p, g € |G,| x --- x |G,| such that
(7ary -y 76)(P) = (7as - - -, 76, )(q), we have p € X iff g € X.

The standard cone of Ag x --- xAg, at p=(p,...,p,) is the cone C, = {Zle(p,,)\,-) | A > 0} C T Ag x - xAsg,.

A conal path on a subset Y of ||G,|| x -+ x ||G,]| is a smooth path § on Ag x --- x Ag such that §(t) € Y and
To(t) € Cy, for every t € dom(9).

Theorem (Approximation)

For every directed path v = (y,...,7.) on a tile compatible subset X of |G,| x --- x |G,
conal path § = (8,,...,6,) on (Be x -+ x Be) H(X) such that:

— v and (Bg x +-+ x Bs) 08 start (resp. finish) at the same point,

— max {d,(:(t), B.(6:(t))) | t €dom(~); i € {1,...,n}} <&, and

- L.(8) < L (7).

, and every € > 0, there exists a
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