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- find a nontrivial collection of morphisms enjoying
properties similar to those of the class of isomorphisms
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introduced by André Haefliger as “small categories without loops”

- A category C such that for all objects x and y
if both C[x , y ] and C[y , x ] are nonempty
then x = y and C[x , x ] = {idx}

- The fundamental category of a pospace is loop-free
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Weak isomorphism
preserving the past and the future in the loop-free case

σ ∈ C[x , y ] is a weak isomorphism when for any z :

future C[y , z ] 6= ∅ ⇒ ∀f ∈ C[x , z ], ∃!g ∈ C[y , z ] s.t.

z

x σ
//

f
??

y

g

OO

past C[z , x ] 6= ∅ ⇒ ∀f ∈ C[z , y ], ∃!g ∈ C[z , x ] s.t.

x
σ // y

z
f

??
g

OO
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when loops occurs

If σ : x → y is a weak isomorphism and C[y , x ] 6= ∅ then σ is
an isomorphism.
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System of weak isomorphisms
preserving the past and the future in the loop-free case

A collection Σ of morphisms of C such that :

1. {isomorphisms} ⊆ Σ ⊆ {weak isomorphisms},

2. Σ is stable under composition, and

3. Σ is stable under change and cochange of base.

y

x

f

@@

y ′

σ∈Σ
__

x ′
σ′∈Σ

^^

f ′

??

pull

back

in C

y ′

x ′

f ′
@@

y

σ′∈Σ
^^

x
σ∈Σ

``

f

??

push

out

in C
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Structure of Σ-components
Σ system of weak isomorphisms over C loop-free

1. the relation x ∼ y ≡ ∃z ∈ |C| Σ[x , z ] 6= ∅ and
Σ[y , z ] 6= ∅ is an equivalence relation

2. K a ∼-class, the full subcategory K is a non empty
lattice

3. If a ∼ b then
a // a ∨ b

a ∧ b //

OO

b

OO

is both a pullback and a pushout in C
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Locale of systems of weak isomorphisms

The poset ({systems of weak isomorphisms},⊆)
is a locale. Let Σ be its greatest element.
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- The category of components of a loop-free category C
is the quotient C/Σ and denoted by −→π0C

- A loop-free category C is a non empty lattice iff
its category of components is {0}

- −→π0(A× B) ∼= −→π0A×−→π0B
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Fundamental theorem
C loop-free category and Σ system of weak isomorphisms over C

1. Σ is pure in C i.e. β ◦ α ∈ Σ⇒ β, α ∈ Σ,

2. C/Σ is loop-free,

3. C[Σ−1] and C/Σ are equivalent and

4. C[Σ−1] is fibered over the base C/Σ.
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Commutative monoids

- (M, ∗, ε) such that for all a, b, c ∈ M,
(ab)c = a(bc)
εa = a = aε
ab = ba

- For all set X the collection MX of multisets over X
i.e. maps φ : X → N s.t. {x ∈ X | φ(x) 6= 0} is finite
forms a commutative monoid

- A commutative monoid is said to be free when
it is isomorphic with some MX

- Functor M : Set→ CMon
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Prime and irreducible elements
of a commutative monoid

- d divides x , denoted by d |x , when there exists x ′

such that x = dx ′

- u unit: exists u′ s.t. uu′ = ε then write
x ∼ y when y = ux for some unit u

- i irreducible: i nonunit and x |i implies x ∼ i or x unit
- p prime: p nonunit and p|ab implies p|a or p|b
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Examples

monoid irreducibles primes units

N \ {0},×, 1 {prime numbers} {1}
N,+, 0 {1} {0}
R+,+, 0 ∅ {0}
R+,∨, 0 ∅ R+ \ {0} {0}
Z6,×, 1 ∅ {0, 2, 3, 4} {1, 5}
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Graded commutative monoid

- (M, ∗, ε) graded: there is a one-to-one morphism
from (M, ∗, ε) to (N,+, 0)

- If M is graded then
{irreducibles of M} generates M
{primes of M} ⊆ {irreducibles of M}
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Irreducible that are not prime
M = ({a + b

√
10 | a, b ∈ Z; a 6= 0 or b 6= 0},×, 1)

- N : M → (Z \ {0},×, 1); N(a + b
√

10) = a2 − 10b2

N(uv) = N(u)N(v)
u unit iff N(u) ∈ {±1}
N(a + b

√
10) mod 10 ∈ {1, 4, 5, 6, 9}

therefore N(a + b
√

10) 6∈ {±2,±3}

uv N(uv) N(u)

2 4 ±1,±2,±4

3 9 ±1,±3,±9

4±
√

10 6 ±1,±2,±3,±6

- 2, 3, and 4±
√

10 are irreducible but not prime
since 2 · 3 = (4 +

√
10) · (4−

√
10)

- {a + b
√

10 | a, b ∈ Z} \ {0} is graded by the
number of prime factors of N(u)
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N[X ] polynomials with coefficients in N
Junji Hashimoto 51

X 5 + X 4 + X 3 + X 2 + X + 1 =

{
(X + 1)(X 4 + X 2 + 1) = (X 3 + 1)(X 2 + X + 1) in N[X ]
(X + 1)(X 2 + X + 1)(X 2 − X + 1) in Z[X ]

- therefore X + 1, X 2 + X + 1, X 3 + 1, and X 4 + X 2 + 1
are irreducible but not prime

- N[X ] \ {0} is graded by the degree



MSC - Lyon 2014

Category of
components

The loop-free case

Beyond loop-freeness

Unique
factorization

Free commutative monoid

Finite connected loop-free
categories

Homogeneous sets of words

N[X ] polynomials with coefficients in N
Junji Hashimoto 51

X 5 + X 4 + X 3 + X 2 + X + 1 ={
(X + 1)(X 4 + X 2 + 1)

= (X 3 + 1)(X 2 + X + 1) in N[X ]
(X + 1)(X 2 + X + 1)(X 2 − X + 1) in Z[X ]

- therefore X + 1, X 2 + X + 1, X 3 + 1, and X 4 + X 2 + 1
are irreducible but not prime

- N[X ] \ {0} is graded by the degree



MSC - Lyon 2014

Category of
components

The loop-free case

Beyond loop-freeness

Unique
factorization

Free commutative monoid

Finite connected loop-free
categories

Homogeneous sets of words

N[X ] polynomials with coefficients in N
Junji Hashimoto 51

X 5 + X 4 + X 3 + X 2 + X + 1 ={
(X + 1)(X 4 + X 2 + 1) = (X 3 + 1)(X 2 + X + 1) in N[X ]

(X + 1)(X 2 + X + 1)(X 2 − X + 1) in Z[X ]

- therefore X + 1, X 2 + X + 1, X 3 + 1, and X 4 + X 2 + 1
are irreducible but not prime

- N[X ] \ {0} is graded by the degree



MSC - Lyon 2014

Category of
components

The loop-free case

Beyond loop-freeness

Unique
factorization

Free commutative monoid

Finite connected loop-free
categories

Homogeneous sets of words

N[X ] polynomials with coefficients in N
Junji Hashimoto 51

X 5 + X 4 + X 3 + X 2 + X + 1 ={
(X + 1)(X 4 + X 2 + 1) = (X 3 + 1)(X 2 + X + 1) in N[X ]
(X + 1)(X 2 + X + 1)(X 2 − X + 1) in Z[X ]

- therefore X + 1, X 2 + X + 1, X 3 + 1, and X 4 + X 2 + 1
are irreducible but not prime

- N[X ] \ {0} is graded by the degree



MSC - Lyon 2014

Category of
components

The loop-free case

Beyond loop-freeness

Unique
factorization

Free commutative monoid

Finite connected loop-free
categories

Homogeneous sets of words

N[X ] polynomials with coefficients in N
Junji Hashimoto 51

X 5 + X 4 + X 3 + X 2 + X + 1 ={
(X + 1)(X 4 + X 2 + 1) = (X 3 + 1)(X 2 + X + 1) in N[X ]
(X + 1)(X 2 + X + 1)(X 2 − X + 1) in Z[X ]

- therefore X + 1, X 2 + X + 1, X 3 + 1, and X 4 + X 2 + 1
are irreducible but not prime

- N[X ] \ {0} is graded by the degree



MSC - Lyon 2014

Category of
components

The loop-free case

Beyond loop-freeness

Unique
factorization

Free commutative monoid

Finite connected loop-free
categories

Homogeneous sets of words

Characterization
of the free commutative monoids

The following are equivalent:
- M is free commutative

- any element of M can be written as a product
of irreducibles in a unique way up to reordering

- {primes of M} = {irreducibles of M} and generates M
- M is graded and {irreducibles of M} ⊆ {primes of M}
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Commutative monoid
of nonempty finite connected loop-free categories

- A× B nonempty finite connected iff so are A and B

- A ∼= A′ and B ∼= B′ implies A×A′ ∼= B × B′
- (A× B)× C ∼= A× (B × C)
- 1×A ∼= A ∼= A× 1
- A× B ∼= B ×A
- the corresponding commutative monoid is isomorphic

with (N \ {0},×, 1)
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of homogeneous sets of words

- A∗ (non commutative) monoid of words on A,
let ε denotes the empty word

- H ⊆ A∗ is homogeneous when H 6= ∅ and
all the words in H have the same length dim(H)

- H · H ′ = {w · w ′ | w ∈ H;w ′ ∈ H ′} is homogeneous iff
so are H and H ′

- {ε} · H = H = H · {ε}
- (Ph(A), ·, {ε}) noncommutative monoid

of homogeneous sets
- H ∼ H ′ when dim(H) =dim(H ′) and H ′ = σH

for some σ ∈ Sdim(H)

- H ∼ H ′ and K ∼ K ′ implies HK ∼ H ′K ′

- H(A) = (Ph(A), ·, {ε})/ ∼ free commutative monoid
of homogeneous sets
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of finite homogeneous sets of words

- M ′ ⊆ M is said to be pure when for all x , y ∈ M,
xy ∈ M ′ implies x , y ,∈ M ′

- A pure submonoid of a free commutative monoid is free
- Hf (A) = {H ∈ H(A) | #H is finite} is a pure submonoid

of H(A) hence it is free
- Hf ({nonempty intervals of R}) cubical areas
- H(R) subsets of Rn for n ranging through N
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- Hf ({nonempty intervals of R}) cubical areas
- H(R) subsets of Rn for n ranging through N
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