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Notations	


•  Soit  Sn  le  groupe  symétrique  sur  n  éléments	

	


•  γn    la  permutation  de  Sn  définie  par  γn    =  (1  2  …  n)	

	


•  Pour  un  entier  r,  une  sous-­‐‑séquence  strictement  croissante  t  de  
1…r  est  une  séquence  de  la  forme  t  =  (i1,  i2,  …,  iu)  avec  u  ≥  1  et  :  	


	


1  ≤  i1  <  i2  <  …  <  iu  ≤  r	

	

	

•  On  note  kp1,p2,…pr    le  nombre  de  factorisations  de  γn  en  r  facteurs  
γn    =  α1α2…αr  tels  que  la  permutation  αi  a  pi  cycles.	




Problème  :  compter  les  cactus  partitionés	


•  On  souhaite  dénombrer  les  constellations  uni-­‐‑faces  (cactus)  
enracinées  couplées  à  un  jeu  de  partitions  (coloration)  sur  les  
sommets.  	
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π3 : 
π4 : 
π5 : 
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Types  des  sommets  :  	

1    :          .	

2    :          .  	

3    :          .	

4    :          .	

5    :          .	


Partitions  sur  les  sommets	


r-­‐‑gones  (faces)  noirs	


n*r-­‐‑gone  (face)  blanc  	


r-­‐‑gone  racine  	


orientation	




Problème  :  compter  les  cactus  partitionnés	


•  Définition   :  On  appelle  r-­‐‑cactus  partitionné  à  n  hyper-­‐‑arrêtes  
une   décomposition   d’une   surface   de   genre   quelconque  
orientée   en   sommets,   arrêtes   et   faces   homéomorphe   à   un  
disque  ouvert  avec  :	


Ø  exactement   n   faces   noires   (hyper-­‐‑arrêtes)   non  
adjacentes	


Ø  une  face  blanche.  	

Ø  chaque  face  noire  est  un  r-­‐‑gone	

Ø  la  face  blanche  un  n*r-­‐‑gone	

Ø  Les  sommets  autour  de  chaque  r-­‐‑gone  sont  considérés  

être   de   type   1,2,…,r.  Tourner   autour   du   r-­‐‑gone   (selon  
l’orientation   de   la   surface)   fait   parcourir   les   sommets  
dans  l’ordre  (du  type)  1è2è…èr.  	


Ø  r  partitions  sur  les  sommets  (une  pour  chaque  type)          	




Application  :  r-­‐‑factorisations  du  groupe  symétrique	


•  Théorème   :   Soit   Cn(p1,p2,…,pr)   l’ensemble   des   cactus  
partitionnés   défini   précédemment   avec   pi   blocs   dans   la  
partitions  des  sommets  de  type  i.  Le  cardinal  de  cet  ensemble  
et  le  nombre  de  factorisations  de  γn  en  r  facteurs  sont  liés  par  :	
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Similarly to [10], the numbers knp1,p2,...,pr
and the cardinalities | Cn(p1, p2, . . . , pr) | are linked by the

relation:

�

p1,p2,...,pr

knp1,p2,...,pr

�

1≤i≤r

xpi
i =

�

p1,p2,...,pr

| Cn(p1, p2, . . . , pr) |
�

1≤i≤r

(xi)pi (4)

where (x)p = x(x− 1) . . . (x− p+1). Partitioned cacti are actually one-to-one with decorated recursive
tree structures that we define in the next section.

2.3 Cactus trees
We look at non classical tree-like structures with colored vertices and various types of children. More
specifically we work with recursive non cyclic graphs rooted in a given vertex such that all the vertices
are colored with 1, 2, . . . , r. The ordered set of children of a given vertex v of color i may contain:

• half edges (later called 1-gons) linking v to no other vertex.

• full edges (later called 2-gons) linking v to a vertex of color i + 1 (modulo r). This later vertex is
the root of a descending subtree.

• j-gons linking v to j − 1 vertices v1, v2, . . . , vj−1 of respective colors i + 1, i + 2, . . . , i + j − 1
(modulo r). Each vk is the root of a descending subtree. When the size j of the j-gons is not
determined, we simply call them polygons.

Now we are ready to give the full definition of the considered structure:

Definition 2 (Cactus trees) For any sequence a = (at) of 2r − 1 non-negative integers at whith the

index t being any non empty strictly increasing subsequence of integers of 1 . . . r, we define the set T (a)
of cactus trees with vertices of r distinct colors as follows:

(i) the root vertex of the cactus tree is of color 1,

(ii) the ordered set of children of a given vertex v of color i is composed of j-gons (1 ≤ j ≤ r) linking

v to j− 1 vertices (and subsequent subtrees) of respective colors i+1, i+2, . . . , i+ j− 1 (modulo

r),

(iii) symbolic labels β1,β2, . . . ,βn (where n =
�

t at) are assigned to the polygons such that the set of

polygons indexed with the same given label contains exactly one vertex of each color and that all

the polygons in the tree are labelled,

(iv) for t = (i1, i2, . . . , il) (1 ≤ i1 < i2 < . . . < il ≤ r), at is the number of those sets composed

of a (i2 − i1)-gon child of a vertex of color i1, a (i3 − i2)-gon child of a vertex of color i2, . . ., a

(il − il−1)-gon child of a vertex of color il−1 and a (r − il + i2 − 1)-gon child of a vertex of color

il with the same symbolic label.

(One can easily check that exactly one vertex of each color is contained in such sets.)



Application  :  r-­‐‑factorisations  du  groupe  symétrique	


•  Correspondance   entre  un   cactus   et   une   factorisation  du   long  
cycle  γn  en  r  facteurs  :	
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Parcours  de  la  face  blanche  
numérote  les  hyper  arrêtes	


Les  cycles  de  la  permutation  αi  
factorisant  γn    sont  les  indices  
des  hyper  arrêtes  autour  des  

sommets  de  type  i	


α1  =  (12)(3)(4)(5)(6)	

α2  =  (1)(24)(3)(56)	

α3  =  (1)(2)(3)(4)(5)(6)	

α4  =  (1)(23)(46)(5)	

α5  =  (1)(2)(3)(4)(5)(6)	

α1α2α3α4α5  =  γ6	




Application  :  r-­‐‑factorisations  du  groupe  symétrique	


•  Autre  exemple  de  cactus/factorisation  de  genre  1:	

	

	

α1  =  (12)(3)	

α2  =  (13)(2)	

α3  =  (12)(3)	

α4  =  (13)(2)	

α1α2α3α4  =  γ3	
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Arrière  Plan  	


•  Formule  de  Jackson  (démonstration  algébrique):	


                                                                                              	

                                                                                                    avec  :	


	

•  Travaux  combinatoires	
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(ii) If v is the root, then an additional difficulty occurs as 1-color label 1 is recovered out of the main
procedure. However for any vertex u of color j + 1 in the cactus tree, the rightmost polygon
connecting it to a vertex w of color j is obviously the last one to be recovered. The symbolic
label of this polygon naturally links u and w. As a result, all the j-color labels of w are recovered
necessarily after all the j + 1 - labels are recovered around u. This extends to all the children of w
and the vertex of color j +1 in the rightmost polygon of w if any. Since v is the root all the 1-color
labels of v are recovered necessarily after all the labels of all the other vertices in the cactus tree are
recovered. Finally the procedure ends in the proper way.

5 Equivalence of the main theorem and Jackson’s formula

A natural question is the equivalence between the formula of Theorem 1 and Jackson’s formula of [6]
addressing the factorizations of γn. The result of Jackson for the factorizations of the long cycle can be
stated as follows:

1

(n!)r−1

�

p1,p2,...,pr

knp1,p2,...,pr

�

1≤i≤r

xpi
i = φ




�

1≤i≤r

xi




�

1≤i≤r

(1 + xi)−
�

1≤i≤r

(xi)




n−1



 (6)

where φ is the mapping defined by φ(
�

i x
pi
i ) =

�
i

�xi

pi

�
and extended linearly. One can show that this

formula is equivalent to:

1

(n!)r−1

�

p1,p2,...,pr

knp1,p2,...,pr

�

1≤i≤r

xpi
i =

�

p1,p2,...,pr

�

a

�
n− 1

a

� �

1≤i≤r

�
xi

pi

�
(7)

where the sequences a = (at) of 2r − 1 non-negative integers (at) satisfy
�

t at = n− 1,
�

t;l∈t at =
pl − 1 for 1 ≤ l ≤ r.
For r = 2 the equivalence is obvious as in Equation (1) the only sequence a fitting the conditions is
a1 = p2, a2 = p1 − 1, a1,2 = n+1− p1 − p2 and ∆2(a) = p2 in this case. The summand for indices p1
and p2 in our formula reads

(n− 1)! p2

�
n

p1 − 1, p2

�
= n!

�
n− 1

p1 − 1, p2 − 1

�
(8)

This shows that the two results are identical in this case.
For r = 3, the determinant is ∆3(a) = p2p3 − a3(p3 − a1). For given p1, p2 and p3 the equivalence
between the two formulas can be shown in two steps. First we have:
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Méthode	


•  Utiliser  le  dernier  départ  de  chaque  bloc  pour  la  classification  
des  hyper-­‐‑arrêtes:	
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Le  dernier  passage  par  un  
bloc  dans  le  parcours  de  la  
face  blanche  est  noté  par  
une  flèche  sortante  rouge	


Le  bloc  contenant  le  sommet  
de  type  1  appartenant  à  

l’hyper  arrête  racine  est  ignoré  
dans  la  recherche  des  maxima.	




Méthode	


•  Utiliser  le  dernier  passage  par  chaque  bloc  pour  classification  
des  hyper-­‐‑arrêtes:	
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A  chaque  hyper-­‐‑arrête  est  
associé  la  séquence  des  
types  des  sommets  non  

maximum	


(2)	


(1,3,4)	


(1,2)	


(1,2,3,4,5)	


(2,4)	


(1,3,4,5)	


Soit  at  le  nombre  d’hyper-­‐‑arrêtes  
associées  à  une  séquence  t.	


	

a2  =  1  ;  a1,2=1  ;  a1,3,4  =  1  ;	


a2,4  =  1  ;  a1,3,4,5  =  1;    a1,2,3,4,5  =  1	

	


Les  autres  at  sont  nuls	

  	




Méthode	


•  Autre  exemple  :	
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(1,4)	


(1,4)	


(1,2,3)	


	

a1,4  =  2  ;  a1,2,3=1	




Méthode	


•  Objectif  :  dénombrer  grâce  à  une  bijection  l’ensemble  C(a)  des  
cactus  partitionnés  associés  à  un  jeu  de  paramètre  a  =  (at)t  où  t  
varie  sur  toutes  les  sous-­‐‑séquences  possibles  de  1…r.  On  a:  	


	


| Cn(p1, p2, . . . , pr) | =
�

�
t at=n�
t;i/∈t at=pi−δ1i

| C(a) |

1



Bijection	

•  Première  étape  numéroter  les  arrêtes  autour  des  r-­‐‑gones  selon  
le  parcours  de  la  face  blanche  :  	


	


Types  de  numérotation  :	

  	


1  :                .	


2  :                  .  	


3  :                  .	


4  :                  .	


5    :                .	




Bijection	

•  Propriété   :   Si   i   est   l’indice   de   type   1   d’une   hyper-­‐‑arrête,  
l’indice  de  type  k>1  de  ceXe  hyper-­‐‑arrête  est  :  αr-­‐‑1αr-­‐‑1-­‐‑1…αk-­‐‑1(i)	
	


2  =  α5-­‐‑1α4-­‐‑1α3-­‐‑1α2-­‐‑1(3)	


6  =  α5-­‐‑1α4-­‐‑1(4)	


5  =  	

α5-­‐‑1α4-­‐‑1α3-­‐‑1  (5)	




Bijection	

•  Seconde  étape   :   «   réunir  »   les   indices  d’arrêtes  appartenant  à  
chaque  bloc  de  partition	


	




Bijection	

•  Troisième   étape   :   utiliser   les  derniers  départs  pour   connecter  
les  sommets  ainsi  créés.	


	




Bijection	

•  Troisième   étape   :   utiliser   les  derniers  départs  pour   connecter  
les  sommets  ainsi  créés.	


	




Bijection	

•  Troisième   étape   :   utiliser   les  derniers  départs  pour   connecter  
les  sommets  ainsi  créés.	


	




Bijection	

•  Troisième   étape   :   utiliser   les  derniers  départs  pour   connecter  
les  sommets  ainsi  créés.	


	




Bijection	

•  Propriété  :  Le  graphe  ainsi  créé  est  une  structure  arborescente  
enracinée  dans  le  bloc  de  type  1  contenant  l’élément  1  nommée  
arbre  cactus.	


Les  indices  des  arrêtes  
maximales  
progressent  

faiblement  d’une  
couleur  à  l’autre  et  
strictement  lors  du  
prochain  passage  par  
une  même  couleur	




Bijection	

•  Propriété  :  Le  graphe  ainsi  créé  est  une  structure  arborescente  
enracinée  dans  le  bloc  de  type  1  contenant  l’élément  1  nommée  
arbre  cactus.	


Les  indices  des  arrêtes  
maximales  
progressent  

faiblement  d’une  
couleur  à  l’autre  et  
strictement  lors  du  
prochain  passage  par  
une  même  couleur	




Bijection	

•  Quatrième  étape  :  «  reconnecter  »  les  polygones  appartenant  à  
la  même  hyper-­‐‑arrête  grâce  à  une  indexation  symbolique	


	


β	

ε	


ε	


η	


η	


θ	


θ	


θ	


κ	


κ	


κ	


κ	


λ	

λ	


λ	


λ	


λ	




Bijection	


	

•  Définition:   Pour   t   =   (i1,   i2,   …,   iu)   sous-­‐‑séquence   de   1…r,  
l’ensemble  des  polygones  de   l’arbre   cactus  associée  au  même  
indice  symbolique  est  dit  de  type  t  si  les  racines  de  polygones  
en  question  sont  de  type   i1,   i2,  …  et   iu.  Soit  a=(at),  ou  at     est   le  
nombre  d’ensembles  de  polygones  de   type   t.  On  note  T(a)   le  
nombre   d’arbres   cactus   ayant   at   ensembles   de   polygones   de  
type  t. 

	


•  Propriété:   Pour   chaque  hyper-­‐‑arrête  de   type   t  dans   le   cactus  
partitionné,   l’arbre   cactus   construit   contient   une   suite   de  
polygones  de  type  t.    	


	




Bijection	


β	
 ε	
 η	
 θ	


κ	
 λ	


(2)	
 (1,3,4)	
(1,2)	


(1,2,3,4,5)	


(2,4)	


(1,3,4,5)	




Résultats	


•  Théorème   :   La   construction   décrite   précédemment   est   une  
bijection.  Par  conséquence  :	


•  Propriété  :  On  peut  montrer  grâce  à  la  formule  de  Lagrange  :	


  Où  Δr    est  le  déterminant  d’une  matrice  dépendant  de  a.  	

	


| Cn(p1, p2, . . . , pr) | =
�

�
t at=n�
t;i/∈t at=pi−δ1i

| C(a) |

| C(a) |=| T (a) |

1
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Fig. 3: Two examples of cactus trees.

Example 4 The cactus tree depicted on the left hand side of Figure 2.3 has 9 1-gons, 2 2-gons, 1 3-gon,
1 4-gon and 1 5-gon. The corresponding non zero parameters (at) are a2 = 1, a1,2 = 1, a2,4 = 1,
a1,3,4,5 = 1, a1,3,4 = 1, a1,2,3,4,5,6 = 1. The cactus tree on the right hand side has 3 1-gons, 1 2-gon and
2 3-gons. The (at) non equals to zero are a1,4 = 2, a1,2,3 = 1.

Remark 3 Point (iii) in Definition 2 restricts the number of possible cactus trees. In this paper, we
consider only the cactus trees for which such a labeling is possible.

Remark 4 If we note pi the number of vertices of color i (1 ≤ i ≤ r) in a given cactus tree of T (a), we
have

�
t;l/∈t at = pl for 2 ≤ l ≤ r and

�
t;1/∈t at = p1 − 1.

Proposition 2 Let a = (at), n, (pi)1≤i≤r be such that n =
�

t at and
�

t;i/∈t at = pi−δi,1. The number
| T (a) | of cactus trees is given by:

| T (a) |= (n− 1)!r−1

�
1≤i≤r pi!

∆r(a)

�
n

a

�
(5)

The proof of Proposition 2 can be obtained by using the Lagrange theorem in order to compute the
number of cactus trees without the labeling and the 1-gons. Then, counting the number of ways to add
the 1-gons and the symbolic labeling leads to the desired result. Combining Equations (1), (4) and (5), we
notice that Theorem 1 is equivalent to the following statement:

Theorem 3 The set of partitioned cacti Cn(p1, p2, . . . , pr) is in bijection with the union of sets of cactus
trees T (a) with a verifying the properties n =

�
t at and

�
t;i/∈t at = pi − δi,1.

According to the symmetry property proved in [1], Theorem 2 is implied by Theorem 1. As a result,
Theorem 2 is also a consequence of Theorem 3.



Résultats	


•  Théorème  :  En  conséquence  nous  avons  le  théorème  suivant  :	


•  Corollaire  :  On  peut  également  montrer  :	
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Long Cycle Factorizations : Bijective
Computation in the General Case

Ekaterina A. Vassilieva1
1Laboratoire d’Informatique de l’Ecole Polytechnique, 91128 Palaiseau Cedex, France

Abstract. This paper is devoted to the computation of the number of ordered factorizations of a long cycle in the
symmetric group where the number of factors is arbitrary and the cycle structure of the factors is given. Jackson
(1988) derived the first closed form expression for the generating series of these numbers using the theory of the
irreducible characters of the symmetric group. Thanks to a direct bijection we compute a similar formula and provide
the first purely combinatorial evaluation of these generating series.
Résumé. Cet article est dédié au calcul du nombre de factorisations d’un long cycle du groupe symétrique pour
lesquels le nombre de facteurs est arbitraire et la structure des cycles des facteurs est donnée. Jackson (1988) a dérivé
la première expression compacte pour les séries génératrices de ces nombres en utilisant la théorie des caractères
irréductibles du groupe symétrique. Grâce à une bijection directe nous démontrons une formule similaire et donnons
ainsi la première évaluation purement combinatoire de ces séries génératrices.

Keywords: Jackson’s formula, factorizations, symmetric group, connection coefficients

1 Introduction
For integer n we note Sn the symmetric group on n elements and γn the permutation in Sn defined by
γn = (12 . . . n). If r is an integer we call strictly increasing subsequence of 1 . . . r any sequence of the
form (i1, i2, . . . iu) where 1 ≤ i1 < i2 < . . . < iu ≤ r. Given such a subsequence t containing i, we
define succt(i) the index following i in t. If no such index exists succt(i) is the first index of the sequence
or i itself if t = (i).
This paper is devoted to the computation of the numbers knp1,p2,...,pr

of factorizations of γn as an ordered
product of permutation α1α2 . . .αr = γn such that for 1 ≤ i ≤ r, αi belongs to Sn and is composed of
exactly pi disjoint cycles. More precisely, we use a direct bijection to show the following formula:

Theorem 1 (Main result)
1

(n− 1)!r−1

�

p1,p2,...,pr

knp1,p2,...,pr

�

1≤i≤r

xpi
i =

�

p1,p2,...,pr

�

a

∆r(a)

�
n

a

� �

1≤i≤r

�
xi

pi

�
(1)

The last sum runs over sequences a = (at) of 2r − 1 non-negative integers at with the index t being any
non empty strictly increasing subsequence of integers of 1 . . . r such that

�

t

at = n,
�

t;l/∈t

at = pl for 2 ≤ l ≤ r,
�

t;1/∈t

at = p1 − 1 (2)
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Furthermore, the multinomial coefficient is defined by
�
n

a

�
=

n!�
t at!

Finally, ∆r(a) is the determinant of the r × r matrix with coefficients mi,j , 1 ≤ i, j ≤ r, where
mi,i = pi (1 ≤ i ≤ r),

mi,i+1 = −pi+1 −
�

j �=i mj,i+1 (1 ≤ i ≤ r − 1),
mr,1 = 1− p1 −

�
j �=r mj,1,

for j �= i+ 1 (modulo r), mi,j = −
�

t;i∈t,succt(j)−j≥j−i+1 at

(the subtractions on indices are modulo r).

Let λ = (λ1,λ2, ...,λp) � n an integer partition of n with �(λ) = p parts sorted in decreasing order.

We note Cλ the conjugacy class of Sn containing the permutations of cycle type λ and mλ(x) and pλ(x)
the monomial and power sum symmetric functions respectively indexed by λ on indeterminate x. Given

r integer partitions λ1,λ2, . . . ,λr
of n, a more refined problem is to compute the numbers knλ1,λ2,...,λr of

ordered factorizations α1α2 . . .αr of γn such that for for 1 ≤ i ≤ r, αi belongs to Cλi . As a corollary of

Theorem 1 we have:

Theorem 2 (Corrolary)

1

(n− 1)!r−1

�

λ1,λ2,...,λr�n

knλ1,λ2,...,λr

�

1≤i≤r

mλi(xi) =
�

λ1,λ2,...,λr�n

�
a ∆r(a)

�n
a

�
�

i

� n−1
�(λi)−1

�
�

1≤i≤r

pλi(xi) (3)

where �(λi) is substituted to pi in the definition of a in (2).

1.1 Background
Despite the attention the problem received over the past twenty years no closed formulas are known for the

coefficients knp1,...,pr
and knλ1,...,λr except for very special cases. Using characters of the symmetric group

and a combinatorial development, Goupil and Schaeffer [4] derived an expression for knλ1,λ2 (r = 2) as a

sum of positive terms. This work has been later generalized by Poulalhon and Schaeffer [8] and Irving [5]

but, as a rule, the formulas obtained are rather complicated. Using the theory of the irreducible characters

of the symmetric group, Jackson [6] computed an elegant expression for the generating series in the LHS

of (1) for arbitrary r and an arbitrary permutation of Sn instead of γn. This later result shows that the

coefficients in the expansion of this generating series in the basis of
�xi

pi

�
can be derived as closed form

formulas but fails to provide a combinatorial interpretation. Schaeffer and Vassilieva in [9], Vassilieva in

[10] and Morales and Vassilieva in [7] provided the first purely bijective computations of the generating

series in (1) and (3) for r = 2, 3. In a recent paper, Bernardi and Morales [1] addressed the problem

of finding a general combinatorial proof of Jackson’s formula for the factorizations of γn. Using an

argument based on several successive bijections and a probabilistic puzzle, they provide a complete proof

for the cases r = 2, 3 and a sketch for r = 4. In the present paper we generalize and put together all

the ideas developed in our previous articles ([9], [10] and [7]) and make them work in the general context

of r-factorizations of γn. We prove theorems (1) and (2) thanks to a direct (single step) bijection. The

combinatorial ingredients we use and the bijection itself are described in sections 2 and 3. Section (4)

proves that the bijection is indeed one-to-one. While (1) is similar to Jackson’s formula in [6], the two

expressions are different. We address their equivalence in section 5.



Preuve  de  la  bijection/Reconstruction	


•  On  part  d’un  arbre  cactus  :	
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Preuve  de  la  bijection/Reconstruction	


•  Initialisation   :   l’indice   1   de   type   1   est   tout   à   gauche   de   la  
racine.	
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Preuve  de  la  bijection/Reconstruction	


•  Deuxième   étape   :   l’indice   1   de   type   4   est   tout   à   gauche   du  
sommet  vert  appartenant  à  l’ensemble  η.	
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Preuve  de  la  bijection/Reconstruction	


•  Troisième   étape   :   l’indice   1   de   type   3   est   tout   à   gauche   du  
sommet  jaune  appartenant  à  l’ensemble  β.	
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Preuve  de  la  bijection/Reconstruction	


•  Quatrième   étape   :   l’indice   1   de   type   2   est   tout   à   gauche   du  
sommet  bleu  appartenant  à  l’ensemble  β.	
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Preuve  de  la  bijection/Reconstruction	


•  Cinquième   étape   :   l’indice   2   de   type   1   est   le   premier   non  
retrouvé  autour  du  sommet  orange  appartenant  au  groupe  η.	
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Preuve  de  la  bijection/Reconstruction	


•  Et  ainsi  de  suite…	
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Preuve  de  la  bijection/Reconstruction	
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Preuve  de  la  bijection/Reconstruction	


•  Et  ainsi  de  suite…	
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Preuve  de  la  bijection/Reconstruction	


•  La  constellation  partitionnée  est  reconstruite!	
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Formule  de  Jackson	


•  La  formule  de  Jackson  peut  se  réécrire  :	


	

	


	
 	
 	
            avec  :	
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(ii) If v is the root, then an additional difficulty occurs as 1-color label 1 is recovered out of the main
procedure. However for any vertex u of color j + 1 in the cactus tree, the rightmost polygon
connecting it to a vertex w of color j is obviously the last one to be recovered. The symbolic
label of this polygon naturally links u and w. As a result, all the j-color labels of w are recovered
necessarily after all the j + 1 - labels are recovered around u. This extends to all the children of w
and the vertex of color j +1 in the rightmost polygon of w if any. Since v is the root all the 1-color
labels of v are recovered necessarily after all the labels of all the other vertices in the cactus tree are
recovered. Finally the procedure ends in the proper way.

5 Equivalence of the main theorem and Jackson’s formula

A natural question is the equivalence between the formula of Theorem 1 and Jackson’s formula of [6]
addressing the factorizations of γn. The result of Jackson for the factorizations of the long cycle can be
stated as follows:

1

(n!)r−1

�

p1,p2,...,pr

knp1,p2,...,pr

�

1≤i≤r

xpi
i = φ




�

1≤i≤r

xi




�

1≤i≤r

(1 + xi)−
�

1≤i≤r

(xi)




n−1



 (6)

where φ is the mapping defined by φ(
�

i x
pi
i ) =

�
i

�xi

pi

�
and extended linearly. One can show that this

formula is equivalent to:

1

(n!)r−1

�

p1,p2,...,pr

knp1,p2,...,pr

�

1≤i≤r

xpi
i =

�

p1,p2,...,pr

�

a

�
n− 1

a

� �

1≤i≤r

�
xi

pi

�
(7)

where the sequences a = (at) of 2r − 1 non-negative integers (at) satisfy
�

t at = n− 1,
�

t;l∈t at =
pl − 1 for 1 ≤ l ≤ r.
For r = 2 the equivalence is obvious as in Equation (1) the only sequence a fitting the conditions is
a1 = p2, a2 = p1 − 1, a1,2 = n+1− p1 − p2 and ∆2(a) = p2 in this case. The summand for indices p1
and p2 in our formula reads

(n− 1)! p2

�
n

p1 − 1, p2

�
= n!

�
n− 1

p1 − 1, p2 − 1

�
(8)

This shows that the two results are identical in this case.
For r = 3, the determinant is ∆3(a) = p2p3 − a3(p3 − a1). For given p1, p2 and p3 the equivalence
between the two formulas can be shown in two steps. First we have:
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| Cn(p1, p2, . . . , pr) | =
�

�
t at=n�
t;i/∈t at=pi−δ1i

| C(a) |

| C(a) |=| T (a) |

1



Formule  de  Jackson	


•  Nous  avons  donc	


	

	


	

	


| Cn(p1, p2, . . . , pr) | =
�

�
t at=n�
t;i/∈t at=pi−δ1i

| C(a) |

| C(a) |=| T (a) |

�
�

t at=n�
t;i/∈t at=pi−δ1i

∆r(a)

�
n

a

�
=

�
�

t at=n−1�
t;i/∈t at=pi−1

nr−1

�
n− 1

a

�

1



Formule  de  Jackson	


•  Ce  qui  s’écrit  pour  r=2  :  	


	

	


	

	


| Cn(p1, p2, . . . , pr) | =
�

�
t at=n�
t;i/∈t at=pi−δ1i

| C(a) |

| C(a) |=| T (a) |

�
�

t at=n�
t;i/∈t at=pi−δ1i

∆r(a)

�
n

a

�
=

�
�

t at=n−1�
t;i/∈t at=pi−1

nr−1

�
n− 1

a

�

p2

�
n

p1 − 1, p2

�
= n

�
n− 1

p1 − 1, p2 − 1

�

1



Formule  de  Jackson	


•  Ce  qui  s’écrit  pour  r=3  :  	
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(p2p3 − a3(p3 − a1))

�
n

a1, a2, a3, p1 − 1− a2 − a3, p2 − a3 − a1, p3 − a1 − a2

�

= ((p2 − a3 − a1)(p3 − a2 − a1) + a1(p2 + p3 − a1) + a2(p2 − a3 − a1))

×
�

n

a1, a2, a3, p1 − 1− a2 − a3, p2 − a3 − a1, p3 − a1 − a2

�

= n(n+ 2 + a1 + a2 + a3 − p1 − p2 − p3)

×
�

n− 1

a1, a2, a3, p1 − 1− a2 − a3, p2 − 1− a3 − a1, p3 − 1− a1 − a2

�

+ n(p1 − a3 − a2)

�
n− 1

a1, a2 − 1, a3, p1 − a2 − a3, p2 − 1− a3 − a1, p3 − a1 − a2

�

+ n(p2 + p3 − a1)

�
n− 1

a1 − 1, a2, a3, p1 − 1− a2 − a3, p2 − a3 − a1, p3 − a1 − a2

�

Then summing over a1, a2, a3 with the proper shifts of variable to get the same multinomial coefficient
brings us to

(n− 1)!2
�

a1,a2,a3

(p2p3 − a3(p3 − a1))

�
n

a1, a2, a3, p1 − 1− a2 − a3, p2 − a3 − a1, p3 − a1 − a2

�

= n!2
�

a1,a2,a3

�
n− 1

a1, a2, a3, p1 − 1− a2 − a3, p2 − 1− a3 − a1, p3 − 1− a1 − a2

�

that proves the equivalence of the two formulas also in the case r = 3.
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