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» This is a follow up of [DMR25] with Tanguy Medevielle and Elina Roussel.

» There is an error in [DMR25, DL25]...
we can fix it...
but slightly worsening complexity.
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Motivation: Code-based SNARKs
> Error correcting codes

Folding Reed-Solomon codewords
Successive foldings
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Motivation: Code-based SNARKs
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Az
SNARK means Prover / \ Verifier
» Succinct
» Non-interactive . . . .
Arithmetizes A Arithmetizes A
» ARgument of
» Knowledge Yy
Executes A(x) ;
Goal: P convices V that Ml
trace
y = A(x)
Interactive Oracle Proximity Tests

Interactive Oracle Proofs of Proximity Codes on any Cayley Graph have an IOPP H. Delavenne, L. Lallemand



Error correcting codes

An error correcting code C is a linear subspace of FV with a distance.
Consider a support £, |[£| = N.ViewC C {f : L — F}.

_m Relative Hamming distance |

Let f,g: L — F.

A(f.9) = Iz € L] f(@) # (@)
_m Reed-Solomon code |

Let LCF, |£]=N,and K < |L|.

RSIN,K]:={f:L—F|feF X<k}
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Folding Reed-Solomon codewords
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Idea: Reduce testing C := RS[|Ly|, K| to C’" := RS[|L+]|, K /2] using
fX) = feven(Xz) + Xfodd(X2)-

_m Folding operator [BBHR18] |

Let f: Lo — Fand a € F. Let £; := {2? | 2, —x € Lo}.

Fold[f,a](X?) = feven(X%) + afodd(X?)
X)+f(=X X)—f(=X
% + a%

Locality: ¥V computes Fold[f, a](z?) with 2 queries to f
Completeness: If f € C then Fold[f, a] € C’ for all o
Soundness: If A(f,C) > 6 then A(Fold[f, «],C") > é w.h.p. over «

[BBHR18] Eli Ben-Sasson, Iddo Bentov, Yinon Horesh, and Mlchael Riabzev. Fast Reed-Solomon Interactive Oracle Proofs of Proximity.
In 45th inter coll i on and progr ing (ICALP 2018). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik, 2018
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Successive foldings
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P performs successive foldings on /
2 2
Liv1:={2?|z,—x € L;} £1 SN S
Lo ¥4

Field restriction:
Lo must have k™ roots of unity

— F extension of F,, with p = 264 — 232 1

Elog k |:|

[BBHR18] Eli Ben-Sasson, Iddo Bentov, Yinon Horesh, and Mlchael Riabzev. Fast Reed-Solomon Interactive Oracle Proofs of Proximity.
In 45th inter i coll i on and progr ing (ICALP 2018). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik, 2018
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Codes on graphs

> Regular Indexed Multigraphs (RIM)
> Words and codes on graphs



Regular Indexed Multigraphs (RIM)
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I'=(V,E)is a n-RIM:

» Multigraph: multiple edges and loops
» Regular: same number n of edges

» Indexed: edgeis (v,¢) € V x [n]
Write E(v, £) € V the neighbor of v by ¢

Denote £ =V x [n]/ ~r set of edges
where (v,£) ~r (', €') if E(v,£) =v and E(v',¢) =v
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Words and codes on graphs

P
PS8 ST
Rl
O gﬁ % L NTS)
NS T
AU
LI\ v
P

X
SR
%)

Word f: L - FonagraphT

Codes on graphs

I:Eﬁm Code C[T, k] |

GivenT a n-RIM and k£ < n,

feCl k] < Yo, f(v,-) € RS[n, k]

TR

For v = 0, being a codeword requires
(co, bo, go, 70, g8, bo, c11) € RS[7, K].
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> Folding graphs
) > Disjoint flowering example
Folding graphs = Non disjoint flowering example



Folding graphs
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Folding graphs
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» Choose subsets of vertices Vy,...,V,, CV
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Folding graphs
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> Choose subsets of vertices Vg, ...,V,, CV

» Cut outgoing edges
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Folding graphs
b y 17

> Choose subsets of vertices Vg, ...,V,, CV
> Cut outgoing edges

» Turn floating edges into petals
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In 2025 IEEE International Symposium on Information Theory (ISIT), 2025
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Folding graphs
b y 17

> Choose subsets of vertices Vg, ...,V,, CV
> Cut outgoing edges
> Turn floating edges into petals

» Make sure cuts are isomorphic
Define the Fold for f : L - F,a € F

m—1

Fold[f,a](v,£) :== 3 o' f(p; L (v), £)

=0
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Folding graphs
b y 17

> Choose subsets of vertices Vg, ...,V,, CV
> Cut outgoing edges
> Turn floating edges into petals

> Make sure cuts are isomorphic
Define the Fold for f : L - F,a € F
53 o i ::nf(—l)‘“jf °¥j
Fold[f,a] == »_ ' fir i

j=0
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Disjoint flowering example

The flower!
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Non disjoint flowering example
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The flower!
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> Cayley graphs
> Expander graphs
> Cutting Cayley graphs

Cayley graphs



Caxle; graphs
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Let (G,-) and S C G such that With G = (F3,+) and S = {100, 010,001,111},
> |S|=n (arity)
> G=(S5) (connected)
» S~ CS. (non-oriented)

Define Cay(G, S) = (V, E) by
> V=G
> E(g,s) =g-s.

[Cay78] Arthur Cayley. Desiderata and Suggestions: No. 2. The Theory of Groups: Graphical Representation.
American Journal of Mathematics, 1(2):174-176, 1878
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Expander graphs
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Graph expansion ¢ € [0, 1] gives connectivity, random walk convergence, etc

_m LPS Ramanujan graphs [LPS88] |

Let n — 1 # ¢ be primes such that n —1,¢g =1 mod 4. We can construct G,, 4, Sy 4
» G, g =PGLy(F,) or PSLy(F;) and |S,q =n
» Cay(Gr 4, Sn,q) is optimal expander, with ¢(¢) constant

| Lemma [XS5] Ey (sariol |

Let T be e-expander and ¢ := 1 — % The diameter of LPS graphs is

A 3 1
C[T', k] has minimum distance > §(6 — ¢) < (4/3) -log, (q) < 5 log N

[LPS88] Alexander Lubotzky, Ralph Phillips, and Peter Sarnak. Ramanujan graphs.
Combinatorica, 8(3):261-277, 1988

[AC88] Noga Alon and Fan Chung. Explicit construction of linear sized tolerant networks.
Discrete Mathematics, 72(1-3):15-19, 1988

[Sar19] Naser T Sardari. Diameter of Ramanujan graphs and random Cayley graphs.

Combinatorica, 39(2):427-446, 2019
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Cutting Cayley graphs
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diam(T")

If G = ({s1,...,sn}) then G = ,:1 sy s (s* = s forany j € 2)

Assume S = {b,b"',r} and G = (S) is

G = {b*'r*b*r*b*r*b*}

[DL25] Hugo Delavenne and Louise Lallemand. Codes on any Cayley Graph have an Interactive Oracle Proof of Proximity, 2025.
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Cutting Cayley graphs

diam(T")

If G = ({s1,...,sn}) then G = { ,:1 CHERE s*} (s* = s forany j € 2)

Assume S = {b,b"',r} and G = (S) is
G = {b*'r*b*r*b*r*b*}

First cuts are:
> Vo—1={b"1 r*b*r*b*r*b*}
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Cutting Cayley graphs

i=1

diam(T")
If G = ({s1,...,sn}) then G = { . S’{...S*}

(s* = 57 forany j € Z)

Assume S = {b,b"',r} and G = (S) is
G = {b*'r*b*r*b*r*b*}

First cuts are:

> Vo1 = {b"t r*b*r*b*r*b*}
> Vo1 = {b' r*b*r*b*r*b*}

[DL25] Hugo Delavenne and Louise Lallemand. Codes on any Cayley Graph have an Interactive Oracle Proof of Proximity, 2025.
This work
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Cutting Cayley graphs

- (s* = 57 forany j € Z)
1=

diam(T")
If G = ({s1,...,sn}) then G = { . 5’{...3*}
Assume S = {b7 b_l,’l"} and G _ <S> |S
G ={b"r"b"r"b"r"b"}
First cuts are:
> Vo,—1 = {b"t r*b* r*b*r*b*}

> Vo1 = {b" - r*b*r*b*r*b*}
> Voo = {b° r*b*r*b*r*b*}

[DL25] Hugo Delavenne and Louise Lallemand. Codes on any Cayley Graph have an Interactive Oracle Proof of Proximity, 2025.
This work
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Cutting Caxlex graphs

diam(T")

If G = ({s1,...,sn}) then G = ,:1 S-Sy (s* = s forany j € 2)

Assume S = {b,b"',r} and G = (S) is
G = {b*'r*b*r*b*r*b*}

First cuts are:

> Vo—1={b"1 r*b*r*b*r*b*}

> Vo1 = {b" - r*b*r*b*r*b*}

> Voo = {b° r*b*r*b*r*b*}
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Cutting Caxlex graphs

diam(T")
If G = ({s1,...,sn}) then G = { . S’{...S*}

(s* = 57 forany j € Z)

i=1 "
Assume S = {b,b"',r} and G = (S) is
G = {b*'r*b*r*b*r*b*}
First cuts are:
> Vo1 = {b"t r*b*r*b*r*b*}

> Vo1 = {b" - r*b*r*b*r*b*} .
1
> Voo = {80 r*b*r b rb*} b

Second cuts are:
> Vii={b"r! b r b r b’}
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Cutting Cayley graphs
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diam(T")
If G = ({s1,...,sn}) then G = { * sy s*} (s = ¢’ forany j € Z)

i=1 "

Assume S = {b,b"',r} and G = (S) is

G = {b*'r*b*r*b*r*b*}
First cuts are:
> Vo—1={b"1 r*b*r*b*r*b*}
> Vo1 = {b" - r*b*r*b*r*b*}
> Voo = {b° r*b*r*b*r*b*}
Second cuts are:
> Via = {b%1 . b*r*b*r*b*}
> Vio = {60 b*r*b*r*b*}
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Cutting Cayley graphs
b!’ y 17

diam(T")
If G = ({s1,...,sn}) then G = { * sy s*} (s = ¢’ forany j € Z)

i=1 "

Assume S = {b,b"',r} and G = (S) is

G = {b*'r*b*r*b*r*b*}
First cuts are:
> Vo—1={b"1 r*b*r*b*r*b*}
> Vo1 = {b" - r*b*r*b*r*b*}
> Voo = {b° r*b*r*b*r*b*}
Second cuts are:
> Via = {b%1 . b*r*b*r*b*}
> Vi = {b%0 - b*r*b*r*b*}
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> FRI and Flowering protocols
> FRI and Flowering complexity comparison

Flowering protocol



FRI and Flowering protocols

15 17
f() : £0 —F
. ey L .
' 4 0‘0<£1F v | : fL‘o(i,Co,ml ::]3% '
e > ! ! .
| fliLioF | fil@a) = Fold(fo.an)(@1) |
: (f1 = Fold[fo, @] ) v o\
| ! ! '8 1
1 : ! g'_ 1
! 1 & F C Ty =], :
e > ! 1 :
. frily > F C o fe(®e) £ Fold[fyo, ara(@e) |
: (fr = F0|d[fr,1,oz7q,ﬂ) 1 : ? I
: o fr € RS[L,, K /2] |
'(1) commit phase Vo (2) query phase !

[BBHR18] Eli Ben-Sasson, Iddo Bentov, Yinon Horesh, and Mlchael Riabzev. Fast Reed-Solomon Interactive Oracle Proofs of Proximity.
In 45th inter i Il i on and progr ing (ICALP 2018). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik, 2018
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FRI and Flowering protocols
15 17

fo:ﬁo—)F

(fr = F0|d[fr,1,ozr,1})

N

(1) commit phase

[BBHR18] Eli Ben-Sasson, Iddo Bentov, Yinon Horesh, and Mlchael Riabzev. Fast Reed-Solomon Interactive Oracle Proofs of Proximity.
In 45th inter i Il i on and progr ing (ICALP 2018). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik, 2018
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FRI and Flowering complexitx comparison

To test §-proximity to a code [IV> 220 K> 218 D] with A bits of security, with

01 ::min(é,l—\/m) 02 :zmin(&,l—M)

Protocol Flowering BaseFold | FRI \ STIR
Encoding | O(N) (hopefully) O(Nlog N)

Prover O(nNlogN) O(N)

Verifier O(n?3log® N) O(%log2 N) O(%log2 N) Os, (A2 + Mloglog K) log N)
Field size Q(2*N3) Q(2AN32 /K1) QA2NK2N3-9)
Structure Any field |F| — 1 smooth 2Moe KT | |F| — 1

[DL25] Hugo Delavenne and Louise Lallemand. Codes on any Cayley Graph have an Interactive Oracle Proof of Proximity, 2025.
This work
[ZCF24] Hadas Zeilberger, Binyi Chen, and Ben Fisch. BaseFold: Efficient Field-Agnostic Polynomial Commitment Schemes from Foldable Codes.
In Annual i Cryptology Ce pages 138-169. Springer, 2024

[BCI+23] Eli Ben-Sasson, Dan Carmon, Yuval Ishai, Swastik Kopparty, and Shubhangi Saraf. Proximity Gaps for Reed-Solomon Codes.
J. ACM, 70(5), October 2023

[ACFY24] Gal Arnon, Alessandro Chiesa, Giacomo Fenzi, and Eylon Yogev. STIR: Reed-Solomon Proximity Testing with Fewer Queries.
In Annual i Cryptology Ce pages 380-413. Springer, 2024
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> Conclusion




Conclusion
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Not (yet?) competitive J

> STIR has better complexity
= BaseFold has better complexity without field restriction
= Need to improve cuts and encoding!

Applications requiring graphs J

> Verifiable Secret Sharing
> Other distributed protocols?

Thank you!

Conclusion Codes on any Cayley Graph have an IOPP H. Delavenne, L. Lallemand
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