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General Information

Webpage: http://www.lix.polytechnique.fr/~dambrosio/
teaching/STOR-i/stor-i_2019.php

@ Lecture 1: 09:00-12:00, Thursday 21st February: introduction,
applications, methods for convex MINLPs

@ Lecture 2: 15:30-17:30, Thursday 21st February: methods for
nonconvex MINLPs

@ Lecture 3: 09:00-11:00, Friday 22nd February: practical session
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ﬁ Motivating Applications

9 Mathematical Programming Formulations
e Complexity

@ Reformulations and Relaxations

© What s a convex MINLP?

@ Convex MINLP Algorithms

@ Branch-and-Bound
Outer-Approximation
@ Generalized Benders Decomposition
@ Extended Cutting Plane
@ LP/NLP-based Branch-and-Bound
Hybrid Algorithms

ﬂ Convex functions and properties
@ Practical Tools
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ﬁ Motivating Applications
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Subset selection in
Linear Regression
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Subset selection in Linear Regression

m data points (x;, y;) with x; € R? and y; € R.

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 6/62



Subset selection in Linear Regression

m data points (x;, y;) with x; € R? and y; € R.

Find 8 € RY such that ";(y; — x7 8)? is minimized while limiting the
cardinality of g to K.
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Subset selection in Linear Regression

m data points (x;, y;) with x; € R? and y; € R.

Find 8 € RY such that }";(y; — x 8)? is minimized while limiting the
cardinality of 5 to K.

mﬁin S i—D> x8)°
i J

Isupp(B)| < K

D. Bertsimas, R. Shioda. Algorithm for cardinality-constrained
quadratic optimization, Computational Optimization and
Applications, 43 (1), pp. 1-22, 2009.
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Subset selection in Linear Regression

i L 12.)2
rg}? i(}// zj:xljﬁj)

ZZ,‘SK

j<d
Bizi<Bi< Bz vj<d
Zj € {0,1} vj<d
D. Bertsimas, R. Shioda. Algorithm for cardinality-constrained

quadratic optimization, Computational Optimization and
Applications, 43 (1), pp. 1-22, 2009.
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Robust Portfolio Selection
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Robust Portfolio Selection

@ n possibly risky assets
@ mean return vector z € R”
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Robust Portfolio Selection

@ n possibly risky assets

@ mean return vector z € R”

@ x € R’ : fraction of the porftolio value invested in each of the n
assets
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Robust Portfolio Selection

@ n possibly risky assets
@ mean return vector z € R”

@ x € R’ : fraction of the porftolio value invested in each of the n

assets
min xTLx
X
eTx
X

v

>

R
1
0

where ¥ € R™" is the covariance return matrix, R > 0 is the minimum
portfolio return, e € R" is the all-one vector.
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Robust Portfolio Selection

@ n possibly risky assets

@ mean return vector z € R”

@ x € R’ : fraction of the porftolio value invested in each of the n
assets

min xTLx
' x R
e'x = 1
x > 0

v

where ¥ € R™" is the covariance return matrix, R > 0 is the minimum
portfolio return, e € R" is the all-one vector.

H. Markowitz, Portfolio Selection, The Journal of Finance, 7 (1), pp.
77-91, 1952.

L. Mencarelli, C. D’Ambrosio. Complex Portfolio Selection via Convex
Mixed-Integer Quadratic Programming: A Survey, International
Transactions in Operational Research 26, pp. 389-414, 2019.
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Support vector machines
with the ramp loss
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Support vector machines with the ramp loss

Q set of objects, (x;, ;) Vi € Qwhere x; € X CR%and y; € {1, +1}.
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Support vector machines with the ramp loss

Q set of objects, (x;, ;) Vi € Qwhere x; € X CR%and y; € {1, +1}.
Aim: classify new objects by means of a hyperplane wTx + b = 0.
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Support vector machines with the ramp loss

Q set of objects, (x;, ;) Vi € Qwhere x; € X CR%and y; € {1, +1}.
Aim: classify new objects by means of a hyperplane wTx + b = 0.
@ Penalize objects outside the margin: cost = 2
@ Penalize objects within the margin (wTx + b € [-1,+1]): costin
[0,2]
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Support vector machines with the ramp loss

Q set of objects, (x;,y;) Vi € Qwhere x; ¢ X CRYand y; € {—1,+1}.
Aim: classify new objects by means of a hyperplane wTx + b = 0.
How to find w and b? Solve the following optimization problem:

min 1iw2+c(i§-+2iz->

w’b’g’zzj:1 Ton\GS I i—1 I
Yiw'xi+b)>1—-¢&—Mz; Yi=1,....n
0<¢<2 Vi=1,...,n

ze{0,1}"

w € RY

beR

where ¢ is the vector of deviation/penalty variables, z are binary

variables identifying misclassification, and C is the tradeoff parameter.
If z; = 1 object i is misclassified out of the margin.

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 11/62



Support vector machines with the ramp loss

-+ -2 0 2 4 {] 8

D. Liu, Y. Shi, Y. Tian, X. Huang. Ramp loss least squares support vector machine.
Journal of Computational Science, 14, pp. 61-68, 2016.

P. Belotti, P. Bonami, M. Fischetti, A. Lodi, M. Monaci, A. Nogales-Gémez, D.
Salvagnin. On handling indicator constraints in mixed integer programming.
Computational Optimization and Applications: 65(3), pp. 545-566, 2016.
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Pooling Problem
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Pooling Problem

Inputs /' Pools L  Outputs J

?\\/=
AN

@ NodesN=/ULUJ

@ Arcs A
(I,j)e (IxL)yU(LxJ)Uu(lIxJ)
on which materials flow

@ Arc capacities: uj, (i,j) € A
@ Node capacities: Cj, i e N
@ Attribute requirements

i keK,jed
@ Material attributes: K A J
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Pooling Problem: Motivation

@ refinery processes in the petroleum industry
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Pooling Problem: Motivation

@ refinery processes in the petroleum industry

@ different specifications: e.g., sulphur/carbon concentrations or
physical properties such as density, octane number, ...
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Pooling Problem: Motivation

@ refinery processes in the petroleum industry

@ different specifications: e.g., sulphur/carbon concentrations or
physical properties such as density, octane number, ...

@ wastewater treatment, e.g., Karuppiah and Grossmann (2006)

@ Formally introduced by Haverly (1978)
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Pooling Problem: Motivation

@ refinery processes in the petroleum industry

@ different specifications: e.g., sulphur/carbon concentrations or
physical properties such as density, octane number, ...

@ wastewater treatment, e.g., Karuppiah and Grossmann (2006)

@ Formally introduced by Haverly (1978)
@ Alfaki and Haugland (2012) formally proved it is strongly NP-hard
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Pooling problem: Citations

@ Haverly, Studies of the behaviour of recursion for the pooling
problem, ACM SIGMAP Bulletin, 1978

@ Adhya, Tawarmalani, Sahinidis, A Lagrangian approach to the
pooling problem, Ind. Eng. Chem., 1999

@ Audet et al., Pooling Problem: Alternate Formulations and
Solution Methods, Manag. Sci., 2004

@ Liberti, Pantelides, An exact reformulation algorithm for large
nonconvex NLPs involving bilinear terms, JOGO, 2006

@ Misener, Floudas, Advances for the pooling problem: modeling,
global optimization, and computational studies,
Appl. Comput. Math., 2009

@ D’Ambrosio, Linderoth, Luedtke, Valid inequalities for the pooling
problem with binary variables, IPCO, 2011

@ Tawarmalani and Sahinidis. Convexification and global
optimization in continuous and mixed-integer nonlinear
programming: theory, algorithms, software, and applications, Ch.
9. Kluwer Academic Publishers, 2002.
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9 Mathematical Programming Formulations

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 17 /62



Mathematical Programming

(MINLP)

min f(x, y)
gilx,y) < 0 Vi=1,....m
xeX
yeyY

where f(x,y) :R" = R, gi(x,y) :R" - RVi=1,...,m X CR™
Y CN™®and n=ny + no.
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Mathematical Programming

(MINLP)

min f(x, y)
gilx,y) < 0 Vi=1,....m
xeX
yeyY

where f(x,y) :R" = R, gi(x,y) :R" - RVi=1,...,m X CR™
Y CN™®and n=ny + no.

Hypothesis: f and g are twice continuously differentiable functions.
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Main optimization problem classes

=
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BQP
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hing
MBQP
s0CP
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. pooling
LP BLP
cNLP
@ MILP
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g NLP
E
= ¢MINLP
g
MINLP
blackbox
linear nonlinear
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e Complexity
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Complexity

Theorem [Jeroslow, 1973]

The problem of minimizing a linear form over quadratic constraints in
integer variables is not computable by a recursive function.

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 21/62



Complexity

Theorem [Jeroslow, 1973]
The problem of minimizing a linear form over quadratic constraints in
integer variables is not computable by a recursive function.

Theorem [De Loera et al., 2006]

The problem of minimizing a linear function over polynomial
constraints in at most 10 integer variables is not computable by a
recursive function.
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Complexity

Theorem [Jeroslow, 1973]
The problem of minimizing a linear form over quadratic constraints in
integer variables is not computable by a recursive function.

Theorem [De Loera et al., 2006]

The problem of minimizing a linear function over polynomial
constraints in at most 10 integer variables is not computable by a
recursive function.

Solvable if we add

° ijngngUVj:L...,m and
° ijgngyj.UVj:L...,ng
to (MINLP).
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@ Reformulations and Relaxations
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Exact reformulations

(MINLP?)
min h(w, z) (1)
pilw,z) < 0 Vi=1,...,r (2)
we W 3)
zeZ (4)

where h(w,z) : RY9 - R, pj(w,z) :RI = RVi=1,...,r, W CR%,
Z CN%andqg=q+ Q.
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Exact reformulations

(MINLP’)
min h(w, z) (1)
pi(w,z) < 0 Vi=1,...r 2)
we W 3)
zeZ (4)

where h(w,z) : R - R, pi(w,z) : RI - RVi=1,...,r, W CR%,
ZCN%2andqg=qg+ Q.
The formulation (MINLP’) is an exact reformulation of (MINLP) if
e vV(w', Z') satisfying (2)-(4), 3(x’, y’) feasible solution of (MINLP) s.t.
¢(W/7 zl) = (X,’ y,)
@ ¢ is efficiently computable
@ V(w', Z') global solution of (MINLP’), then ¢(w’, Z') is a global
solution of (MINLP)
@ V(x', y') global solution of (MINLP), there is a (w’, Z) global
solution of (MINLP’)
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Exact reformulations

(MINLP’)
min h(w, z) (1)
pi(w,z) < 0 Vi=1,...,r (2)
we W 3)
zeZ 4)

where h(w,z) : R - R, pi(w,z) :RI - RVi=1,...,r, W C R,
Z CN%2andq=qg+ Q.
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Exact reformulations: example 1

min y§ + 3
10y +3y, < 11
yi € {0,1}
y> € {0,1}
is equivalent to
min wy + ws
miny: + yz wi(=y5) =
10y1 +5y2 < 11 or wa(=y5) = ye
yi € {0,1} 10y; + 5y, < 11
yo € {0,1} »n € {0,1}
Yo € {0,1}
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Exact reformulations: example 2

Xy when y is binary
@ If 3 bilinear term xy where x € [0,1], y € {0,1}

@ We can construct an exact reformulation:
e Replace each term xy by an added variable w

e Adjoin Fortet’s reformulation constraints:
0
X+y—1
X

y

T X % %
ININ IV IV

o Get a MILP reformulation
e Solve reformulation using CPLEX: more effective than solving
MINLP
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“Proof”

0.8
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w > 0

w > x+y—1

w < X

w < y
y =0 y =1
w > 0 w > 0
w > x-—1 w > X
w < 0 w < 1
w < w < X
w=0 W=Xx
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Relaxations

(rMINLP)

where XCW CRN, YCZCZ%2,q1>n, Q> no, f(w,2) <f(x,y)
V(x,y) € (w, z), and
{(x.9)|g(x. y) < 0} C Proj, , {(w, 2)|g(w, 2) < 0}.
Examples:
@ continuous relaxation: when (w,z) e R", W=X,Z =Y,
f(va) = f(va)’ g(x,y) = g(X’ )
@ linear relaxation: whenqg=n, W= X, Z =Y, f(w, z) and g(w, 2)
are linear
@ convex relaxation: wheng=n, W=X,Z =Y, f(w, z) and
g(w, z) are convex
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Relaxations: example

X1Xo when xq, xo continuous
@ Get bilinear term x;x, where x; € [xF, x”], xo € [x}, xY]
@ We can construct a relaxation:

o Replace each term xqx2 by an added variable w
e Adjoin following constraints:

xbxo + xYxy — xbx

wo > xbxp 4+ xbxqg — xbxb
w > xYx +xIx — xUxy
w < xYxo + xbxy — xPxt
w <

@ These are called McCormick’s envelopes
@ Get an LP relaxation (solvable in polynomial time)
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References & Software
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pp. 251-259, 1960.
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(eds.), Foundations of Comput. Intel., 2009

ROSE (https://projects.coin-or.org/ROSE)
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© What s a convex MINLP?
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What is a convex MINLP?

Convex Mixed Integer NonLinear Programming (MINLP).

min f(x, y)
a(x, ) <0
e X={x|xeR™ Dx<dxt<x<xY}
y € Y={ylyez™ Ay<ay-<y<yY}

with f(x,y) : RM*T"% — R and g(x, y) : Rm*™™ — R™ are
* continuous
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a(x, ) <0
e X={x|xeR™ Dx<dxt<x<xY}
y € Y={ylyez™ Ay<ay-<y<yY}
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What is a convex MINLP?

Convex Mixed Integer NonLinear Programming (MINLP).

min f(x, y)
a(x, ) <0
e X={x|xeR™ Dx<dxt<x<xY}
y € Y={ylyez™ Ay<ay-<y<yY}

with f(x,y) : RM*T"% — R and g(x, y) : Rm*™™ — R™ are
* continuous
* twice differentiable
* convex

functions.
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What is a convex MINLP?

Convex Mixed Integer NonLinear Programming (MINLP).

min f(x, y)
a(x, ) <0
e X={x|xeR™ Dx<dxt<x<xY}
y € Y={ylyez™ Ay<ay-<y<yY}

with f(x,y) : RM*T"% — R and g(x, y) : Rm*™™ — R™ are
* continuous
* twice differentiable
* convex
functions.
@ Local optima are also global optima .
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“Basic” subproblems
we can solve “well”
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NLP relaxation

gx,y) < 0
x € X
y € {ylAr<a}
yi < af je{1,2,...,m}
y, > Bf je{1,2,....,m}

k: current step of a Branch-and-Bound procedure;
o current lower bound on y (o > yb);
B current upper bound on y (3% < yY).
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NLP restriction and Feasibility subproblem

NLP restriction for a fixed y*:
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NLP restriction and Feasibility subproblem

NLP restriction for a fixed y*:

Feasibility subproblem for a fixed y*:

min u
gy < u
e X
u € R,.
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MILP relaxation

min -y
x — xk
f(xk,yk)+Vf(xk,yk)T<y_yk> < v Yk
vk K _ ok
gi(x*, y*) + vgi(x*, y) ( > < 0 VkViel
x € X
y € Y.

where /K C {1,2,..., m}.
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MILP relaxation

min -y
x — xk
f(xk,yk)+Vf(xk,yk)T<y_yk> < vy Vk
vk Kk vk T x — xk .k
gi(x*, y*) + Vagi(x“, y") yoyk) =0 vk Viel
x € X
y €Y.

where /K C {1,2,..., m}. Two “classical” choices:
o F={1,2,....m
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MILP relaxation

min -y
x — xk
f(xk,yk)+Vf(xk,yk)T<y_yk> < vy Vk
vk Kk vk T x — xk .k
gi(x*, y*) + Vagi(x“, y") yoyk) =0 vk Viel
x € X
y €Y.

where /K C {1,2,..., m}. Two “classical’ choices:
o F={1,2,...,m}
o [K={ilg(x*y¥)>01<i<m}
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@ Convex MINLP Algorithms
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Convex MINLP Algorithms

@ Branch-and-Bound (BB).
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@ Outer-Approximation (OA).
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Convex MINLP Algorithms

@ Branch-and-Bound (BB).

@ Outer-Approximation (OA).

@ Generalized Benders Decomposition (GBD).
@ Extended Cutting Plane (ECP).

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 39/62



Convex MINLP Algorithms

@ Branch-and-Bound (BB).

@ Outer-Approximation (OA).

@ Generalized Benders Decomposition (GBD).
@ Extended Cutting Plane (ECP).

@ LP/NLP-based Branch-and-Bound (QG).
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Convex MINLP Algorithms

@ Branch-and-Bound (BB).

@ Outer-Approximation (OA).

@ Generalized Benders Decomposition (GBD).
@ Extended Cutting Plane (ECP).

@ LP/NLP-based Branch-and-Bound (QG).

@ Hybrid Algorithms (Hyb).
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Branch-and-Bound (BB)
Gupta and Ravindran, 1985. Link BB for MILPs.
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Branch-and-Bound (BB)

Gupta and Ravindran, 1985. Link BB for MILPs.
1: f* = 400, M= {PO}, LB(P®) = —oco where P° = NLP relaxation.
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Branch-and-Bound (BB)

Gupta and Ravindran, 1985. Link BB for MILPs.

1: f* = 400, M= {PO}, LB(P®) = —oco where P° = NLP relaxation.
2: while M # 0 do
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Branch-and-Bound (BB)

Gupta and Ravindran, 1985. Link BB for MILPs.

1: f* = 400, M= {PO}, LB(P®) = —oco where P° = NLP relaxation.
2: while M # 0 do

3:

Choose the current subproblem P € M, M = N\ {P}.
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Branch-and-Bound (BB)

Gupta and Ravindran, 1985. Link BB for MILPs.

1: f* = 400, M= {PO}, LB(P®) = —oco where P° = NLP relaxation.
2: while M # 0 do

3:  Choose the current subproblem P € M, M =M\ {P}.
4:  Solve P obtaining (X, y).
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Branch-and-Bound (BB)

Gupta and Ravindran, 1985. Link BB for MILPs.

1: f* = 400, M= {PO}, LB(P®) = —oco where P° = NLP relaxation.
2: while M # 0 do
Choose the current subproblem P € M, M = N\ {P}.
Solve P obtaining (X, ).
if P infeasible v f(x, y) > f* then
break
end if

Noahkw
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Branch-and-Bound (BB)

Gupta and Ravindran, 1985. Link BB for MILPs.

1: f* = 400, M= {PO}, LB(P®) = —oco where P° = NLP relaxation.
2: while M # 0 do
Choose the current subproblem P € M, M = N\ {P}.
Solve P obtaining (X, ).
if P infeasible v f(x, y) > f* then
break
end if
if y € Z" then

NGO R
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Branch-and-Bound (BB)

Gupta and Ravindran, 1985. Link BB for MILPs.

1: f* = 400, M= {PO}, LB(P®) = —oco where P° = NLP relaxation.
2: while M # 0 do
Choose the current subproblem P € M, M = N\ {P}.
Solve P obtaining (X, ).
if P infeasible v f(x, y) > f* then
break
end if
if y € Z" then
*=1xy), (x*,y*) = (X, ¥).
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Branch-and-Bound (BB)

Gupta and Ravindran, 1985. Link BB for MILPs.

1: f* = 400, M= {PO}, LB(P®) = —oco where P° = NLP relaxation.
2: while M # 0 do

3:  Choose the current subproblem P € M, N =M\ {P}.
4:  Solve P obtaining (X, y).

5: if Pinfeasible v f(X,y) > f* then

6: break

7: endif

8: ify€Z™ then

o: = f(%,7), (x*,y*) = (X.7).

10: Update MM potentially fathoming subproblems.
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Branch-and-Bound (BB)

Gupta and Ravindran, 1985. Link BB for MILPs.

1: f* = 400, M= {PO}, LB(P®) = —oco where P° = NLP relaxation.
2: while M # 0 do
Choose the current subproblem P € M, M = N\ {P}.
Solve P obtaining (X, ).
if P infeasible v f(x, y) > f* then
break
end if
if y € Z" then
*=1xy), (x*,y*) = (X, ¥).
Update I potentially fathoming subproblems.
else
12: Take a fractional value ; and obtain two subproblems P' = P with o} = |;] and

P? = Pwith 52 = ;] +1.

o0 NOUAW
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Branch-and-Bound (BB)

Gupta and Ravindran, 1985. Link BB for MILPs.

1: f* = 400, M= {PO}, LB(P®) = —oco where P° = NLP relaxation.
2: while M # 0 do

3: Choose the current subproblem P € M, M = N\ {P}.

4:  Solve P obtaining (X, y).

5: if Pinfeasible v f(X,y) > f* then

6: break

7: endif

8: ify€Z™ then

9: * = £(X,7), (x*,y*) = (X, 7).

10: Update MM potentially fathoming subproblems.

11:  else

12: Take a fractional value y; and obtain two subproblems P! = P with oz; = |y and
P? = Pwith 52 = ;] +1.

13: LB(P') = LB(P?) = (X, ).

14: n=ny{r', rP?}.
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Branch-and-Bound (BB)

Gupta and Ravindran, 1985. Link BB for MILPs.

1: f* = 400, M= {PO}, LB(P®) = —oco where P° = NLP relaxation.
2: while M # 0 do

3: Choose the current subproblem P € M, M = N\ {P}.

4:  Solve P obtaining (X, y).

5: if Pinfeasible v f(X,y) > f* then

6: break

7: endif

8: ify€Z™ then

9: * = £(X,7), (x*,y*) = (X, 7).

10: Update MM potentially fathoming subproblems.

11:  else

12: Take a fractional value y; and obtain two subproblems P! = P with oz; = |y and
P? = Pwith 52 = ;] +1.

13: LB(P') = LB(P?) = (X, ).

14: n=ny{r', rP?}.

15:  endif

16: end while

17: return (x*,y*).
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Branch-and-Bound (BB)

Gupta and Ravindran, 1985. Link BB for MILPs.

1: f* = 400, M= {PO}, LB(P®) = —oco where P° = NLP relaxation.
2: while M # 0 do

3: Choose the current subproblem P € M, M = N\ {P}.

4:  Solve P obtaining (X, y).

5: if Pinfeasible v f(X,y) > f* then

6: break

7: endif

8: ify€Z™ then

9: * = £(X,7), (x*,y*) = (X, 7).

10: Update MM potentially fathoming subproblems.

11:  else

12: Take a fractional value y; and obtain two subproblems P! = P with oz; = |y and
P? = Pwith 52 = ;] +1.

13: LB(P') = LB(P?) = (X, ).

14: n=ny{r', rP?}.

15:  endif

16: end while

17: return (x*,y*).
Fathoming is performed when:
@ The subproblem solution is MINLP feasible (f*).
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Branch-and-Bound (BB)

Gupta and Ravindran, 1985. Link BB for MILPs.

1: f* = 400, M= {PO}, LB(P®) = —oco where P° = NLP relaxation.
2: while M # 0 do

3: Choose the current subproblem P € M, M = N\ {P}.

4:  Solve P obtaining (X, y).

5: if Pinfeasible v f(X,y) > f* then

6: break

7: endif

8: ify€Z™ then

9: * = £(X,7), (x*,y*) = (X, 7).

10: Update MM potentially fathoming subproblems.

11:  else

12: Take a fractional value y; and obtain two subproblems P! = P with oz; = |y and
P? = Pwith 52 = ;] +1.

13: LB(P') = LB(P?) = (X, ).

14: n=ny{r', rP?}.

15:  endif

16: end while

17: return (x*,y*).

Fathoming is performed when:
@ The subproblem solution is MINLP feasible (f*).
@ The subproblem is infeasible.
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Branch-and-Bound (BB)

Gupta and Ravindran, 1985. Link BB for MILPs.

1: f* = 400, M= {PO}, LB(P®) = —oco where P° = NLP relaxation.
2: while M # 0 do

3: Choose the current subproblem P € M, M = N\ {P}.

4:  Solve P obtaining (X, y).

5: if Pinfeasible v f(X,y) > f* then

6: break

7: endif

8: ify€Z™ then

9: * = £(X,7), (x*,y*) = (X, 7).

10: Update MM potentially fathoming subproblems.

11:  else

12: Take a fractional value y; and obtain two subproblems P! = P with oz; = |y and
P? = Pwith 52 = ;] +1.

13: LB(P') = LB(P?) = (X, ).

14: n=ny{r', rP?}.

15:  endif

16: end while

17: return (x*,y*).

Fathoming is performed when:
@ The subproblem solution is MINLP feasible (f*).
@ The subproblem is infeasible.

@ The subproblem P¥ has LB(P¥) > f*.
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Branch-and-Bound (BB)

LB =21

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 41/62



Branch-and-Bound (BB)

LB =21

7&0‘

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 41/62



Branch-and-Bound (BB)

LB =21

7 ki
LB =24 @

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 41/62



Branch-and-Bound (BB)

LB =21

7 ki
LB =24
yZA:/ \;2:0

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 41/62



Branch-and-Bound (BB)

LB =21

7 ki
LB =24
yZA:/ \;2:0

f* =26
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Branch-and-Bound (BB)
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Branch-and-Bound (BB)

LB 21

LB =24 LB =25

h/\yz 0
®

f* =26 (1)
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Branch-and-Bound (BB)

LB = 24@ \@LB 25
yz/\/f 0 Zj/\yizo
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Branch-and-Bound (BB)
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Branch-and-Bound (BB)

LB = 24@ \@LB 25
yz/\/f 0 Zj/\yizo

f* =26 0 LB=30
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Branch-and-Bound (BB)

LB =24 @ \@LB:ZS
yZA:/ \;2:0 YZA:/ \yZA:O

-

f* =26 0 LB=30
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Branch-and-Bound (BB)

LB =21

LB =24 LB=25
yZA:/ \;2:0 YZA:/ \yZA:O

S @ e

=06 0 LB =30 yafy MZS
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Branch-and-Bound (BB)

)
® & E @

=06 0 LB =30 yafy MZS

LB=26
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Branch-and-Bound (BB)

LB =21

()

LB =24 @ LB =25

® & E @

=06 0 LB =30 yafy MZS

LB=26
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Branch-and-Bound (BB)

LB =21

LB=26 f*=25
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Outer-Approximation (OA)

Duran and Grossmann, 1986.
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Outer-Approximation (OA)

Duran and Grossmann, 1986.
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Outer-Approximation (OA)

Duran and Grossmann, 1986.

g, yF) + Vg, y)T < 0 vkviel
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Outer-Approximation (OA)

Duran and Grossmann, 1986.

_ vk
f(x“,yk>+w(xk,yk)7(;7jk) < v vk

k K\T

ai(x*, ¥y + vai(x¥, y¥) vk vi e I

/N
< X
[
< X
x x
< x —
IN
o

K={1,2,.... m}vk=1,... K.
NB. The linearization constraints of MILP relaxation are not valid for
non-convex MINLPs.
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Outer-Approximation (OA)

1. K=1,

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 43 /62
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1: K = 1, define an initial MILP relaxation, f* = +o0o,

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 43 /62



Outer-Approximation (OA)

1: K =1, define an initial MILP relaxation, f* = +o00, LB= —oc.
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Outer-Approximation (OA)

1: K =1, define an initial MILP relaxation, f* = +o00, LB= —oc.

2: while f* # LB do

3:  Solve the current MILP relaxation (obtaining (xX, y%)) and
update LB.
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Outer-Approximation (OA)

—_

: K =1, define an initial MILP relaxation, f* = +o00, LB= —oc.
: while f* # LB do

Solve the current MILP relaxation (obtaining (xX, y¥)) and
update LB.

4:  Solve the current NLP restriction for yX.
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Outer-Approximation (OA)

1: K =1, define an initial MILP relaxation, f* = +o00, LB= —oc.
2: while f* # LB do

3:  Solve the current MILP relaxation (obtaining (xX, y%)) and
update LB.

Solve the current NLP restriction for yX.

if NLP restriction for yX infeasible then

ok
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Outer-Approximation (OA)

1: K =1, define an initial MILP relaxation, f* = +o00, LB= —oc.

2: while f* # LB do

3:  Solve the current MILP relaxation (obtaining (xX, y%)) and
update LB.

4:  Solve the current NLP restriction for yX.
5. if NLP restriction for y¥ infeasible then
6: Solve the infeasibility subproblem for yX.
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Outer-Approximation (OA)

1: K =1, define an initial MILP relaxation, f* = +o00, LB= —oc.
2: while f* # LB do
3:  Solve the current MILP relaxation (obtaining (xX, y%)) and
update LB.
Solve the current NLP restriction for yX.
if NLP restriction for yX infeasible then

Solve the infeasibility subproblem for yX.
else

if f(xKX, yX) < f* then

fr= f(XK7yK)! (X*7y*) - (XK’yK)'

© o N gk

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 43 /62



Outer-Approximation (OA)

1: K =1, define an initial MILP relaxation, f* = +o00, LB= —oc.
2: while f* # LB do

Solve the current MILP relaxation (obtaining (xX, y¥)) and
update LB.
Solve the current NLP restriction for yX.
if NLP restriction for y¥ infeasible then

Solve the infeasibility subproblem for yX.
else

if f(xKX, yX) < f* then

fr= f(XK7yK)! (X*7y*) - (XK’yK)'

end if
end if
Generate linearization cuts, update MILP relax.
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Outer-Approximation (OA)

1: K =1, define an initial MILP relaxation, f* = +o00, LB= —oc.
2: while f* # LB do

Solve the current MILP relaxation (obtaining (xX, y¥)) and
update LB.
Solve the current NLP restriction for yX.
if NLP restriction for y¥ infeasible then

Solve the infeasibility subproblem for yX.
else

if f(xKX, yX) < f* then

fr= f(XK7yK)! (X*7y*) - (XK’yK)'

end if
end if
Generate linearization cuts, update MILP relax.
K=K+1.
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Outer-Approximation (OA)

1: K =1, define an initial MILP relaxation, f* = +o00, LB= —oc.
2: while f* # LB do

3:

9:
10:
11:
12:
13:

o N gk

Solve the current MILP relaxation (obtaining (xX, y¥)) and
update LB.
Solve the current NLP restriction for yX.
if NLP restriction for y¥ infeasible then

Solve the infeasibility subproblem for yX.
else

if f(xKX, yX) < f* then

fr= f(XK7yK)! (X*7y*) - (XK’yK)'

end if
end if
Generate linearization cuts, update MILP relax.
K=K+1.

14: end while
15: return (x*, y*)
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Generalized Benders Decomposition (GBD)

Geoffrion, 1972.
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Generalized Benders Decomposition (GBD)

Geoffrion, 1972.
Similar to OA, but with a different MILP relaxation, i.e.,
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Generalized Benders Decomposition (GBD)

Geoffrion, 1972.
Similar to OA, but with a different MILP relaxation, i.e.,

@ MILP does not contain x variables (Projection in the y-space)
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Generalized Benders Decomposition (GBD)

Geoffrion, 1972.
Similar to OA, but with a different MILP relaxation, i.e.,

@ MILP does not contain x variables (Projection in the y-space)
@ GBD constraints are aggragation of OA constraints
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Generalized Benders Decomposition (GBD)

Geoffrion, 1972.
Similar to OA, but with a different MILP relaxation, i.e.,

@ MILP does not contain x variables (Projection in the y-space)
@ GBD constraints are aggragation of OA constraints
@ Same use of NLP fix and NLP feasibility
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Generalized Benders Decomposition (GBD)

Geoffrion, 1972.
Similar to OA, but with a different MILP relaxation, i.e.,

@ MILP does not contain x variables (Projection in the y-space)
@ GBD constraints are aggragation of OA constraints
@ Same use of NLP fix and NLP feasibility

Proposition

Given the same set of K subproblems, the LB provided by the MILP

relaxation of OA is > of the one provided by the MILP relaxation of
GDB.
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Generalized Benders Decomposition (GBD)

Geoffrion, 1972.
Similar to OA, but with a different MILP relaxation, i.e.,

@ MILP does not contain x variables (Projection in the y-space)

@ GBD constraints are aggragation of OA constraints
@ Same use of NLP fix and NLP feasibility

Given the same set of K subproblems, the LB provided by the MILP
relaxation of OA is > of the one provided by the MILP relaxation of
GDB.

(Sketch of) It can be shown that the constraints of GDB MILP
relaxation are surrogate of the ones of OA MILP relaxation (see,
Quesada and Grossmann, 1992). ]

v
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Generalized Benders Decomposition (GBD)

Geoffrion, 1972.

Similar to OA, but with a different MILP relaxation, i.e.,
@ MILP does not contain x variables (Projection in the y-space)
@ GBD constraints are aggragation of OA constraints
@ Same use of NLP fix and NLP feasibility

Example of cut in the infeasible case:

m
SN (@O + Vet T (y-y*)) < 0 wkvie
i=1
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Extended Cutting Plane (ECP)

Westerlund and Pettersson, 1995.
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Extended Cutting Plane (ECP)

Westerlund and Pettersson, 1995.

1: K = 1, obtain an initial MILP relaxation.
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Extended Cutting Plane (ECP)

Westerlund and Pettersson, 1995.

1: K = 1, obtain an initial MILP relaxation.
2: while do
3:  Solve the MILP relaxation obtaining (x, y/).
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Extended Cutting Plane (ECP)

Westerlund and Pettersson, 1995.

: K =1, obtain an initial MILP relaxation.

while do
Solve the MILP relaxation obtaining (xX, yX).
if no constraint is violated by (xX, y%) then

B A
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Extended Cutting Plane (ECP)

Westerlund and Pettersson, 1995.

1: K = 1, obtain an initial MILP relaxation.

2: while do

3:  Solve the MILP relaxation obtaining (x, y/).
4:  if no constraint is violated by (x¥, yX) then

5

return (xX, y¥) (optimal solution).
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Extended Cutting Plane (ECP)

Westerlund and Pettersson, 1995.

: K =1, obtain an initial MILP relaxation.
while do
Solve the MILP relaxation obtaining (xX, yX).
if no constraint is violated by (xX, y%) then
return (xX, y¥) (optimal solution).
else
Generate (some) new linearization constraints from (xX, y¥)
and update MILP relaxation.

N g s
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Extended Cutting Plane (ECP)

Westerlund and Pettersson, 1995.

: K =1, obtain an initial MILP relaxation.

while do
Solve the MILP relaxation obtaining (xX, yX).
if no constraint is violated by (xX, y%) then

return (xX, y¥) (optimal solution).
else
Generate (some) new linearization constraints from (xX, y¥)
and update MILP relaxation.
8: endif
99 K=K-+1.
10: end while
More iterations needed wrt OA.

N g s
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LP/NLP-based Branch-and-Bound (QG)

Quesada and Grossmann, 1992.

1: Obtain an initial MILP relaxation.
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LP/NLP-based Branch-and-Bound (QG)

Quesada and Grossmann, 1992.

1: Obtain an initial MILP relaxation.
2: Solve the MILP relaxation through BB for MILP, but, anytime a
MILP feasible solution is found
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LP/NLP-based Branch-and-Bound (QG)

Quesada and Grossmann, 1992.

1: Obtain an initial MILP relaxation.
2: Solve the MILP relaxation through BB for MILP, but, anytime a
MILP feasible solution is found

@ Solve NLP restriction.
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LP/NLP-based Branch-and-Bound (QG)

Quesada and Grossmann, 1992.

1: Obtain an initial MILP relaxation.
2: Solve the MILP relaxation through BB for MILP, but, anytime a
MILP feasible solution is found

@ Solve NLP restriction.
@ Generate new linearization constraints.
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LP/NLP-based Branch-and-Bound (QG)

Quesada and Grossmann, 1992.

1: Obtain an initial MILP relaxation.
2: Solve the MILP relaxation through BB for MILP, but, anytime a
MILP feasible solution is found

@ Solve NLP restriction.
@ Generate new linearization constraints.
@ Update open MILP relaxation subproblems.
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LP/NLP-based Branch-and-Bound (QG)

Quesada and Grossmann, 1992.

1: Obtain an initial MILP relaxation.
2: Solve the MILP relaxation through BB for MILP, but, anytime a
MILP feasible solution is found

@ Solve NLP restriction.
@ Generate new linearization constraints.
@ Update open MILP relaxation subproblems.

Link OA, but only 1 MILP relaxation is solved, and updated in the tree
search.
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LP/NLP-based Branch-and-Bound (QG)

LB=18

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 47 /62



LP/NLP-based Branch-and-Bound (QG)

LB=18

7&0‘

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 47 /62



LP/NLP-based Branch-and-Bound (QG)

LB=18

7 ki
LB =20 @

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 47 /62



LP/NLP-based Branch-and-Bound (QG)

LB=18

7 ki
LB =20
yZA:/ \;2:0

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 47 /62



LP/NLP-based Branch-and-Bound (QG)

LB=18

7 ki
LB =20
yZA:/ \;2:0

fr=21

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 47 /62



LP/NLP-based Branch-and-Bound (QG)

LB=18

7 ki
LB =20
yZA:/ \;2:0

fr=21
f* =26
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LP/NLP-based Branch-and-Bound (QG)
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LP/NLP-based Branch-and-Bound (QG)
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LP/NLP-based Branch-and-Bound (QG)
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LP/NLP-based Branch-and-Bound (QG)
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Hybrid Algorithms (Hyb)

For example, Bonami et al., 2008 (BONMIN).

Very similar to Quesada and Grossmann, 1992, but NLP solved not
only when the node is integer feasible but also, for example, any 10
nodes.
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Hybrid Algorithms (Hyb)

For example, Bonami et al., 2008 (BONMIN).

Very similar to Quesada and Grossmann, 1992, but NLP solved not
only when the node is integer feasible but also, for example, any 10
nodes.

Pros : more “nonlinear” information added to the MILP relaxation.

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 48 /62



Hybrid Algorithms (Hyb)

For example, Bonami et al., 2008 (BONMIN).

Very similar to Quesada and Grossmann, 1992, but NLP solved not
only when the node is integer feasible but also, for example, any 10
nodes.

Pros : more “nonlinear” information added to the MILP relaxation.
Cons : More NLP solved.

Alternative,

Abhishek et al., 2010 (FILMINT).
Very similar to Quesada and Grossmann, 1992, but add linearization
cuts not only when the node is integer feasible (different strategies).
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Hybrid Algorithms (Hyb)

For example, Bonami et al., 2008 (BONMIN).

Very similar to Quesada and Grossmann, 1992, but NLP solved not
only when the node is integer feasible but also, for example, any 10
nodes.

Pros : more “nonlinear” information added to the MILP relaxation.
Cons : More NLP solved.

Alternative,

Abhishek et al., 2010 (FILMINT).

Very similar to Quesada and Grossmann, 1992, but add linearization
cuts not only when the node is integer feasible (different strategies).
Pros : more “nonlinear” information added to the MILP relaxation.
Cons : MILP relaxation more difficult to solve.
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LP/NLP-based Branch-and-Bound (QG)

E.g., Bonami et al., 2008 with NLP every 2 nodes.

LB=18

©
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LP/NLP-based Branch-and-Bound (QG)

E.g., Bonami et al., 2008 with NLP every 2 nodes.
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Number of subproblems solved

# MILP # NLP note
BB 0 # nodes
OA |# iterations # iterations
GBD |# iterations # iterations 1
ECP |# iterations 0
QG 1 1 + # explored MILP solutions
Hyb ALL10 1 1 + # explored MILP solutions |2
Hyb CMUIBM 1 [# explored MILP solutions,# nodes]

Table: Number of MILP and NLP subproblems solved by each algorithm.

Tweaker lower bound w.r.t. OA, MILP with less constraints than the one of OA
2stronger lower bound w.r.t. QG ,MILP with more constraints than the one of QG
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ﬂ Convex functions and properties
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Reminder: Convex functions and some properties

Properties:
@ Vxq,xo € X,Vt€[0,1] : f(txi+(1=t)x2) < tf(x1)+(1 =) f(x2).
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y in domain of f(x))
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tangent/first-order-taylor-series approximation is globally an
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@ A twice continuously differentiable function of several variables is
convex on a convex set if and only if its Hessian matrix of second
partial derivatives is positive semidefinite on the interior of the
convex set
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Reminder: Convex functions and some properties

Properties:
@ Vxq,xp € X,Vt€[0,1]: f(tx1+(1—t)x2) < tf(x1)+(1—)f(x2).
@ A differentiable function is convex if the
tangent/first-order-taylor-series approximation is globally an
under-estimator of f(x), i.e., f(x) > f(y) + f'(y)(x — y) (with x and
y in domain of f(x))

@ A twice continuously differentiable function of several variables is
convex on a convex set if and only if its Hessian matrix of second
partial derivatives is positive semidefinite on the interior of the
convex set

@ Any local minimum of a convex function is also a global minimum.
A strictly convex function will have at most one global minimum

@ If f is concave, —f is convex
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Evidently convex terms

Simple convex functions:
@ Affine: ax + b over R for any a, b € R (concave too)
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Evidently convex terms

Simple convex functions:
@ Affine: ax + b over R for any a, b € R (concave too)
@ Exponential: e#* over R for any a € R
@ Power: xP over (0, +o0) forp>10orp<0
@ Powers of absolute value: |x|P over R for p > 1
@ Negative entropy: x In x over (0, +00)
Simple concave functions:
@ Affine: ax + b over R for any a, b € R (convex too)
@ Power: xP over (0, +o0) for0 < p < 1
@ Logarithm: In x over (0, +c0)
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Operations Preserving Convexity

@ Positive Scaling, e.g., \f
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Operations Preserving Convexity

@ Positive Scaling, e.g., \f
@ Sum,eqg., i+ 5
@ Composition with affine function, e.g., f(Ax + b)

@ Pointwise maximum and supremum, e.g.,
maX{f-] (X)7 fZ(X)7 R fm(X)}
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Operations Preserving Convexity

@ Positive Scaling, e.g., \f

@ Sum,eqg., i+ 5

@ Composition with affine function, e.g., f(Ax + b)

@ Pointwise maximum and supremum, e.g.,
max{fi(x), (x), ..., fm(x)}

@ Composition, e.g., (fi(x)) if f; convex and f, nondecreasing and
convex or f; concave and f, nonincreasing and convex
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Operations Preserving Convexity

@ Positive Scaling, e.g., \f

@ Sum,eqg., i+ 5

@ Composition with affine function, e.g., f(Ax + b)

@ Pointwise maximum and supremum, e.g.,
max{fi(x), (x), ..., fm(x)}

@ Composition, e.g., (fi(x)) if f; convex and f, nondecreasing and
convex or f; concave and f, nonincreasing and convex

@ Minimization, e.g., inf,c¢ f(x, 2)
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@ Practical Tools
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Convex MINLP Solvers

o ALPHA'ECP https://www.gams.com/latest/docs/S_ALPHAECP.html
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Convex MINLP Solvers

o ALPHA'ECP https://www.gams.com/latest/docs/S_ALPHAECP.html
o AOA https://www.aimms.com/english/developers/resources/solvers/aoa
o BONMIN https://projects.coin-or.org/Bonmin

o DICO PT https://www.gams.com/24.8/docs/solvers/dicopt/index.html
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Convex MINLP Solvers

@ ALPHA-ECP: https://www.gams.com/latest/docs/S_ALPHAECP .html

o AOQA: https://www.aimms.com/english/developers/resources/solvers/aoa
@ BONMIN: https://projects.coin-or.org/Bonmin

@ DICOPT: https://www.gams.com/24.8/docs/solvers/dicopt/index.html

o FlIMINT https://www.mcs.anl.gov/~leyffer/papers/fm.pdf
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Convex MINLP Solvers

ALPHA'ECP https://www.gams.com/latest/docs/S_ALPHAECP.html
AOA https://www.aimms.com/english/developers/resources/solvers/aoa

BONMIN https://projects.coin-or.org/Bonmin

DICO PT https://www.gams.com/24.8/docs/solvers/dicopt/index.html

o
o
o
o
@ FilMINT: https://www.mcs.anl.gov/~leyffer/papers/fm.pdf
o

Jun'per https://www.github.com/lanl-ansi/juniper.jl
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Convex MINLP Solvers

ALPHA-ECP: https://www.gams.com/latest/docs/S_ALPHAECP.html
AOA: https://www.aimms.com/english/developers/resources/solvers/aoca
BONMIN: https://projects.coin-or.org/Bonmin

DICOPT: https://www.gams.com/24.8/docs/solvers/dicopt/index.html
FilMINT: https://www.mcs.anl.gov/~leyffer/papers/fm.pdf

Jun'per https://www.github.com/lanl-ansi/juniper.jl

LAGO https://projects.coin-or.org/LaGO
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FilMINT: https://www.mcs.anl.gov/~leyffer/papers/fm.pdf
Juniper: https://www.github.com/lanl-ansi/juniper.jl

LAGO https://projects.coin-or.org/LaGO
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Convex MINLP Solvers

ALPHA'ECP https://www.gams.com/latest/docs/S_ALPHAECP.html
AOA https://www.aimms.com/english/developers/resources/solvers/aoa

BONMIN https://projects.coin-or.org/Bonmin

DICO PT https://www.gams.com/24.8/docs/solvers/dicopt/index.html

Jun'per https://www.github.com/lanl-ansi/juniper.jl
LAGO https://projects.coin-or.org/LaGO

M I N LPBB https://www-unix.mcs.anl.gov/~leyffer/solvers.htm

o
o
o
o
@ FilMINT: https://www.mcs.anl.gov/~leyffer/papers/fm.pdf
o
o
o
o MINOTAUR: https://wiki.mcs.anl.gov/minotaur
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MUI’iQUi: http://www.wendelmelo.net/software

Pavito: https://www.github.com/juliaopt /pavito.jl

SBB https://www.gams.com/latest/docs/S_SBB.html

SHOT https://github.com/coin-or/shot

Need value of the function, its first and its second derivative at a given
point (x*, y*).
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Need value of the function, its first and its second derivative at a given
point (x*, y*). Possible source of errors!
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Juniper: https://www.github.com/lanl-ansi/juniper.jl
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Need value of the function, its first and its second derivative at a given
point (x*, y*). Possible source of errors! — Modeling Languages.!
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Modeling Languages

Modeling languages, e.g., AMPL, GAMS, JUMP.
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Modeling Languages

Modeling languages, e.g., AMPL, GAMS, JUMP.

Example:

param pi := 3.142;

param N;

set VARS ordered := {1l..N};

param Umax default 100;
param U {3j in VARS};
param a {j in VARS};
param b {j in VARS};
param c¢ {j in VARS};
param d {j in VARS};
param w{VARS};

param C;
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Example:

param pi := 3.142;

param N;

set VARS ordered := {1l..N};

param Umax default 100;

param U {3j in VARS};

param a {j in VARS};

param b {j in VARS};

param ¢ {3j in VARS};

param d {j in VARS};

param w{VARS};

param C;

var X {j in VARS} >= 0, <= U[]J], integer;
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Modeling Languages

Modeling languages, e.g., AMPL, GAMS, JUMP.

Example:

param pi := 3.142;

param N;

set VARS ordered := {1l..N};

param Umax default 100;

param U {3j in VARS};

param a {j in VARS};

param b {j in VARS};

param ¢ {3j in VARS};

param d {j in VARS};

param w{VARS};

param C;

var X {j in VARS} >= 0, <= U[]J], integer;

maximize Total_Profit:
sum {j in VARS} c[3]1/(1+b[jl*exp(-alJl*(X[31+d[3]1)));
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Modeling Languages

Modeling languages, e.g., AMPL, GAMS, JUMP.

Example:

param pi := 3.142;

param N;

set VARS ordered := {1l..N};

param Umax default 100;

param U {3j in VARS};

param a {j in VARS};

param b {j in VARS};

param ¢ {3j in VARS};

param d {j in VARS};

param w{VARS};

param C;

var X {j in VARS} >= 0, <= U[]J], integer;

maximize Total_Profit:
sum {j in VARS} c[3]1/(1+b[jl*exp(-alJl*(X[31+d[3]1)));

subject to KP_constraint: sum{j in VARS} w[jl*X[j] <= C;
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Neos

NEOS: http://www.neos—server.org/neos/.
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MINLP Libraries

@ CMU/IBM: 23 different kind of MINLP problems

http://www.minlp.org
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@ CMU/IBM: 23 different kind of MINLP problems

http://www.minlp.org

@ MacMINLP: 53 instances

http://wiki.mcs.anl.gov/leyffer/index.php/MacMINLP
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MINLP Libraries

@ CMU/IBM: 23 different kind of MINLP problems

http://www.minlp.org

@ MacMINLP: 53 instances

http://wiki.mcs.anl.gov/leyffer/index.php/MacMINLP

@ MINLPIlib: 1626 instances

http://www.minlplib.org/

Claudia D’Ambrosio (CNRS & X) MINLP 21 February 2019 60/62


http://www.minlp.org
http://wiki.mcs.anl.gov/leyffer/index.php/MacMINLP
http://www.minlplib.org/
http://qplib.zib.de/

MINLP Libraries

CMU/IBM: 23 different kind of MINLP problems

http://www.minlp.org

@ MacMINLP: 53 instances

http://wiki.mcs.anl.gov/leyffer/index.php/MacMINLP

@ MINLPIlib: 1626 instances

http://www.minlplib.org/

@ QPLIB: 367 instances

http://gplib.zib.de/
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Recall...

@ MINLP can be theoretically an “undecidable” problem and it is in
practice much more difficult than MILP
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Recall...
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practice much more difficult than MILP

@ When modeling a problem, do not forget to define simple bounds
on each variable
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Recall...

@ MINLP can be theoretically an “undecidable” problem and it is in
practice much more difficult than MILP

@ When modeling a problem, do not forget to define simple bounds
on each variable

@ Exactly reformulate nonlinear term, if possible

@ Several tailored methods for convex MINLPs (not exact for
nonconvex MINLPs)
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Recall...

@ MINLP can be theoretically an “undecidable” problem and it is in
practice much more difficult than MILP

@ When modeling a problem, do not forget to define simple bounds
on each variable

@ Exactly reformulate nonlinear term, if possible

@ Several tailored methods for convex MINLPs (not exact for
nonconvex MINLPs)

@ |dentifying convexity is, in general, very difficult
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Next lecture

In fact the great watershed in optimization isn’t between
linearity and nonlinearity, but convexity and nonconvexity.

R. T. Rockafellar. Lagrange multipliers and optimality. SIAM Review,
35:183-238, 1993.
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