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Terms and formulas

Formally, we use Church’s Simple Theory of Types [1940] to
encode terms and formulas.

Informally, terms and formulas are first-order with occasional and
natural uses of higher-order abstractions via A-abstraction.

Equality via a and 7n-conversion useful for comparing formulas.

Equality via -conversion useful for specifying substitution.
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Sequents are triples X: [ — A where

e Y, the signature of the sequent, is a set of (eigen) variables
(with scope over the sequent);

o [, the left-hand-side, is a multiset of formulas; and

@ A, the right-hand-side, is a multiset of formulas.

NB: Gentzen used lists instead of multisets.
NB: My lectures notes often makes [ a set.
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Sequents are triples X: [ — A where
e Y, the signature of the sequent, is a set of (eigen) variables
(with scope over the sequent);
o [, the left-hand-side, is a multiset of formulas; and
@ A, the right-hand-side, is a multiset of formulas.
NB: Gentzen used lists instead of multisets.
NB: My lectures notes often makes [ a set.
There are three kinds of inference rules.
@ structural rules,
@ identity rules, and

© introduction rules.
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Inference rules: two structural rules

There are two sets of these: contraction, weakening.

Y:IB,B-— A >: '~ A BB
clL cR
Y: LB+ A Y: I~ A,B
Y:I— A Y= A

- W —————— wR
Y. T,Br A Y T A,B

NB: Gentzen's use of lists of formulas required him to also have an
exchange rule.
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Inference rules: two identity rules

There are exactly two: initial, cut.

Z:Fll—Al,B ZZB,FQ'—AQ
———— init cut
Y: B+~ B Y, Mo A, Ay

Notice the repeated use of the variable B in these rules.

In general: all instances of both of these rules can be eliminated
except for init when B is atomic.
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Inference rules: introduction rules (some examples)

Y TvAB Y. TwAC

Y M,Bv— A
L
Y TwABAC

VAN
2., BiANBy — A

AR

Y: LB A Y:I,C— A Y:I'— A B;
VL VR
Y:ILBvC+A Y IT—-AB VB
Y: 1~ A,B Y., C- A Y:ILB-AC
DL SR
Y:I'~ABDC

2:011,I2,BD C'—Al,Az

Y,y:7: [+ A Bly/x]

Y o—t:iT YT B[t/x]— A
v

L
Y: IV, x B A 2.+~ AV.xB
Yoy:7: [LBly/x|~ A Y w—t:iT >: I+~ A B[t/x
[y/x] - [/]HR
Y.+~ A dxB

Y: 3. xB+ A
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Additive vs multiplicative inference rules

Inference rules with two or more premises are classified as follows:
Additive: side formulas are the same in premises and conclusion.

Y IB-A Y:I,Cw-A
Y I,BVC+w A

VL

Multiplicative: side formulas in premises accumulate.

3 I'1-—A1,B > F2,C-—A2
>:011,I»,BD C'—Al,Az

oL

These versions are inter-admissible in the presence of contraction
and weakening. In linear logic, these adjectives applied to
connectives as well.
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Permutations of inference rules

2. p,r—s,A :I,g,r—sA

VL
>:I,pVag,r—sA
DR
>:IL,pvgwrDOs, A
:I,p,r—s,A >:I,q,r—s,A
OR DR
>:Ip—rD>s, A >:Ig—-rD>s, A
VL

>:I,pvgwr>s, A
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Permutations of inference rules (continued)

Z:rlvr'_Abp Z:r27q'_A275
X r17r27p3q7r'_A17A275

DL
DR

> rl,rz,quFAl,Az,rDS

To switch the order of these two inference rules requires
introducting weakenings and a contraction.

Z:Fl,r-—Al,p Z:rz,ql—Az,S
R L
2 rl)r'_A17p7s v 2 r27q)r'_A275 .
DR DR
2.1~ Aq,p,ros 2:lp,g- Do, ros
DL

Y:IM,T,pDgv A1, A0, r Ds,rDs

R
STl poge A Ao ros  ©
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Provability defined

A C-proof (classical proof) is any proof using these inference rules.

An I-proof (intuitionistic proof) is a C-proof in which the
right-hand side of all sequents contain either 0 or 1 formula.

Let X be a given first-order signature over S, let A be a finite set
of X-formulas, and let B be a X-formula.

Write X; A ¢ B and X; A F; B if the sequent : A ~ B has,
respectively, a C-proof or an I-proof.
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Some Exercises

Provide a C-proof only if there is no I-proof.

@ [pA(P2g)N((PAG) D] DT

@ (p2q) > (79> p)

Q@ (~gq>-p)2(pP29q)

Q@ pV(pDaq)

Q@ ((ranrb)D>q)D3x(rx>q)

Q@ ((pP>g)Dp)Dp (Pierce’s formula)
Q@ JyVx (rxDry)

Q@ VxVy (s xy) DVz (s z z)

N.B. Negation is defined: =B = (B D f).
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