CSE 520

Homework #1

1.
Prove that 

represents addition.






























































By definition, the final result is 







Prove that 

represents multiplication.


First, I would like to prove a lemma:


Show that 



Basis:  

 so 



Inductive Hypothesis:  



Show for 

:



















 (by the inductive hypothesis)











by induction, 












































 (by our lemma above)


By definition, the final result is 






2.  Assume that 











Since 

then by congruence 

.


Let us assume that 

where 















Now suppose 

for arbitrary 

and where 















Since 

 is arbitrary and since all 

, we have shown that any two 

arbitrary 

-terms are equivalent.  Therefore, if we add the axiom 



 to the theory of the lambda calculus, the theory becomes 

inconsistent.


Note that this idea of using 

 was suggested in Hankin’s book, 

Lambda Calculi:  A Guide for Computer Scientists on page 23.

3.
The truth table for logical AND is as follows:




















































Notice that this function may be rewritten as an if-then-else statement 

which returns the same values as 

:

if a then b else a


We may simply encode the AND function with the if-then-else statement 

above:




4.
Assume that two lambda terms, M and N, are such that for all lambda 

terms P we have PM = PN.  This assumption does imply that M=N.


Proof:


Since we have assumed that, for all lambda terms P, PM = PN holds, we 

can define P to be 

:














Assume that two lambda terms, M and N, are such that for all lambda 

terms P we have MP = NP.  This assumption does not imply that M=N.


Proof:


For some lambda expression 

, define









      where 

 is in normal form and it is not a lambda abstraction.


Clearly 

 for all P.  However, 

.


Proof that 

:

Note that both M and N are in 

-normal form since there are no further 

applications to reduce in either M or N.

1.
M does not 

-reduce to N.

2.
N does not 

-reduce to M.

3.
M does not 

-reduce to P and N does not 

-reduce to P.

4.
By Church-Rosser Theorem and 1, 2, and 3 above, 

P such that 


P 

-reduces to M and P 

-reduces to N.








MP=NP for all P does not imply that M=N.

5.
To define 

, we will use the following definitions from class:

















and the definition of 

from number 1 in this homework:




and the definitions used to define 

:
















Using these definitions, we can define 

 to be:









6.
To define LOG, we shall need to use the definitions described in the 

response to number 5.  In addition, we will need a definition to encode 

the absolute value of the subtraction of two numbers.  The lambda 

expression for the absolute value of subtraction will be called 

:



























We also need a definition for 

 which was done in class:




We can now define 

:
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