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Definition (Moore, 1990)
A generalized shift is a map ® = (F, G) from A” to itself defined by

x = o0 (x @, G(x)))
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GS as Turing machines

Theorem (Moore, 1990. [4])

There exists a generalized shift ® conjugate to T.
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{0,1}Z in C?

Theorem (Moore, 1990. [4])

Any generalized shift on n symbols is conjugate to a piecewise linear map ¢ of the
square Cantor set into itself, this map will have a finite number of linear
components

k < n\DoDUDoE|+max |F|
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Let f be a smooth map of the disk D and € > 0. By Brower's Fixed point theorem,
there exists xo € D such that f(xp) = xo. Let v = ¢/2 — 2§ for small enough 9.

Gluing zone
0 in D5

ﬁf = (Ov 1) in De/2 \D6/27(5
1 in D\D,Q,(g).
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Results  Smooth maps

Embedding Turing machines in smooth dynamics

Let f be a smooth map of the disk D and € > 0. By Brower's Fixed point theorem,
there exists xo € D such that f(xp) = xo. Let v = ¢/2 — 2§ for small enough 9.

fo { m~to (Br(mof)) inD\B(xo,7+0)
Pe - m*l o (ﬂcp (mo<p)) in B(X07’Y+(S).
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Results Smooth maps

Embedding Turing machines in smooth dynamics

Theorem (N. - Rojas, 2022 but still in progress)

Let f : D — D be a smooth map and let € > 0. There exists a Turing universal
smooth map f,_: D — D such that

[[f —folloo <€




Results ~ The case of diffeomorphisms

What about diffeos?

Let f be in Diff(D),
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Results ~ The case of diffeomorphisms

Placing the square Cantor

Let £ be in Diff(D), let € > 0, and let xo be a fixed point for f.

Beja(x0) ={x € D | |x — x| < €/2}
Set Gy = D\Be/g
Set v s.t. By(x0) NF(Co) =0.Take 6 <~y
Let (Ci)i<i<k be Cantor blocks.
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Results ~ The case of diffeomorphisms

Defining the isotopy

Let £ be in Diff(D), let € > 0, and let xo be a fixed point for f.

G G

G Cy
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Results ~ The case of diffeomorphisms

Defining the isotopy

Let £ be in Diff(D), let € > 0, and let xo be a fixed point for f.

For t € [0,1/3] define:
Hgl) s.t. it shrinks B; to a a-ngbhd.
HD () = pi+ (1= 381~ ))(x — p)
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For t € [1/3,2/3] define:

H® sit. it moves Ht(l)(B,-) inside ¢(B;)
For t € [2/3,1] define:
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Results ~ The case of diffeomorphisms

Defining the isotopy

Let £ be in Diff(D), let € > 0, and let xo be a fixed point for f.

For t € [0,1/3] define:

Hgl) s.t. it shrinks B; to a a-ngbhd.
For t € [1/3,2/3] define:

H® sit. it moves Ht(l)(B,-) inside ¢(B;)

For t € [2/3,1] define:
H® st. it fills ¢(B;)

9(B1) = H{(H),

SAGYAC)))!
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Results ~ The case of diffeomorphisms

Defining the isotopy

Let £ be in Diff(D), let € > 0, and let xo be a fixed point for f.

For t € [0,1/3] define:
H® st. it shrinks B; to a a-ngbhd.
I3\ For t € [1/3,2/3] define:

1 HP st it moves HY(B;) inside ¢(B;)

For t € [2/3,1] define:
P OH® st it fills ¢(Br)

"For t € [0,1], define Gy(x) = tf(x) + (1 — t)x.
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Results ~ The case of diffeomorphisms

Defining the isotopy

Let £ be in Diff(D), let € > 0, and let xo be a fixed point for f.

For t € [0,1/3] define:

H® st. it shrinks B; to a a-ngbhd.
For t € [1/3,2/3] define:

Ht(z) s.t. it moves Hgl)(B,-) inside ¢(B;)
For t € [2/3,1] define:

H® st it fills ¢(B;)

For t € [0, 1], define Gy(x) = tf(x) + (1 — t)x.

Finally, define, for t € [0, 1]:

Ft::

H: in U; B;
Gt in BO-
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Results ~ The case of diffeomorphisms

Help from the differential topology department

Theorem (Theorem 1.4 in [3])

Let U C D be an open set, and A C U a compact set. Let F: U x | — D be an
isotopy such that F(U x I) C D x | is open. Then, there exists a diffeotopy of D

having compact support, which agrees with F on a neighbourhood of A x I.

In our notation

U = Up<i<kBi

A = Up<i<k G
F:Ux1|— Dis given by F(x) = F(x,t)




Results ~ The case of diffeomorphisms

The result

Theorem (N. - Rojas, 2022 but still in progress)

Let f : D — D be a diffeomorphism from the disk to itself. Given e > 0 there
exists a diffeomorphism f, : D — D such that its restriction to a 6-square Cantor

set is conjugate to any Turing machine and

If = folloo < e




Results ~ The case of diffeomorphisms

The result

Theorem (N. - Rojas, 2022 but still in progress)

Let f : D — D be a diffeomorphism from the disk to itself. Given e > 0 there
exists a diffeomorphism f,_: D — D such that its restriction to a §-square Cantor

set is conjugate to any Turing machine and

If = folloo < e

Corollary (N. - Rojas, 2022 but still in progress)
The set of Turing universal diffeomorphisms is an uncountable and dense set in

Diff(D).
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Application Non-statistical dynamics

The modern paradigm for chaos

Chaotic systems challenge all computations of
individual orbits.

Paradigm: the probability of finding the orbit in
a given set. There are statistics

For this probability to be well defined, a typical
orbit must “converge”, otherwise we're blind!

“Palis’ Conjecture” (sort of)

In a typical system, we have statistics
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Empirical measures

Define the empirical measure ef(x) : X — [0,1] by:
en(x) = £ 211 Origx)
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Empirical measures

Define the empirical measure ef(x) : X — [0,1] by:
en(x) = £ 211 Origx)

ef(x)(Bo) =3(1+1+40)=2

Alonso H. Nafiez (IMT, Uni versité Paul Sabatier) SDA2, March 31th, 2023 14 /15



Application Non-statistical dynamics

Empirical measures

Define the empirical measure ef(x) : X — [0,1] by:
en(x) = £ 211 Origx)

ef(x)(Bo)=32(1+1+0+1)=3

Alonso H. Nafiez (IMT, Uni versité Paul Sabatier) SDA2, March 31th, 2023 14 /15



Application Non-statistical dynamics

Empirical measures

Define the empirical measure ef(x) : X — [0,1] by:
en(x) = £ 211 Origx)

el (x)(Bo) = 3

Alonso H. Nafiez (IMT, Uni versité Paul Sabatier) SDA2, March 31th, 2023 14 /15



Application Non-statistical dynamics

Empirical measures

Define the empirical measure ef(x) : X — [0,1] by:
ef(x) = 3 211 0ri0)

Alonso H. Nafiez (IMT, Uni versité Paul Sabatier) SDA2, March 31th, 2023 14 /15



Application Non-statistical dynamics

Empirical measures

Define the empirical measure ef(x) : X — [0,1] by:
ef(x) = 3 211 0ri0)

Alonso H. Nafiez (IMT, Uni versité Paul Sabatier) SDA2, March 31th, 2023 14 /15



Application Non-statistical dynamics

Empirical measures

Define the empirical measure ef(x) : X — [0,1] by:
en(x) = £ 211 Origx)

Alonso H. Nafiez (IMT, Uni versité Paul Sabatier) SDA2, March 31th, 2023 14 /15



Application Non-statistical dynamics

Empirical measures

Define the empirical measure ef(x) : X — [0,1] by:
ef(x) = 3 211 0ri0)

Alonso H. Nafiez (IMT, Uni versité Paul Sabatier) SDA2, March 31th, 2023 14 /15



Application Non-statistical dynamics

Empirical measures

Define the empirical measure ef(x) : X — [0,1] by:
ef(x) = 3 211 0ri0)

Alonso H. Nafiez (IMT, Uni versité Paul Sabatier) SDA2, March 31th, 2023 14 /15



Application Non-statistical dynamics

Empirical measures

Define the empirical measure ef(x) : X — [0,1] by:
ef(x) = 3 211 0ri0)

Then f is non-statistical!!!
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Application

We're blind!




Application Non-statistical dynamics

Constructing a non-statistical map

Define the empirical measure ef(x) : X — [0,1] by:
ef(x) = 3 211 0ri0)

n,-:22
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Application | Non-statistical dynamics

Constructing a non-statistical map

Define the empirical measure ef(x) : X — [0,1] by:
en(x) = £ 211 Origx)

nj =27 T el g
ef (x)(Bo) — 1 for i odd

ef (x)(Bo) — 0 for i even

Then f is non-statistical!!!
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Application Non-statistical dynamics

They are everywhere

Theorem B (N. - Rojas, 2022 but still in progress)
The set of non-statistical diffeomorphisms is an uncountable and dense set in

Diff(D).
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