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Abstract - We are able to de f ine  m i n i i n u m  we igh t  
c o d e w o r d s  of some alternant codes i n  terms of solu- 
t i o n s  to a lgeb ra i c  equa t ions .  P a r t i c u l a r  a t t e n t i o n  i s  
given to the case of the classical  Goppa codes. GrGb- 
ner bases are used to so lve  the system of a lgebra i c  
equa t ions .  

I.  WORDS OF LENGTH n 

We consider words of length n over G F ( q ) ,  n being prime to  
q. A primitive root a is fixed. The word c = ( C O , .  . . ,cn-1) is 
identified with the polynomial C O + C I X + .  . .+cn-IXn-l mod 
X"- 1. The Fourier Transform of c E GF(q')" ,  denoted d ( c ) ,  
is A =: ( A o , A l , .  . . ,An-l) ,  A, = a ( a f ) ,  i = 0.. . n - 1.  

Let, c = ( C O  , . . . ,  cn- l ) ,  E G F ( q ' ) " .  The locators of 
c are { X I  , . . . ,  X,} = {af1 , . . .  , a f w } ,  where i l , . .  .,i, are 
the indices of non zero coordinates of c. The  elementary 
symmetric functions of c,  denoted by U ] ,  . . . U,, are ct = 
( - 1 ) 1 ~ 1 < , 1 <  <3 <, X,,  . . .  X,, ,  z = 1 . .  . w .  
ized NewtZn's idehities hold: Vz 2 0,  

The geiieial- 
A , + ,  + OIA,+,-I + 

. . . + gWAI = 0. 
Wr introduce the definition of a spectrally defined code: 

DQfini t ion 1 Let C be a code in  G F ( q ' ) "  (or G F ( y ) " ) .  If 
there exists 1 polynomials in  n varaables PI , .  . . ,Pl, such that, 
f o r  all c E GF(q')" (or G F ( y ) " ) ,  c belongs to  C i f  and only 
i f  P ( A 0 , .  . . ,An-l)  = . . . = Pi(A0, .  . . ,AT1-1)  = 0 ,  where A = 
d ( c ) ,  then the code has a spectral definition. The polynomials 
P I , .  . . Pl are the code spectral equations. 

Our result, which is a generalization of a case of a cyclic 
code Cl], is the following theorem: 

ThQoIrGme 1 Let C be a code defined b y  the spectral eyuations 
P I j . .  . , Pl. Let Sc(w) be the following system of equations: 

Pi(A0,. . . , A n - ] )  =. . .  = R(A0, .  . .  ,An-l)  = 0 
At+, + ulAf+w-l +. . . + a,At = 0,  i = O..n - 1 

with indeterminates U I , .  . . , u,,Ao,.  . . , A n - l .  Let A = 
( A o , .  . . , A n - ] )  be a solution to S c ( w )  (i.e. there exists 
U ] ,  . . . ,a, such that ( u ~ ,  . . . , c,, A) is a solution), then A is 
the Fourier Transform of a codeword of weight 5 w .  

11. " S P E C T R A L  D E F I N I T I O N "  O F  S O M E  A L T E R N A N T  

CODES 

Let (y = (ao, . . . , an- l )  E GF(q ' )"  be distinct elements in 
GF(q') ,  and let 2 = ( U O ,  . . . , ~ ~ - 1 )  be nonzero elements in 
GF(q'). The generalized Reed Solomon code, GRSI, (CY, z), is 
the code whose codewords are ( voF(ao) ,  . . . , vn- lF(a , - l ) ) ,  
for all F E GF(q')[X], deg F < k .  

The alternant code d k ( g , g )  is the GF(q)-subfield sub- 
code of GRSk(g,v). Let cy = ( ( Y O , .  . . , an - l )  E G F ( y ' ) "  
be distinct elements in GF(y'), and let 2 = ( u o , .  . . , vn--l) 
be nonzero elements in G F ( q ' ) .  The  generalized Reed 

Solomon code, G R S k ( g , v ) ,  is the code whose codewords are 
( ~ o F ( a o ) ,  . . . , ~ ~ - - 1 F ( a ~ - - l ) ) ,  for all F E G F ( q ' ) [ X ] ,  deg F < 
k .  The  alternant code d k ( g , g )  is the GF(q)-subfield sub-code 
of GRSk  (CY, 2).  

We consider a partial class of alternant codes, the alternant 
codes r ( L ,  G) where L = (1, a , .  . . , an-'}, the set of all n-th 
roots of unity. We denote these codes r (a ,g ) .  We get that  
the code spectral equations of d k ( a , z )  are 

C1+3=t lnodn A,WJ = 0, t = 0 . .  . n - k - 1 
A,, m o d n  = A:, i = 0 . .  .n - 1 { 

where H is the Fourier Transform of h defining the dual of the 
G R S k ( g ) .  

111. A SHORT GOPPA CODE 

Since classical Goppa codes with support L = { a ' ,  z = 
0.. . n - 1} are alternant codes, we are also able to  construct 
spectral equations for these codes. As an example we study 
the Goppa code of length 32, with defining polynomial g(z) = 
z3 + x + 1. We index codewords c in the following way: c = 
( c m ,  C O , .  . . , cao), where the defining set of the Goppa code is 
L = {0,1 ,  a,. . . , a3'}. Since our result works for a support 
of length n prime to 2, we first consider the sub-code c31 of 
C which is the shortened code with respect to  the coordinate 
cm.  This code is also a Goppa code with support L31 = 
(1, a , ,  . . , cy3'} and defining polynomial g ( X ) .  Thus writing 
the system Sc3, (711, we get equations for codewords such that 
coo = 0. Computing a Grobner basis of the system, we get 105 
solutions. Next, we want t o  study minimum weight codewords 
such that coo # 0. The  parity check matrix for C is 

1 .  1 g(CYO)-' . . .  g ( a 3 0 ) - 1  

0 (aO))'g(a"-' . . . (a3O)*g(a30)- -1  

G = [ 0 cvog(a')-' . . . a3'g(a3')-' 

We search for words C O , .  . . , c30 of weight 6, of length 31 such 
that G'ct = (1, 0,. . . , O ) t .  where G' is the parity check matrix 
for C31. Thus the spectral equations for these codewords are: 

Ct+j=O m o d 3 1  A' H3 = 
C1+3=t mod31 AtH, = 0, t = 192 { A 2 1  mod31 = A f ,  2 = 0 . .  .30 

These equations, plus the Newton's identities for the weight 6, 
gives equations for codewords of C of weight 7 whose support 
is not included in [O, 301. The  Grobner basis gives 23 solutions, 
thus 128 codewords of weight 7 for the whole code C, as in 
the table of [a, ~3441.  
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