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ABSTRACT. Piecewise testable languages are widely studied area
in the theory of automata. We analyze the algebraic properties
of these languages via their syntactic monoids. In this paper a
normal form is presented for 2- and 3-piecewise testable languages
and a log-asymptotic estimate is given for the number of words
over these monoids.

1. INTRODUCTION

The theory of formal languages goes back to natural languages. Lin-
guists, e.g. Chomsky, gave mathematical definitions of natural concepts
such as words, languages and grammars: given a finite set A, a word on
A is simply an element of the free monoid on A, and a language is a set
of words. The theory deals with languages, automata and semigroups,
and nowadays it has some interesting connections with model theory
in logic, symbolic dynamics and topology.

The foundation of the theory is based on Kleene’s theorem: it proves
that the class of recognizable languages (e.g. recognized by finite au-
tomata) coincides with the class of rational languages, which are given
by rational expressions. Rational expressions are the generalization of
polynomials involving three operations: union, product and star op-
eration. A real break-through in the history of language theory is a
work of Schiitzenberger: he established an equivalence between finite
automata and finite semigroups. He showed that a finite monoid, called
the syntactic monoid, can be assigned to each recognizable language;
this is the smallest monoid recognizing the language. According to
Eilenberg’s theorem varieties of finite monoids are in one to one corre-
spondence with classes of recognizable languages closed under product
and boolean operations. For example, star-free languages correspond
to aperiodic monoids. For more details, see [4].
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A large class of star-free languages is the family of piecewise testable
languages, which has been deeply studied in formal language theory.
Simon |[7] proved that a language is piecewise testable if and only if
its syntactic monoid is J-trivial. Simon found necessary and sufficient
conditions for an automaton to be piecewise testable. Stern [6] mod-
ified these conditions and described a polynomial time algorithm for
piecewise testability problem of order O(n?).

In this paper we analyze the word problem for the syntactic monoids
of the varieties of k-piecewise testable languages. We present a normal
form of the words for k£ = 2 and 3, and give an asymptotic formula for
the logarithm of the number of words for arbitrary k.

2. PRELIMINARIES

At first, some basic notions and definitions are going to be intro-
duced. The word w is a subword of u if w is a subsequence of not
necessarily consecutive variables taken from u. Given an integer k > 0,
let u ~j, v if and only if the words u, v over the alphabet X have the
same set of subwords of length at most k. A language L over an al-
phabet X is k-piecewise testable if and only if L is a union of classes
of the equivalence relation ~;. Another characterization says that a
language L over an alphabet X is k-piecewise testable if and only if it
is a finite boolean combination of languages of the form

X' X o X* .. X 0 X7, where zq,....,. 07 € X, 0 <[ <k.

A language is piecewise testable if there exists a natural number k£ such
that the language is k-piecewise testable.

Simon [7] found a basis of identities for k-piecewise testable languages
if k = 1,2. Moreover, Blanchet-Sadri [1, 2| gave a basis of identities
for k=3, and proved that there is no finite basis of identities for k£ > 3.

For an integer k the classes of u ~j v form the free syntactic monoid
in the variety corresponding to k-piecewise testable languages. We
denote this variety by Vi. The free monoid (generated by countably
many elements) in V;, will be denoted by F(V}) and the n-generated
free monid by Fy, (n). In the paper we often refer to the ~y classes as
the elements of F'(V}). The number of ~ classes of words on at most
n letters is equal to | Fy, (n)|, the size of the n-generated free monoid in
Vi. The sequence |Fy, (n)|, n = 1,2,... is called the free spectra of the
variety Vj. For a word w let us denote the set of its subwords of length
at most k by Cy(w). This way v ~j w if and only if Ci(v) = Ci(w).



3. NORMAL FORM FOR k = 2

In this section a normal form is given for the terms of F(V3). Let
w be a word. For a € c(w) let I,,(a) = {b|ab is a subword of w} and
for a,b € c(w) let a ~ b if I,(a) = I,,(b). Clearly, ~ is an equivalence
relation. For an a € c¢(w) the ~ class of a is called the block of a
and denoted by B, (a). Two letters are in the same block if they are
followed by the same set of letters. A letter a occurs exactly once in
w if and only if aa is not a subword of w. There is a natural ordering
< on the set of blocks. We say that By (a) < B,(b) if I,(b) € I,(a).
Clearly, < is a well-defined complete ordering. Let By < By < --- < B,
be the blocks. For an a € c¢(w) let L, (a) = {b|ba is a subword of w}.
If b € L,(a) for some b € B;, then a € I,,(b). Let ¢ € B; for some j < 1.
By the definition of < we obtain a € I,,(b) C I,(c), hence ¢ € L (a).
Therefore, L,(a) is the union of the first few blocks. Let i, be the
index such that a € B;, and j, be the index such that B;, C L,(a)
and Bj,+1 ¢ L,(a). Note that if the first letter of w occurs only once
in w, then L,(a) is empty. In this case let j, = 0. If a occurs once in
w, then a is the first letter of w from B, , and j, = i, — 1. In every
other case j, > 1, holds.

Construction 3.1. Let w be a word in F'(V3). Then the normal form
of w can be obtained in the following way.

Step 1. Identify the blocks of the equivalence relation ~; say By, ..., B,
in their standard ordering.

Step 2. With each block B; we will associate a word w; in the following
way. The variables will be the variables appearing in B; and
each letter of B; appears once in w;. The order of appearance
of these letters is alphabetical, except that if there is a letter in
B, appearing just once in w, then this is placed first (with the
remaining variables alphabetical after it).

Step 3. For each i = 1,...,t, let v; denote the product of all variables
a with i, < j, =1, ordered alphabetically.

Step 4. The normal form w := wyviws . . . W,

Proposition 3.2. Let v and w be two words in X*, then w ~qg w. If
v~ w, then v = w. Hence, W is a normal form of w.

Proof. Recall that v ~5 w if they have the same subwords of length
at most 2. By definition ab is a subword of w if and only if b € I,,(a)
if and only if a € L,(b). Therefore, if v ~o w, then I,(a) = I,(a)
and L,(a) = Ly(a) for any a € X. In Construction 3.1 the normal
form depends only on these subsets, so v = w. Observe that by the
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construction I,(a) = Iz(a) and L, (a) = Lg(a), hence w ~y w, as we
claimed.
0

For example, consider the word w = bbaababcbb. Now, Cy(w) =
{aa, ab, ac, ba, bb, be, cb} the blocks are {a,b} and {c}, and the normal
form is abacb.

For a more detailed example we give a visual description of normal
forms. The normal form can be considered as a pair of indices, i, and
Ja, assigned to each variable a € ¢(w). The number i, shows in which
block a is and j, shows after which block a is written. For example,
ab is a subword of w if and only if 7, < 7,. Every variable occurs at
most twice in the normal form. Obviously, j, > i, — 1 and the equality
holds if and only if a occurs exactly once in w. As we have seen before,
in this case a is the first letter of its block B,. Thus in each block
there is at most one letter occuring once in w (and w), and all other
letters occur twice in w. Two consecutive blocks, B; and B, can be
separated in two ways.

I. There is a letter d such that iy <[ and j4 =,
IT. The first letter of B;.; denoted by h occurs once in w, and
ih=Jnt+1=1014+1
This suggests the following description of the normal forms in F'(V5).

Proposition 3.3. Let w be a word. Assume that there are m blocks in
w. Then the normal form of w can be described by a map ¢ assigning
a pair of indices, (iq, ja), to each variable a € c(w), where

@ c(w) ={(,7)|0<i,j <t}
a H(iaa ja)
and the following conditions hold:
(1) each 1 <i <t occurs at least once as a first coordinate,
(2) each 1 < j <t —1 occurs at least once as a second coordinate,
(3) ia — 1 < ja,
(4) the pairs (i, — 1) are assigned to at most one variable.

Moreover, every map satisfying (1)-(4) corresponds to a word with ex-
actly t blocks.

Proof. By Construction 3.1 and Proposition 3.2 item (1) guarantees
that the blocks are not empty in a normal form. By item (2) the
blocks are separated, and by item (4) in each block there is at most
one variable occuring once in w. Note that if there is no pair with
Ja = t, then by (1) and (3) the pair (¢,¢ — 1) has to be assigned to a
variable. In this exceptional case B; contains a single variable. 0



FIGURE 1

On Figure 1 the words asasagaragasagasasagaszagaoasdsayayyag
and a5a4a7080309030902060601A2040701¢ are depicted. The columns rep-
resent the blocks and the rows the places after the blocks. The letter
ay is written into the square (i, j,, ). For example, in the first table
las = 1 and j,, = 2. Hence, ag is written into the 1st block and after
the 2nd block. To sum up, to obtain a normal form the letters have to
be written into the table satisfying the following conditions:

e every letter is put into exactly one square of the table;

e there has to be at least one letter in each column;

e there has to be at least one letter in each row, except possibly
the Oth and the last ones;

e there is at most one letter in the shaded squares.

Moreover, every arrangement satisfying the above conditions corre-
sponds to a unique normal form.

4. NORMAL FORM FOR k =3

In this section a normal form is given for the elements of F'(V3). Let
w be a word with ¢(w) C {z1,x9,...,2,}. For a € c(w) let

I2(a) = {bc|abc is a subword of w} U {b|ab is a subword of w}
and
L2 (a) = {bc|bca is a subword of w} U {b]ba is a subword of w}.

The sets I2(a) and L2 (a) are determined by Cs(w). Let co(w) =
{a]aa is a subword of w} be the set of the letters that occur at least
twice in w. Similarly to the case k = 2, let a ~ b if I2(a) = I2(b) for
a,b € co(w). Clearly, ~ is an equivalence relation. For an a € cy(w)
the ~ class of a is called the /-block of a. The L-blocks are defined
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dually. They are the equivalence classes of the relation ~, where a ~ b
if and only if L2 (a) = L2 (b) and both a and b occur in cy(w). The I-
blocks, the L-blocks and the one element sets {a}, where a is a variable
occuring once, are called blocks. The set of the blocks of w depend only
on Cs(w).

For an I-block B let zp be the subword containing the left-most
appearances of the elements of B. If B and B’ are different I-blocks,
and for b € B and ¥ € B’ we have I2(b') C I2(b), then each letter
of zp is left to each letter of zj;. This obseration provides an ordering
on the set of the I-blocks. An ordering of the L-blocks can be defined
dually.

Now, we give a normal form for the elements of the blocks. This
normal form will be obtained in several steps.

Step 1. Let B = {by,...,b;} be an I-block and w = ub; ...bw,
where b; and b; are the first occurences of the first- and last occuring
letters of B in w, and u and v are words. Let ¥ be the normal form
of v in F(V3), and vz the subword of v, where we keep only the first
occurences of the elements of B and cancel all other letters. Let v}y =
vix, where x is the last letter of vz. Finally, let vg = xv; and wp =
uvgv. Note that in this step we eliminate a subword and replace it
by a word containig only the letters of the block B. The order of the
letters does not depend on the eliminated subword.

Lemma 4.1. Let w be a word and wg the word defined in Step 1. Then
wpp ~3 W.

Proof. Let B be an I-block, w = ub; ...bv asin Step 1 and z = by ... b,
denote the word between v and v in w that is w = uzv. We have to show
that C3(wp) = Cs3(w). By the definition of an I-block, the following
hold:

(Vl) Cg(ul)) Q Og(U)) N Cg(wB).

Note that item (iii) holds, because no variable in z is a last occurence
of a variable.

Case 1.C3(wp) C Cs5(w). Let abc € Cs3(wp). We may assume that a
is a first and c is a last appearance of some variables. By the definition
of a block, vg does not contain a last appearance. If a € v or ¢ € u,
then abc € Cs(w) by (vi). Hence, we may assume that ¢ is from v
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and a is from wvg. At first let a € c(u). Then either ab € Cy(u)
or b is in v or be € Cy(v). In the first and third cases by (vi), in
the second case by (v) we obtain that abc € C3(w) holds. Secondly,
let @ € B. Then either bc € Cy(v) or ab € Cy(vp). In the first case
abc € C3(w) is obvious by (v). Finally, let ab € Cy(vg). Note that
bac, bzc, ... bic € I2(by) = 12 (), and I2(b;) = Cy(v) = Co(v). Thus if
b # by, then be € Cy(D), so abe € Cs(w), again by (v). The remaining
case is b = b;. As ab = ab; is a subword of vg = xv;, we have v = b;
for some i # 1. Since o = b; is the variable in B which occurs last in v,
the letter by preceeds b; in v. Thus bic € Cy(v). Then a € ¢(z) implies
that abe € C(w).

Case 2.C5(w) C C3(wg). As in the previous case, we may assume
that a is a first appearance, and c is a last appearance of some variables.
Again, by the definition of a block no variable in z is a last appearance.
If a € v or ¢ € u, then abc € Cs3(wg) by (vi). So, we may assume that
c is from v and a is from uz. If a is from u and b is from u or v, then,
again by (vi) abc € C3(wp) holds. If b is from z and b is not the first
occurence of by, then be € I2(by) = I*(b;) = Cy(v), hence abc € Cs(wg).
Finally, if b is the first occurence of by, then a is from u and b is from
B, and the inclusion is implied by (v).

U

Step 2 Let By,B»,..., B; be the blocks. Proceed with Step 1 for
each I-block and the dual of Step 1 for each L-block (in arbitrary
order). Then we obtain the word wy.

Lemma 4.2. Let w be a word and wy the word obtained from w in
Step 2. Then wy ~3 w, and wy does not depend on the order of imple-
mentation of Step 1 on the blocks.

Proof. By Lemma 4.1 for any block B we have wg ~3 w, and by the
ordering of the blocks and the order of the blocks are determined by
C3(w) = C3(wpg). Hence, wy is detremined by Cs(w) and wy ~3 w, as
we wanted.

O

Construction 4.3. Let w be a word in F'(V3) and w be defined in the
following way.

Step 1-2 Let By, Bo, ..., By be the blocks of w. Proceed with Step 1 for
each block to obtain the word wy = v, u1vp,us ... vpE, . where
Uy, ...u, are words.
Step 3 For any subword vpuivp,, us...vp, where
— By, Bji1, ..., By, are all I-blocks and not L-blocks,
— B;_; is not an I-block or [ =1,

Bt
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— B,,11 1s not an [-block

define
Ui = c(u;) \ U clup) for il =1 <i<m—1and U, = c(uy)
h=i+1
In case B;, Byy1, ..., By, are all L-blocks and not I-blocks

and B;_; and B, are not L-blocks, then U; is defined dually.
The remaining case is when we have two consecutive 1-element
blocks consisting of variables occuring once in w. Then let
U; = ¢(u;). For every i write the elements of U; in alphabetical
order to get the word u; and replace each w; by u} in w; to
obtain the normal form

~ * *
w = vBlulvBiHuQ ... UB,

The last step of the construction can be interpreted in the follow-
ing way. We considered the subwords of the form vpuivp,  us...vp,
where B;, Byy1, ..., By, are all I-blocks and B;_; and B,,,; are not

I-blocks. Then we kept only the last appearances of the variables from

U ¢(u;), and put them into alphabetical order between two neighbour-
j=l

ing blocks. The word w doesn’t depend on the order of these proce-
dures.

Proposition 4.4. Let v and w be two words in F(V3). Then w ~3 w.
If v ~3 w, then v = w. Hence w s a normal form of w.

Proof. The construction and Lemmas 4.1 and 4.2 imply that w ~3 w.
The order of the blocks is determined by C5(w), and by Lemma 4.1 for
any block B the word wg is determined by Cs(w), as well.

In order to prove ¢ = w, it remains to show that u; is determined by
Cs(w). Let vpuivp,, Uz ... vp,, be asubword, where B, Bi,1, ..., By,
are all /-blocks and not L-blocks and B, and B,,,; are not I-blocks.
Then for ¢ > 1

Ui ={x : yixyms1 € C3(w), Yit12Ym41 & Cs(w)}
for arbitrary y; € B;, y;o1 € Biy1 and Y01 € By If ¢ = 1, then
[ > 2, and

Ul = {.T P YTYmy1 € 03<w)7yl$ym+1 ¢ 03<w)}
for arbitrary y; € Bi,y; € B; and Y41 € Bpy1. For L-blocks the
arguments are the dual ones. Finally, if B; = {y} and B;,; = {z} are
one element blocks, then



U={x:yrz e C3(w).
U

Remark 4.5. Let w be a word. In each step of the construction the
number of letters in w is not increasing. Hence, w is a shortest possi-
ble representant in its ~j3 class. Listing the triples occuring in Cj(w)
takes O(|w|?) time and all other steps are linear in |C3(w)|. Hence,
finding and multiplying normal forms takes O(|w|?) time, as expected.
Moreover, we can reduce the number of steps for long inputs. Let w
be the word obtained from w by keeping w’ and only one occurence
of each variable between suuccessive positions in w’. Then w ~3 w.
As w has length O(n?), the normal form of w can be obtained in
O(n®) time. Hence, the normal form of a word w can be determined in
O(max{|wl|?, Jw| +n°}) time.

Problem. Is there an in-place algorithm that outputs the k = 3 normal
form, and can it be done in log-space?

5. COUNTING WORDS

In this section we give estimates on the number of equivalence classes
of ~y, in other words we estimate the free spectra of the variety V.

Proposition 5.1. Let fi(n) denote the number of ~y equivalence classes
on n letters. Then

log fr(n) = O(n* /2 if k is odd

and

log fi(n) = ©(n*?logn), if k is even,
where O(f) = g if there are constants di and dy such that dy - g(n) <
f(n) <ds-g(n).

Proof. The theorem is proved by induction. We have f;(n) = 2", so
log fi(n) = nlog2 = ©(n), and the statement holds for k = 1. Given
a word w let w’ denote the word in which only the first and last oc-
curences of the variables are kept and the others are deleted. For k = 2
the word w’ determines w as Cy(w) = Cy(w'). The word w’ has length
at most 2n. This yields an obvious upper bound for £ = 2, namely
that fo(n) < (n+ 1)*". On the other hand, for each permutation 7 of
the numbers {1,2,...n} we obtain a different set Co(zr(1) ... Trw))-
Hence, n! < fa(n) < (n + 1)>" holds, and Stirling’s formula implies
log fa(n) = ©(nlogn).
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Let k > 3. For arbitrary words wo,ws, ..., Wp 41 with c(w;) C
{m[n/2]+17 ooy Ty forevery 1 <i <[n/2] + 1 let

W = WoT1 W1 X1 L2W2X2 -« - X[p /2] W[n /2] L n/2] W[n/2]+1-

As z; occurs only twice in w, x;uz; € Cyx(w) if and only if u € Cy_o(wy)
for 1 <i < [n/2]. Similarly, uz;x; € Cy(w) if and only if u € Cy_o(wy),
and /92 gu € Ck(w) if and only if v € Cy_o(wp/241). Hence, for
different tuples (Cr—2(wp), Cr—2(w1), . .., Cr—a(Win/24+1)) we get differ-
ent sets Ci(w), thus for different tuples of words from F(Vj_2) we
obtain different words in F(Vi). Therefore, fi(n) > f27%%(In/2])
and

(1) log fr(n) = 7 log fr—2([n/2]).

|3

Let w be a word. The word w is separated into t —1 (possibly empty)
parts by the letters of w':

W= Y UrYoU - . . Ut—1Y¢

We claim that w' and Cy_o(uy), ..., Cr_o(us—1) determine Cy(w). Let
a,as,...,as € c(w) and a = ayaz...as be a word of length s < k.
Let y, be the first occurence of a; in w and y, the final occurence of
as in w. If p > ¢, then a ¢ Cyx(w). Now suppose that p < q. As
a; ¢ c(y1urys ... Yp—1up—1) and as ¢ c(UgYg+1Ugs1 ---Ye), the word a
is in Ci(w) if and only if as...as-1 € Cr_a(UpYpr1Ups1 - - - Yg—1Ug—1)-
This happens if and only if as...as_; can be written as a product
V1V . . . Ugg_2p_1, Where vy, Vg, ..., Ugg_9,1 are the (possibly empty) sub-
words of up, Ypt1, Upt1, - -, Ug—1, Tespectively. Here the y;-s are con-
sidered as a 1-letter words. Since each of them has at most k — 2
letters, the sets Cy_o(uy), Cr_o(uz2), ..., Cr_2(u;—1) determine C(w).
Therefore fy(n) < (n+ 1) f2",'(n) and

(2) log fi(n) < 2nlog(n + 1) + (2n — 1) log fr—2(n).

Using inequalities (1) and (2) and induction on k, the proposition
holds.
U

Note that from the previous proof it follows that if k is even, then
3%71’“ logn < log fr(n) < 3*n*logn and if k is odd, then 3%71’“ <
log fi(n) < 3*n*.
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