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Abstract

Let V be a left vector space over the division ring D and let dim pV = k. Let (SubV,N)
and (SubV,+) denote the meet-semilattice and join-semilattice of the subspaces of V, re-
spectively. We prove that for x finite (SubV,N) embeds into (SubV,+) if and only if D
embeds into D°P?. We show that the similar statement holds for every infinite x if and
only if it holds for k = Ng. For vector spaces over fields we obtain that (SubV,N) always
embeds into (SubV,+).

1. Introduction

In [1] the following statement is proved (Corollary 4.5): Let V' be an
infinite-dimensional vector space over the division ring D. Then there is no
embedding from (Sub™ V,4) into (Sub V,N). Here, (Sub®® V, +) denotes the
semilattice of finite-codimensional subspaces of V' under the operation + and
(Sub V,N) is the meet-semilattice of the subspaces of V under N. More gener-

ally it is shown that there is an embedding from (Sub®™ V, +) into (Sub W, N)
if and only if dim W > (card D)¥™ V. The dual of the above problem is asked
(Problem 1): For an infinite-dimensional vector space V' does (Sub V,N) have

an embedding into (Sub V, +)7 In this paper we investigate this question for
both finite- and infinite-dimensional vector spaces. Let V be a left vector

2000 Mathematics Subject Classification. Primary 06B25, 15A03, 12E15, 51A05.
Key words and phrases. Lattice embedding, vector space, division ring, Brauer group,
projective geometry, duality.

© 2009 Akadémiai Kiado, Budapest



2 M. L. JUHASZ and A. PONGRACZ

space over the division ring D and let dim pV = k. We prove that for &
finite (Sub V,N) embeds into (Sub V,+) if and only if D embeds into D°P.

For r infinite we show that (SubV,N) embeds into (SubV,+) if and
only if for every finite-dimensional vector space W over D the semilattice
(SubW,N) embeds into (SubV,+). This settles the case of vector spaces
over fields: (SubV,N) embeds into (Sub V, +).

Finally, we discuss the general case and give some necessary conditions
for the problem. We show that if there is a vector space V with no such
embedding then there is also such a vector space W of countable dimension
over the same division ring.

2. Vector spaces over fields

In this section, V will denote a vector space of dimension k over the
field F'. Let V* denote the dual of V. Note that dim V* = & if & is finite and
dim V* = (card F)™™  otherwise. This result is proved in [2] for fields, but
the explanation works for division rings, as well.

Recall the most important properties of the Galois connection between V'
and V*. For a subspace U <V let U? = {f e V*| f(u) =0forevery u € U}.

For a subspace W < V* let W> = {v € V | f(v) = 0 for every f € W}. For
U <V we have U#* = U and for a subspace U! = W < V* the relationship

W% = W holds. The subspaces of V* of the form U? are called closed sub-
spaces. Finite-dimensional subspaces are closed.

Denote by Sub V the lattice of subspaces of V' and by ClSub V* the lattice
of closed subspaces of V*. Now, Sub V is dually isomorphic to ClSub V*, that
is (SubV,+,N) and (ClSub V* N, +) are isomorphic as lattices. Hence the

map W — W is a semilattice isomorphism from (ClSub V*,N) to (SubV, +).
For a subset X C V' let (X) denote the subspace of V generated by X.

For an index-set I and vector spaces V;, i € I let @ V; denote the (discrete)

el
direct sum and [] V; denote the complete direct product of these vector
el
spaces, moreover, let ¢; denote the canonical embedding of V; into the com-
plete direct product, that is

(v) v if j=1
Li(v); =

S0 i £
for every i € I.

THEOREM 1. Let V be a wvector space over a field. Then there is an
embedding of (SubV,N) into (SubV,+).
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PROOF. For finite-dimensional vector spaces the statement follows from
V*2V and ClSubV* =SubV*. For the infinite-dimensional case the
embedding will be constructed in several steps. According to the above
mentioned Galois-connection, it is enough to construct an embedding into
(CISub V*,N), instead of (SubV,+). For this we show an embedding from
(SubV,N) into (Sub V* N), such that each subspace in V' corresponds to a
closed subspace of V*. Denote by (v;);c; a basis of V' and by v € V* the
projection to the i-th coordinate, that is v;‘(zj a;vj) = ;. Note that V* =

[T(v}). For each XS I let Vy=(v;|i€A) SV, and V= = [[(vf) S V*.
1EA
Denote by P the set of finite subsets of I, that is P = {A C I | |\| < oo}.
Now, using our notations, for every A &1 and i €I we have that
vi* € VAP if and only if j ¢ A and v; € Vy+” if and only if i ¢ . Hence
(Vi) = (v; | i € T\ ) and (Vy))F = ] (v}) for any A C I and so
i€l\X

(1) V=V®(Va:)” and V*=Vy @ (V)"

Let V = [] Vi, and for every A € P and i € X let v(,n) = ta(vi). Moreover,
AeP

let B = {U(M) |NeP,ic )\}, the disjoint union of the bases of the subspaces

tx(Vy). The cardinality of B is equal to the cardinality of I, therefore there is
a bijection f: B — {v} | i € I}. This f extends naturally to an isomorphism
¢:V — V*. Note that dimV = dim V* = (card F)!l = (card F)3™V. For a
A€ Pdefine N ={jel|v=Ff(vsy) i€}

The map ¢ provides an internal complete direct product structure on V*.
By the definition of A we have C(L)\(V)\)) = Vs for every X € P, hence

V* = [[ Va=. The linear map ¢ induces an isomorphism ¢ between the
AeP

semilattices (SubV,N) and (Sub V*,N).
From (1) we can obtain the following two decompositions:

(2) r=x)+ (x—z\) where z € Vi, and z — a2y € (Vi)
for every z € V, and
(3) w=wy+ (w—wy) where wy € Vyx, and w —w) € (VX)jj

for every w € V*. Moreover, wy(z) = wx (@ + (x —x))) = wa(zx) = (wr +
(w —wy)) (z) = w(zy), hence

(4) wy(z) = w(zy)
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holds for every x € V and w € V*.

For a subspace U =V, let »(U) = [[ (UNV,). Now, ¢(U) is a subspace
AP

of V, thus Z(@ZJ(U)) is a subspace of V*.
CrAIM. For any U < V the subspace Z(d)(U)) is closed.

ProOF OF CLAIM. We show that if Uy < Vi« for A € P then we have
#
Uy = ( N U3)".
For every w € [[Uy and v € (U}, we shall prove that w(v) = 0. Now, v
A

can be written as a sum, v = »_ vy with vy € V. Then w(v) = > w(vy) =
> wy(v), according to (4). Since U) is finite dimensional, wy € Uy = (Ui)ﬁ
holds, therefore wy(v) =0 and so Y wy(v) = w(v) =0, as well.

For the other direction assume that w € ( N U K)ﬁ Now, Uy < Vi for
AeP

(Uy)’, and so (z —xy) € (Uy)’ for any z € V and

AeP. Thuszy =z —(x —x)) € (U,\)b for every z € (UA)b. Moreover, z) €

Vw< N (Var)l < ) U’ hence zy € () U for every A € P and
a€P, aF\ a€eP, 047@\ a€cP

z € (Uy)’. Since w € ( N Ub) for any A € P and x € (UA) we have that
a€clP

w(xy) = 0. Hence by (4) we obtain that wy(x) = 0. Thus for every A € P

each \ € P, hence (V)\/*)b <

xTr —

we have w) € (UK)ﬂ. As U) is finite dimensional, wy € Uy, hence w € [] U,,
AeP
and this is what we wanted to prove.
The mapping that takes U to ¢ (w(U)) is an embedding that preserves

intersections. Since E(?/)(U)) = HZ(U}(U) N VA) , is closed by the claim, the
A

map ( 0 is a semilattice-embedding from (Sub V,N) to (CISubV*,N). O

3. Vector spaces over division rings

We use the notation pV for a vector space V over a division ring D
(the elements of D are left multipliers). Our aim is to characterize those
finite-dimensional vector spaces such that the semilattice (SubV,N) is em-
beddable into the semilattice (SubV,+). The question will be answered a
bit more generally as we will characterize those pairs of vector spaces pA
and ¢ B of the same finite dimension such that (Sub A, N) is embeddable into
(Sub B, +). For this we start with a few definitions. Let pA and ¢B be vec-
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tor spaces over the division rings F' and G. A duality is a one-to-one and
order-reversing mapping from Sub A to Sub B, a projectivity is a one-to-one
and order-preserving mapping from Sub A to Sub B. For the moment, we
will consider only finite-dimensional vector spaces, now. Both a duality and
a projectivity can exist only if dim A = dim B. A projectivity preserves the
dimension of a subspace, while a duality “reverses” it, meaning that if § is a
duality and U = A with dimU = k and dim A = n then dim (6U) = n — k.
For a vector space pV we denote by L(V') the space of linear forms over V.
The right vector space L(V') , is called the adjoint space of pV. As we com-
mitted ourselves to use left vector spaces we have to convert the adjoint space
into a left vector space. We denote by pop V* the canonical dual space of pV'.
Here V* = L(V) and (D,*) = D° with the multiplication f,g € D°? and
acV* fxg=gf and fxa:=af. In |2] (Chapter IV.1) the following is
proved: If dim pV is finite then there is a duality from pV to porV*. Hence
the construction of Theorem 1 is unattainable in the non-commutative case,
as the vector spaces that we use in the proof are over distinct division rings.
Or, if we copy the arguments we embed (Sub pA,N) into (Sub A%, +). We
show a way of clarifying the situation.

THEOREM 2. Let p A and ¢ B be left vector spaces of equal finite dimen-
sion at least 3. Then the following are equivalent:

(1) there is a meet-semilattice embedding from (Sub pA,N) into
(SubgB,N).

(2) there is a lattice embedding from Sub pA into Sub gB.

(3) there exists a join-semilattice embedding from (Sub pA,+) into
(SubgB, +).

(4) there is an embedding from F into G.

PROOF. (1) <= (2) <= (3). Let us assume that we have a meet-
semilattice embedding «. It is an order-preserving map, hence it preserves
the height of an element. Thus for every Uy, Us; £ A we have dim a(U;) =
dim Uy, dim «a(Us) = dim Uy and dim (a(Ul) N a(Ug)) =dima(U; NU,) =
dim (U; N Us). Thus dim (a(Uy) + a(Uz)) = dim (U; 4+ Uz). The embed-
ding is order-preserving, hence o(U;) + a(Usz) < a(U; + Us). The dimension
of these two subspaces are equal, so a(U;) + «(Uz2) = «(U; + Uz). Thus a
meet-semilattice embedding is always a lattice embedding. Similarly, a join-
semilattice embedding is always a lattice embedding, hence (1) and (2) and
(3) are equivalent.

(4) = (1). Let F <G and A=F". Then, B=G". Let U < A be
a subspace of A. The set of vectors U is naturally a subset of B. Let
f(U) = (U)p, the subspace generated by U € B of B. We claim that f is a
meet-semilattice embedding. The rank of a system of vectors does not depend
on the field. Thus for u,v1,vs,...,v, € A it is obvious that v € (vy,...,v,)4
is equivalent to u € (vy,...,v,)p. Also the independence of the system of
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vectors {v1,...,v,} over A is equivalent to the independence of this sys-
tem over B. Thus f(Ua V)= f(U)® f(V). Let Uj,Us £ A, U NUs =W,
U =WaU;, Uy=W & U,. UlﬂUQZWﬂU1:WﬂU2:{O}, hence
FO)Nf(U2) = fW)N f(UL) = f(W)N f(Uz) ={0}. Thus f(U1)Nf(Us2) =
(FW) @ £(U) N (F(W) @ f(T2)) = F(W) = f(Uy NU2), so f is indeed a
meet-semilattice embedding.

(2) = (4). By the Projective Structure Theorem in [2| (Chapter III.1)
we have that in the case of dim pA = dim @B = 3 there is a lattice isomor-
phism (projectivity) from rpA to ¢B if and only if F' and G are isomorphic
division rings. Now we consider this theorem with the following approach:
if we use any process of coordinatization of a projective plane, the resulting
division ring of the coordinates is uniquely determined up to isomorphism.
There are several ways to construct the division ring (see e.g. [3]). We will use
the following one, because it is based on the lattice of the projective plane:
Take four geometrically independent points, two of them will be 0 and 1.
Geometrical independence is a property that we can check using purely the
lattice of the projective plane, and it depends only on the sublattice gener-
ated by the four points. We can define an addition and a multiplication on
the points of the line through 0 and 1 using only lattice operations.

Let f: pA — ¢B be a lattice embedding. Now consider four arbitrary
independent points in pA and take the images of these four points at f. The
latter will form an independent quadruple of points in Sub B, because the
sublattice they generate is isomorphic to the one, generated by the original
four points of pA. At first, we construct the coordinates for the image of
rA in ¢B. We obtain F', of course (up to isomorphism), as a subset of a
line in B. When we proceed for the division ring for the whole line of B,
we obtain the division ring G. The coordinates of the points corresponding
to F' remain unchanged. Hence F' will be a sub-division ring of G. By the
Projective Structure Theorem both F' and G are uniquely determined, hence
F' is embeddable into G.

If dim pA = dim B > 3, then let A’ < A be a subspace of dimension 3.
The image of A’ is B’. Since f is order-preserving it also preserves the di-
mension of a subspace, hence dim A’ = dim B’ = 3. An order-preserving map
is restrictable to a subspace, hence f| 4/ is a lattice embedding from Sub p A’
into Sub ¢B’. Thus F < G holds, again. O

Now we can easily characterize the finite-dimensional vector spaces A
over a division ring F' with the property that (Sub pA,N) is embeddable into
(Sub pA, +).

THEOREM 3. Let pA be a finite-dimensional vector space over a division
ring F'. There exists an embedding from (Sub pA,N) into (Sub pA,+) if and
only if dimpA <2 or dim pA > 2 and there is an embedding from F into
FepP,
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PROOF. If dim pA = 1 then the lattice is the two element lattice, so the
statement is true. If dim pA = 2 then Sub pA ~ Mg, the lattice of height 2,

where there are |F| elements in the middle.

Finally, let dim pA = 3. Let f denote an embedding of (Sub pA,N) into
(Sub pA,+) and § be a projectivity from pA to pop A*. The map ¢f is an
embedding of pA to por A*. Hence, by Theorem 2, F' < F°P holds.

If F < F°P, then by Theorem 2 g A embeds to gop A*. d

Hence, in order to show a finite-dimensional vector space that has the
lattice of subspaces not embeddable into the dual of the lattice it is enough
to construct a division ring not embeddable into its opposite. These division
rings are well-studied. For a detailed account on this and other questions on
division rings see [4] (Chapter 2.5). Here we recall a construction for such
division rings. Consider a Galois extension F'|Q with cyclic Galois group Z,,.
Let 3 £ n and denote by o a generator of Z,,. Let ¢ € Q be a nonzero ele-
ment. The division ring D is generated by F' and an element y satisfying the
following relations: y"™ = ¢ and for any x € F' xy = yo(z). This division ring
is a finite-dimensional vector space over Q, hence an embedding from D into
D°P is always an isomorphism. Note that in the Brauer group the class of G
is the inverse of the class of G°P for a division ring G. Hence if G is isomor-
phic to G°P then the order of the class of G in the Brauer group is 2. The
order of the class of D in the Brauer group is n, hence D and D°P are not
isomorphic. Thus D is not embeddable into D°P.

It is worth mentioning the following corollary of Theorems 2 and 3.

COROLLARY 4. Let pA and ¢ B be vector spaces of equal finite dimension
at least 3. There is an embedding from (Sub pA,+) into (Sub¢B,N) if and
only if there is an embedding from F into G°P.

Finally, we consider infinite dimensional vector spaces.

THEOREM 5. Let D be a division ring and let U be a left D-vector space
with countable infinite dimension.

(1) There is an embedding of (SubV,N) into (SubV,+) for every V over
D if and only if D < D°P.

(2) There is an embedding of (SubV,N) into (SubV,+) for every infinite-
dimensional vector space V' over D if and only if (SubU,N) embeds
into (SubU, +).

(3) There is an embedding of (SubU,N) into (SubU,+) if and only if
(Sub V,N) embeds into (Sub U, +) for every finite-dimensional V.

PROOF. For item 1 first let D < D°P. Then (Sub pV,+) < (Sub perV, +)
and the construction of Theorem 1 combined with this embedding gives the
desired result. For the other direction, by Theorem 3 the embedding of the
3-dimensional case implies that D < D°P.

For items 2 and 3 if (Sub U, N) embeds to (Sub U, +), then for every finite-

dimensional vector space V' the semilattice (Sub V,N) embeds to (SubU, +),
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as well. Replacing V) by U with an embedded copy of V), copying the proof
of Theorem 1 gives the desired result. ([

Although the original question of [1] remains open, by the following con-
sequence of item 2 of Theorem 5 we got closer to the answer.

COROLLARY 6. Let dim pU = Rg. If there is no embedding of (SubV,N)
into (SubV,+) for some infinite-dimensional vector space V' over D, then
(Sub U, N) does not embed into (SubU, +), either.
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