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Historical Context/Definitions
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Pattern avoidance

We say o € S, contains T € S, if there are x3 < x0 < ... < Xp
s.t. (o(x1),...,0(xm)) have the same relative order as 7. If o does
not contain 7, we say o is T-avoiding.
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Pattern avoidance

We say o € S, contains T € S, if there are x3 < x0 < ... < Xp
s.t. (o(x1),...,0(xm)) have the same relative order as 7. If o does
not contain 7, we say o is T-avoiding.

Example:
(3,5,1,2,4) = (3,5,1,2,4) contains (1,3,2).

However, (4,2,3,1,5) is 132-avoiding.
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Pattern avoidance

We say o € S, contains T € S, if there are x3 < x0 < ... < Xp
s.t. (o(x1),...,0(xm)) have the same relative order as 7. If o does
not contain 7, we say o is T-avoiding.

Example:
(3,5,1,2,4) = (3,5,1,2,4) contains (1,3,2).

However, (4,2,3,1,5) is 132-avoiding.

We use S,(7) to denote the set of 7-avoiding permutations of
length n.

Sp(1) = {0 € S, : 0 is T-avoiding}.
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Pattern avoidance

Examples: The permutation o = (3,5, 1,2,4) contains
T =(1,3,2), since

0 01 0O

0 0010 1 00
c=11 0 0 0 O containsT= |0 0 1

0 00 01 010

01 00O



Historical Context/Definitions

0e00

Pattern avoidance

Examples: The permutation o = (3,5, 1,2,4) contains
T =(1,3,2), since

00100
0 0010 1 00
c=1|1 0 0 0 O containsT= |0 0 1
0 00 01 010
01000
The permutation
0 0010
01 000
T=(4,2,3,1,5)=[0 0 1 0 O] is132-avoiding.
10 000
0 00 01
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Pattern avoidance

Also, if w = (wa,...,wy,) is a list of n distinct integers, we use
red(w) to denote the permutation obtained from w by replacing
the j-th smallest entry with /.
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Pattern avoidance

Also, if w = (wa,...,wy,) is a list of n distinct integers, we use
red(w) to denote the permutation obtained from w by replacing
the j-th smallest entry with /.

Example:

red(2,6,9,3,7) = (1,3,5,2,4).
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Pattern avoidance

Theorem (MacMahon '15, Knuth '65)

Let T € S3. Then

|Sn(7)| = Cs, for all n.
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Pattern avoidance

Theorem (MacMahon '15, Knuth '65)

Let T € S3. Then

|Sn(7)| = Cs, for all n.

o [Sn(123)] = |Sa(321)] and
1Sn(132)] = [Sa(213)] = |Sa(231)] = |Sa(312)]

by symmetry.
@ Many distinct bijections between

Sn(123) and S,(132).
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Statistics on Catalan structures:

Let A be a finite set. A map a: A — Z is called a statistic on A.
Let A and B be two finite sets with |A| = |B|, and let a and (3 be
statistics on A and B, respectively. If |a=1(z)| = |37(2)] for all
z € Z, we say « and (3 are equidistributed.
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Statistics on Catalan structures:

Let A be a finite set. A map a: A — Z is called a statistic on A.
Let A and B be two finite sets with |A| = |B|, and let a and (3 be
statistics on A and B, respectively. If |a=1(z)| = |37(2)] for all
z € Z, we say « and (3 are equidistributed.

Many results are known on the asymptotic behavior of statistics on
various Catalan structures (see Flajolet & Sedgewick, Analytic
Combinatorics, 2009).
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Statistics on Catalan structures

Theorem

Let h, be the height of a random plane tree with n+ 1 vertices,
and m, the height of a random Dyck path of length 2n. Then h,
and m,, are equidistributed, and

E[hp], E[mp] ~ 1/%", as n— oo.
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Statistics on Catalan structures

Theorem

Let h, be the height of a random plane tree with n+ 1 vertices,
and m, the height of a random Dyck path of length 2n. Then h,
and m,, are equidistributed, and

E[hp], E[mp] ~ 1/%", as n— oo.
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[ JeleleTolo)

Shape of 123-avoiding permutations
We define

Pa(, k) = {0 € Sa(123) o) = K} = > M(o)jx,
0€85,(123)

where M(o) is the matrix representation of o.
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Shape of 123-avoiding permutations

DEFINITION:

We define

Pa(, k) = {0 € Sa(123) o) = K} = > M(o)jx,
0€85,(123)

where M(o) is the matrix representation of o.

What is the asymptotic behavior of P,(j, k) as n — c0?
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Shape of 123-avoiding permutations

We define

Pa(, k) = {0 € Sa(123) o) = K} = > M(o)jx,
0€85,(123)

where M(o) is the matrix representation of o.

QUESTION:

What is the asymptotic behavior of P,(j, k) as n — c0?
More specifically, if we fix a, b € [0, 1], how does P,(an, bn)
behave as n — co?
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Shape of 123-avoiding permutations

DEFINITION:

We define

Pa(, k) = {0 € Sa(123) o) = K} = > M(o)jx,
0€85,(123)

where M(o) is the matrix representation of o.

QUESTION:

What is the asymptotic behavior of P,(j, k) as n — c0?

More specifically, if we fix a, b € [0, 1], how does P,(an, bn)
behave as n — co?

Even more specifically, for fixed ¢ € R and « € [0, 1), how does
P,(an — cn®, bn — cn®) depend on a, b, c and a?
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Shape of 123-avoiding permutations

Example: For n = 3, we have

S3(123) = S5 — (123) = {(132), (213), (231), (312), (321)},

NN =
N =N
= NN
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Shape of 123-avoiding permutations

Example: For n = 3, we have

S3(123) = S3 — (123) = {(132),(213),(231), (312),(321)},
so P3 = ( ) .

Also, P, =

NN =
N =N
= NN

Cc1 o1 W
NN bW
w B~ N Ol
= W o1 o1



Shape of 123-avoiding permutations

030 — —
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0.10 W0.15-0.20

0.05 m0.10-015
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m 0.00-0.05

Figure: Surface of Paso(j, k)/ Coso-
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Shape of 123-avoiding permutations
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— — 025
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Figure: Closer look at :’325()(.1'7 k)/C250, 201 SJ—F k < 301.
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Shape of 123-avoiding permutations

Theorem (M.-Pak, 2013+)

Let (a,b) € [0,1],c € R and « € [0,1) be fixed constants. Then
there exists 6 = 0(a, b) € [0, 1) such that

P,(an, bn) |~ 4" at+b#1,
Cn :@(nfg) at+b=1,

as n — oQ.
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Shape of 123-avoiding permutations

Theorem (M.-Pak, 2013+)

Let (a,b) € [0,1],c € R and « € [0,1) be fixed constants. Then
there exists 6 = 0(a, b) € [0, 1) such that

P,(an, bn) |~ 0" at+b#1,
Cn :@(nfg) at+b=1,

as n — oo. Similarly, there exists ¢ = €(a, c) € (0,1) such that

~ 8" atb#1,
S a+b:1,a>%,
:e(n—%Ha) a+b=10<a<l

P.(an — cn®, bn — cn®)

Cn

Né‘n

as n — oQ.
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Shape of 123-avoiding permutations
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Shape of 132-avoiding permutations

DEFINITION:

We define

Qu( k) == [{o € Sn(132) s 0(j) =k} = > M(0)ju

0€SK(132)

where M(o) is the matrix representation of o.
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Shape of 132-avoiding permutations

DEFINITION:

We define

Qu( k) == [{o € Sn(132) s 0(j) =k} = > M(0)ju

0€SK(132)

where M(o) is the matrix representation of o.

2
K
2

= NN

1
Example: Q3 = (2
2
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Shape of 132-avoiding permutations

We define
Qnl, k) == |{o € 8,(132) : 0(j) = k}| = Z M(a); k,

0€SK(132)

where M(o) is the matrix representation of o.

2
1 ’ Q4:
2

= NN
1 o1 W
N & 1 W
N W b~ Ol
TN N Ol

1
Example: Q3 = (2
2



Shape of 132-avoiding permutations
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Shape of 132-avoiding permutations
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Figure: Closer look at Qas0(j, k)/ Caso, 201 < j + k < 301.
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Shape of 132-avoiding permutations

Theorem (M.-Pak, 2013+)

Let (a, b) € [0,1]? be fixed constants. Then there exists
d =d(a, b) € (0,1) such that

~ §" at+b<l,

Qn(an, bn) | =© n"i) a+b= 1,
Cn =0 (n: l<a+b<2

~1 at+b=2,

4

as n — oQ.
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Shape of 132-avoiding permutations

Theorem (M.-Pak, 2013+ (continued))

Furthermore, let ¢ € R and « € [0, 1) be fixed constants. Then
there exists ¢ = £(a, c) € (0,1) such that Qnan=cnt.bn=cn®) ;o
asymptotically equivalent to

n

6" a+b<l,

e a+b:1,c>0,a>%,

© n7%> a+b:1,0§a§%,

© n_%+2a) a+b:1,c>0,g§a§%,
© n_go‘) a+b:1,c<0,%<a<1,
© n_%) l1<a+b<2,

© n_%a> at+b=2,

as n — oQ.
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Shape of 132-avoiding permutations

v fy:{a—i—b:l—%}

b

Figure: Region where Q,(an — cn®, bn — cn®) ~ C,/n9 for some d.
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Comparison of Paso(k, k) and Quso(k, k).

0.050
0.040
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I T = T s R I o B
PE E-SI[k- k]:"lc 250
=—Q350(k.k)/Cagp




Proof/Applications
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Sketch of proofs for P,(j, k) and Q,(J, k)

Let 0 < k < n— 1. The ballot number, b(n, k) = i ("Jgk), is the

number of partial Dyck paths from (0,0) to (n+ k, n — k) that
finish with an upstep.
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Sketch of proofs for P,(j, k) and Q,(J, k)

Let 0 < k < n— 1. The ballot number, b(n, k) = i ("Jgk), is the

number of partial Dyck paths from (0,0) to (n+ k, n — k) that
finish with an upstep.

Example: n=3

b(3,0)=1 b(3,1)=2 b(3,2)=2

N

N
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Sketch of proofs for P,(j, k) and Q,(J, k)

Lemma (Ballot numbers)
For every 1 < k < n, we have P,(1,k) = Q,(1,k) = b(n, k — 1).
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Sketch of proofs for P,(j, k) and Q,(J, k)

Lemma (Ballot numbers)
For every 1 < k < n, we have P,(1,k) = Q,(1,k) = b(n, k — 1).

Example: n =3

b(3,0)=1 b(3,1)=2 b(3,2)=2
1 2 2 1 2 2
P3=1(2 1 2],and @3 =2 2 1]. The entries in the first
2 21 2 1 2
column (and row) of each matrix match b(3, k — 1).
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Sketch of proofs for P,(j, k) and Q,(J, k)

Lemma (Ballot numbers)
For every 1 < k < n, we have P,(1,k) = Q,(1,k) = b(n, k — 1).

Example: n =3

b(3,0)=1 b(3,1)=2 b(3,2)=2

o
n

colum

s

. The entries in the first

N = N

2 1 2
2|, and Q3= (2 2
1 2 1

>

1 2
21
2 2
(and b(3,k —1).

row) of each matrix matc

The proof follows from standard bijections from Dyck paths to
Sn(123) and S,(132).
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Sketch of proofs for P,(j, k) and Q,(J, k)

Lemma (Explicit formula for P,(j, k))

Foreveryl <j k <n,

Po(j, k) = b(n—j+1,k—1)b(n—k+1,j—1) j+k<n+1,
ol b(j,n — k) b(k,n — j) j+k>n+1.
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Sketch of proofs for P,(j, k) and Q,(J, k)

Lemma (Explicit formula for P,(j, k))

Foreveryl <j k <n,

Po(j, k) = b(n—j+1,k—1)b(n—k+1,j—1) j+k<n+1,
ol b(j,n — k) b(k,n — j) j+k>n+1.

Proof Idea for j + k < n+ 1:

@ k must be a left-to-right minimum
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Sketch of proofs for P,(j, k) and Q,(J, k)

Lemma (Explicit formula for P,(j, k))
Foreveryl <j k <n,

Po(j, k) = b(n—j+1,k—1)bn—k+1,j—1) j+k<n+1,
A R I jHk>n+l.

Proof Idea for j + k < n+ 1:
@ k must be a left-to-right minimum
@ Any o counted by P,(j, k) is determined by (red(7), red(p)),
where 7 = (0(j),o(j +1),...,0(n)) and
p=(0"Yk),c7 (k+1),...,07(n))"! (the elements of &
larger than k in their same relative order)
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Sketch of proofs for P,(j, k) and Q,(J, k)

Lemma (Explicit formula for P,(j, k))
Foreveryl <j k <n,

Po(j, k) = b(n—j+1,k—1)bn—k+1,j—1) j+k<n+1,
A R I jHk>n+l.

Proof Idea for j + k < n+ 1:
@ k must be a left-to-right minimum
@ Any o counted by P,(j, k) is determined by (red(7), red(p)),
where 7 = (0(j),o(j +1),...,0(n)) and
p=(0"Yk),c7 (k+1),...,07(n))"! (the elements of &
larger than k in their same relative order)

° Pn(j7 k) = Pn—j+1(]-7 k) X Pnfk+1(j7 1)
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Sketch of proofs for P,(j, k) and Q,(J, k)

Example: P7(2,3) = Pg(1,3)Ps(2,1),0 = (6,3,7,2,1,5,4)

0000100
0001000
0100000

c=|000000 1],
0000010
1000000
0010000
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Example: P7(2,3)

000100
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Sketch of proofs for P,(j, k) and Q,(J, k)

Lemma (Explicit formula for P,(j, k))

Foreveryl < j, k <n,

b(n—j+1,k—1)b(n—k+1,j—1) j+k<n+1,

Pl k):{b(j,n—k)b(k,n—j) j+k>n+1.
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Sketch of proofs for P,(j, k) and Q,(J, k)

Lemma (Explicit formula for P,(j, k))
Forevery 1 < j, k <n,

b(n—j+1,k—1)b(n—k+1,j—1) j+k<n+1,

Pl k):{b(j,n—k)b(k,n—j) j+k>n+1.

Lemma (Explicit formula for Q,(J, k))

Foreveryl <j k <n,

Qi k)= b(n—j+1,k—r—1)b(n—k+1,j-r—1)C,

where r satisfies

max {0,/ +k—(n+1)} <r <min{j, k} — 1.




Sketch of proofs for P,(j, k) and Q,(J, k)

Stirling’s formula:
n n
n! ~ (7) V2mn as n— oo.

Stirling's formula implies
4N




Sketch of proofs for P,(j, k) and Q,(J, k)

Stirling’s formula:
n n
n! ~ (7) V2mn as n— oo.

Stirling's formula implies
4N

Lemmas + Stirling's formula — proof of theorems on asymptotic

behavior of P,(j, k) and Q,(j, k).
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Fixed points

Let 0 € S,. Denote fp,(c), the number of fixed points in o, to be
#{i st. o(i)=1i,1<i<n}.
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Fixed points

Let 0 € S,. Denote fp,(c), the number of fixed points in o, to be
#{i st. o(i)=1i,1<i<n}.

Example: For ¢ € S, chosen uniformly,

1 1
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Fixed points - expectation

Let E; be E[fp,(0)], for o € Sp(7) chosen uniformly.
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Fixed points - expectation

Let E; be E[fp,(0)], for o € Sp(7) chosen uniformly.

Theorem (Elizalde '04)

1
Ei30 = Ezp1 =1, and Ejpz — 5+ s n— oo
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Fixed points - expectation

Let E; be E[fp,(0)], for o € Sp(7) chosen uniformly.
Theorem (Elizalde '04)

1
Ei30 = Ezp1 =1, and Ejpz — 5+ s n— oo

Theorem (M-Pak '13+)

2T (3)
T

1
n%, as n— oQ.

Ex3; —
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Fixed points - expected location

Theorem (M-Pak '13+)

Let e > 0. Let 0 € S§,(123), 7 € Sp(132), p € Sp(321) be chosen
uniformly at random. If o(i) = i, then w.h.p.

[(-)n )]




Fixed points - expected location

Theorem (M-Pak '13+)

Let e > 0. Let 0 € S§,(123), 7 € Sp(132), p € Sp(321) be chosen
uniformly at random. If o(i) = i, then w.h.p.

[(-)n )]

If (i) =1, w.h.p.
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Fixed points - expected location

Theorem (M-Pak '13+)

Let e > 0. Let 0 € S§,(123), 7 € Sp(132), p € Sp(321) be chosen
uniformly at random. If o(i) = i, then w.h.p.

[(-)n )]

If (i) =1, w.h.p.

i € [(; —5) n, (;4—6) n] U[(1—e)n,n].

If p(i) =i, w.h.p.

i€[l,en]U[(1—e)n,n].
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Fixed points of 123-avoiding permutations
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Rank

The rank of a permutation o € S, is the largest integer r s.t.
o(iy>rforall1<i<r.
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Rank

The rank of a permutation o € S, is the largest integer r s.t.
o(iy>rforall1<i<r.

Example: For 0 = (3,5,1,2,4), rank(o) = 2.

O O = OO
= O O O o
OO OO
O O O+~ O
O = O O O
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Rank

The rank of a permutation o € S, is the largest integer r s.t.
o(iy>rforall1<i<r.

Example: For 0 = (3,5,1,2,4), rank(o) = 2.

O O = OO
= O O O o
OO OO
O O O+~ O
O = O O O

Theorem (Knuth-Richards '88, Claesson-Kitaev '09)

For o € §,(123) and 7 € S§,(132) chosen uniformly at random,
rank (o) is equidistributed with rank(r).
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Rank

Let A > 0. We define ranky of a permutation o € S, as the largest
integer r s.t. o(i) > Arforall 1 <i<r.
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Rank

Let A > 0. We define ranky of a permutation o € S, as the largest
integer r s.t. o(i) > Arforall 1 <i<r.

Observe that for A = 1, rank, is equivalent to rank as defined
above.
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Rank

Let A > 0. We define ranky of a permutation o € S, as the largest
integer r s.t. o(i) > Arforall1<i<r,

Observe that for A = 1, rank, is equivalent to rank as defined
above.

Theorem (M-Pak, '13+)

Let A > 0. For o € §,(123) and w € §,(132) chosen uniformly at
random, we have

E[ranky (o)

E[ranky ()

as n — Q.
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Further extensions

REMARK:
For 7 € S4,

Sn(1234) ~ 9" (Gessel '90),

Sn(1342) ~ 8" (Béna '97),

Sn(1324) =~ " for some 9.42 < a < 7+4/3
(AERWZ '06, Béna '12),

where f, ~ g, if log, f, — log, g, as n — oo.

AERWYZ = Albert, Elder, Rechnitzer, Westcott and Zabrocki.



Extensions
®000

Further extensions

REMARK:
For 7 € S4,

Sn(1234) ~ 9" (Gessel '90),

Sn(1342) ~ 8" (Béna '97),

Sn(1324) = " for some 9.42 < a <7+4/3
(AERWZ '06, Béna '12),

where f, ~ g, if log, f, — log, g, as n — oo.

AERWZ = Albert, Elder, Rechnitzer, Westcott and Zabrocki.

(1) OPEN PROBLEM:
What do the limiting shapes look like for S,(7) for 7 € Sp,, m > 37
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Further extensions

REMARK:

Enumeration of {0, 1}-pattern-avoiding matrices in M,({0,1}):

Kitaev '04 3-tile L-shaped patterns,
Kitaev-Mansour-Vella '05 2 x 2 patterns,
Spiridonov '09 pairs of 2 x 2 patterns.
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Further extensions

REMARK:
Enumeration of {0, 1}-pattern-avoiding matrices in M,({0,1}):

Kitaev '04 3-tile L-shaped patterns,
Kitaev-Mansour-Vella '05 2 x 2 patterns,
Spiridonov '09 pairs of 2 x 2 patterns.

(2) OPEN PROBLEM:

Can we generalize our results to o € M,({0,1}), and
T € M,({0,1})?
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Further extensions

Enumeration of o € S, s.t. ¢ has exactly k T-patterns:

Noonan-Zeilberger '98 =123, all k,
Béna '98 =132, k=1,2,
Robertson-Wilf-Zeilberger '99 7 =132, all k.




Extensions
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Further extensions

REMARK:

Enumeration of o € S, s.t. ¢ has exactly k T-patterns:

Noonan-Zeilberger '98 =123, all k,
Béna '98 =132, k=1,2,
Robertson-Wilf-Zeilberger '99 7 =132, all k.

(3) OPEN PROBLEM:

Let a-(0) be the number of occurrences of 7 within o. Define

Pali k,q) = > g2 M(0); 4.
o€S,
Observe that P,(j, k,0) = Pn(j, k), and P,(j, k,1) = (n — 1)! for
all 1 <j, k < n. Can we say anything about P,(j, k, q) in general
for0<g<1?
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Thank you!



Shape of 123-avoiding permutations

Theorem (M.-Pak, 2013+)

Let (a,b) €[0,1]?,c € R and « € [0,1) be fixed constants. Then
there exist 6 = d(a, b),e = e(a, ¢) € (0,1) such that

Pn(an—cn®.bn=cn®) ;s 2symptotically equivalent to

n

0" at+b#1,

en et at+b=1a> %,
n(a,c)n -3t a+b=10<a<i,
¢(a, c)n % a—i—b:la:O
n(a, c)k(a, c)n” : atb=1la= i

(2c+1)?
4y/m(a(1- a))7

C
= and r(a,c) = exp o) a)

as n — oo, where {(a,c) = , n(a, c) =

2




Shape of 132-avoiding permutations

Theorem (M.-Pak, 2013+)

Let (a,b) €[0,1]?,c € R and « € [0,1) be fixed constants. Then
there exist 6 = d(a, b),e = e(a, c) € (0,1) such that

Qn(an—cn®,bn—cn®)

is asymptotically equivalent to

(y(a, c)m(a,c))n_% a+b=1.c>0a=13,
z(a)nfg a+b=10<a<3,

(z2(a) + y(a,¢))n3 a+b=1c>0,a=2
y(a,c)n_%“a a+b:1,c>0,%<a<%,
W(c)n_%a a—|—b:1,c<0,%<0z,
v(a, b)n_% l<a+b<2,
\W(c)n_%a a+b=2,

as n — oQ.




Shape of 132-avoiding permutations

where
r3) 1
Z(a) = 3 3 1 3 V(aa b) - 3 3
2271a3(1l — a)s 2ym(2—a—b)2(a+b—1)2
1
wic) = 55—,
22 c2\/m
2¢2
y(aa C) = 3
maz(1— a)2

and k(a, c) = exp [a(%i)] as above.
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