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Main result

Provide efficient algorithms for generating all
permutations which avoid classical pattern o.

use permutation decision diagrams (tDD)

fast and low memory usage on computational
experiment

Extend the algorithm to generate vincular
pattern avoiding permutations.
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Permutation Pattern
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< Permutation: byjection on {1, 2, ... n}

12345
24301

< Example: © = (

< We use one-line notation, e.g,, t = (24 3 5 1).
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T = (1M1 T2 ... T,): permutation

0 = (01-09-..-0%): classical pattern

Deﬁmuon

7 contains o 1f there 1S length /c subsequence '
of m, (i M. i) with 1=1;,<ty<...<g=n, such that
<t it 0,<oj.

L = Otherwise, T avoids o.

Note: “-” means “not have to be adjacent”.
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Classical Pattern Avoiding

< Example:
<= (2 3 1 4) contains (2-1-3), but avoids (3-2-1).
(2314

length 3 subsequences (3 1 4) <2 | 4) (2 3 4) <2 3 1>

rﬁ@\i %%/
(order 1somorphic)

2-1-5
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Classical Pattern Avoiding

< Example:
<= (2 3 1 4) contains (2-1-3), but avoids (3-2-1).
(2314

length 3 subsequences (3 1 4) <2 | 4) (2 3 4) <2 3 1>

3-2-1
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Problem

Let A,.(o) be the set of n-permutations which avoid o. |

Problem

Generate A ( ) for glven posmve mteger n and pattern o ’

| Example:

input: n = 4, o = (2-3-1)

output: {(1234),(1243),(1324),(1423),
A439-(2134. Q143 G190 Bo T
4193, (4132, (4213, (4310, @371

i
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DD

(Permutation Decision Diagrams)
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< tDD: decision diagrams which
represent set of permutations

< one DD correspond to one
unique set of permutations

< based on decomposition of :
permutation by transposition n
L2 A8 e e s SR

={11,20T3,4, T1,90T2,4, T1 4}
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Transposition t,,: exchange only two elements x and .

Any n-permutation w can be uniquely decomposed nto
at most n-1 transpositions.

Unutl rt 1s not 1n ascending order, repeat the followings:

Let x be maximum element ¢ such that &; # :.

Exchange x and m,, and add T, to 1its decomposition.

=R ey

1 ]
2 2
3 3
4 4
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Transposition t,,: exchange only two elements x and .

Any n-permutation w can be uniquely decomposed nto
at most n-1 transpositions.

Unutl rt 1s not 1n ascending order, repeat the followings:

Let x be maximum element ¢ such that &; # :.

Exchange x and m,, and add T, to 1its decomposition.

& »e
=Sl ddenara =152 2 |

)4/ \4 T

“0” means composition of perm.
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Transposition t,,: exchange only two elements x and .

Any n-permutation w can be uniquely decomposed nto
at most n-1 transpositions.

Unutl rt 1s not 1n ascending order, repeat the followings:

Let x be maximum element ¢ such that &; # :.

Exchange x and m,, and add T, to 1its decomposition.

! ]
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Transposition t,,: exchange only two elements x and .

Any n-permutation w can be uniquely decomposed nto
at most n-1 transpositions.

Unutl rt 1s not 1n ascending order, repeat the followings:

Let x be maximum element ¢ such that &; # :.

Exchange x and m,, and add T, to 1its decomposition.

! ]
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July 4, 2013
e e




< mDD: reduced binary decision diagrams
which represent the set of permutations

node: transposition

< path to I-terminal node: permutation

each nodes have only two edges:
l-edge (means “use”)

0-edge (means “ignore”). n
L2 A8 e e s SR

={11,20T3,4, T1,90T2,4, T1 4}
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< mDD: reduced binary decision diagrams
which represent the set of permutations

node: transposition

< path to I-terminal node: permutation

each nodes have only two edges:
l-edge (means “include”) m
0-edge (means “exclude”). m
L2 A8 e e s SR

={11,20T3,4, T1,20T2,4, T1 4}
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DD has binary operation,
such as union, intersection,
difference and so on,
without restoring,

These computation time
depend on the number of
nodes, not permutations.

Because they are based on
recursive method.
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Cartesian Product

<= mDD also has cartesian product operation “X”:

= PXQ=1poq | pel qeQ}

<= Example:

[(4321),2341)}x{(4312),4213))}
= @37 HelEa 7 Ees 2 heE 7 | 5)
254 hiesd P22 o4 o2 | 5
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Cartesian Product

<= mDD also has cartesian product operation “X”:

= PXQ=1poq | pel qeQ}

<= Example:

f(4321),2341)}x{(4312),4213))}
= (@32 HoErs b eiv-eoE 2 1 )
254 hiesd P22 o4 o2 | 5
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Cartesian Product

<= mDD also has cartesian product operation “X”:

= PXQ=1poq | pel qeQ}

<= Example:

010,234 1)) X (4312 (0=
= (82 hoesgbne =i e | &)
@3l 2254 hoE 2 1 5 )
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Cartesian Product

<= mDD also has cartesian product operation “X”:

= PXQ=1poq | pel qeQ}

<= Example:

f(4321),2341)}x{(4312),4213))}
= @37 HelEagit 2 G 2 heE 7 T 5)
254 helsd P2 o4 o2 | 51
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Cartesian Product

DD also has cartesian product operation *“X”’:

= PXQ=1{poq | pel qeQ}

<= Example:

= {(4321),2341)}x{(4312),4213)}
{EEE 2 NoEE g s e 7| 5)
24 ho s B2 sa bod 1 5 )
£2134),(3124)1[(3124),2134)}

e

=0 301 0134
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cardinality: Product
# of node: Sum
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General generating approach:

< generate all n-permutations.

- check the avoidance for each permutations.

g ) =

all perm.\;
WEsore

Permutation Patterns 2013

generate / Q3= =

o avoid?

o avoid?
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Basic 1idea

Our approach: use tDD’s operations.

1. Obtain TDD for S5,, which 1s the set of n-permutations.

2. Obtain 7DD for C,(o), which is the set of n-permutations

containing o .

. Galculate the set difference 5,\C,(0), 1.e, obtain TDD for

A,(o) (= the set of n-permutations avoiding o.)
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Obtain DD for C, (o), which 1s the set of n-permutations
containing o .

Calculate the set difference 5,\CG,(0), 1.e, obtain TDD for
A,(o) (= the set of n-permutations avoiding o.)
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(Generate S,

< It1s very compact and easy to obtain.
Direct construction takes only O(zn°) time.

( (

CEemEiee
(2314),(2341
3194 (3142
( )5 {
( ), (

p

SRl T o]

p)

p)

)

)

)
)
)
)
)
)

B 043 (1324),(1342),

(
(
(
(
(
(

b 310 (41321

( )
2134),(2143),
2413),(2431),
g5 1 4 (3941}
), ( )
), ( )

p)

4 G e S,

p)
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Our approach: use tDD’s operations.

. Obtain DD for S,, which 1s the set of n-permutations.

Obtain DD for C, (o), which 1s the set of n-permutations
containing o .

Calculate the set difference 5,\C,(0), 1.e, obtain TDD for
A,(o) (= the set of length n-permutations avoiding o.)
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Let £ be length of o.

Generate all permutations whose A-prefix 1s in

ascending order.

Example: n = 5, 0 = (2-3-1), k = 3

M5 i35 - o455
@757 (12453, ., 24550 o7 iE
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< Let £ be length of o.

< (enerate all permutations whose A-prefix 1s 1n
ascending order.

<= Example:n=05,0=(2-3-1), k=3
A2 S 4r - cEaisia st ca B g (8 5 1 7))

Waﬂ( )MQ =
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< Rearrange each A-prefixes into the order which 1s
order 1somorphic to o.

<= Example:n=05,0=(2-3-1), k=3
((12345),(12354),..,(24513),..,(345

B ntion thorn 8

(5 B R S R R k7
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(Generate C,(0) - part.C

Rearrange each A-prefixes into all possible (Z)

positions.

Example: n =5, 0 = (2-3-1), k = 3

{@BD45),(23154),..,(4
\

539 1))

£ Q0014 5), @0)41)5), ..., @4 506)), .

23154),(23514),....(25431),..

s U 5050, 4015
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<= All 3 parts of generating C,(o) are “rearrangement’ .

Rearrangement 1s realized by permutation composition.

Example: (432 1)0(2413)=(3142)

@

<= nDD’s cartesian product can rearrange permutations
into multiple order at once.

A-A-A- A

k positions pattern o k-preﬁx

Permutation Patterns 2013 July

4,2013
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Our approach: use tDD’s operations.

. Obtain DD for S,, which 1s the set of n-permutations.

2. Obtain 7DD for C,(o), which is the set of n-permutations
containing o .

Calculate the set difference 5,\CG,(0), 1.e, obtain TDD for
A,(o) (= the set of n-permutations avoiding o.)
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Our approach: use tDD’s operations.

. Obtain DD for S,, which 1s the set of n-permutations.

2. Obtain 7DD for C,(o), which is the set of n-permutations
containing o .

.| Galculate the set difference 5,\C,(0), 1.e, obtain wDD for
A,(o) (= the set of n-permutations avoiding o.)

=
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Stepl.

Generate S,

Step?2.

Generate G,(0)

Step3.

Calculate S,\ G,(o)
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Extended algorithm
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Our algorithm 1s easy to be extended for
vincular pattern avoiding permutation.

Vincular pattern 1s pattern whose some element

must be adjacent.

CC )

It 0; and o;+1 must be adjacent, we omit
Example: 0 = (2 3-1)
(341 2) contains o, but (3 1 4 2) avoids o
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Generating Vincular pattern avoiding perm.

In the same way as classical pattern.
But step2-C change a little bit.

Example: n =5, 0 = (2 3-1)
,(23154),. @5321}

£ Q0D4 5), @0)41)5), . % %

(2315 4),( 23514

not adjacent...

453921, 45231),...,42153),
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Generating Vincular pattern avoid perm.

In the same way as classical pattern.
But step2-C change a little bit.

Example: n = 5, 0 = (2 3-1)
{@0D45),23154),...,45321)}

l\ e
{ Q314 5), @D4D)53), ... , (4 5QR)N),

23154),23514),..,(54231)

453921, 45231),..,21453))
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Experimental Results
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Experiment for classical pattern

We carried out computational experiment
for classical pattern avoiding.

Comparlson W1th naive rnethod

‘ Generate all n-permutatlons and eheek to avoid
{the given classical pattern or not for each. i

Expenment

Generate A, ( ) Where o is all patterns whose |

length 15 /ffor eaeh k e

| Permutation Patterns 2013 July 4, 2013
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)

1000 naive method (k=)5)
100

naive method (k=3)

10

1

0.1
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e
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o
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)
on
S
—
S
4y}

12

n

< DD 1s taster than naive method.
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10G

naive method (k=))

o

[
o)
@&
=

average memory usage (byte)

naive method (£k=3)

<

10 11 [ 13

n

< Note that naive method store A,(0) in arrays.

¥
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Experiment of vincular pattern

We also carried out computational experiments
for vincular pattens.

Comparlson w1th naive method

‘ Generate all n-permutatlons and eheek to avcnd !
1 the glven Vmeular pattern or not for eaeh o

Expemment

, Generate Baxter permutatlons wh1eh aV01d

| Permutation Patterns 2013 47 July 4, 2013
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naive method

p—d
&

computation time (sec)

=
p—d

n

< DD method 1s also fast for vincular pattern.
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n| # of Baxter| mDD(KB)| Bvte/# of Bax|naive(KB)| DD /naive
3 10754 2760 256.65 Lo 1.00
9 58202 4164 71.54 5676 0.73
10 326240 12984 39.80 373864 0.34
11
2
3
4

1882960 26828 1495 181119 0.15
11140560 08924 8.88| 1449904 0.07
67329992| 383279 5.69
414499438 824732 1.99

150 2593341586] 3151164 1.99
16, 16458756586 12403488 0.75
171105791986682] 40783188 0.39

T'he larger n 1s, the higher compression ratio

DD has.
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Conclusion

We propose algorithms that generate classical and
vincular pattern avoiding permutations using tDD.

compact representation
brand-new and simple approach
Experimental result looks good.

In almost cases, our algorithms are fast and use
low memory to compare naive method.
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(Generate Combination

The 1dea 1s based on Pascal’s '1riangle

()

Permutation Patterns 2013

July 4, 2013

| — p——




—— ——— —— ———  —  — L ————— — ——————— .

(Generate Combination

P
SrnvmaThe

=tilh25 5

n—1

)= ((1,2))
\(3>— ((1,23))
(12} N =

1 1,37,12,3 5}

)
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‘ Generate Combination
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