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A3(x , y) = 1 + 4xy + x2y2

A4(x , y) = 1 + 10xy + xy2 + x2y + 10x2y2 + x3y3

A3(x , 1) = 1 + 4x + x2
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Properties of An(x , 1)

I First studied by Euler (?)

I Explicit formula (An(x, 1) = (1 − x)n+1
∑

i≥0
inx i).

I Symmetry, unimodality
I All roots are real (An(x, 1) = nxAn−1(x, 1) + x(1 − x) d

dx An(x, 1)).
I Better: An(x , 1) is positive in the basis x i(1 + x)n−1−2i .
I It is the h-polynomial of the type A Coxeter complex.
I It is the partition function of the PASEP on a line segment

with n sites [Corteel-Williams]
I |{π : DES(π) = S}| is |Möbius| evaluated on the S-selection

of the Boolean poset.
I An(x , 1) =

∑
e∈In xasc(e) =

∑
e∈In x row(e)
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I |{π : DES(π) = S}| is |Möbius| evaluated on the S-selection

of the Boolean poset.
I An(x , 1) =

∑
e∈In xasc(e) =

∑
e∈In x row(e)



Which properties generalize?

I First studied by Carlitz and Scoville (1966)

I Explicit formula ((1 − x)n+1(1 − y)n+1
∑

i,j≥0

(
ij+n−1

n

)
x i y j )[Garsia-Gessel].

I Is An(x , y) positive in the basis
(xy)i(y + x)j(1 + yx)n−1−2i−j? [Gessel].

I An(x , y) =? ∑
e∈In xasc(e)y row(e) [Visontai].
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Proof

Want to prove∑
π∈Sn

xdes(π)y ides(π) =
∑
e∈In

xasc(e)y row(e).

Stronger but true:∑
π∈Sn

xDES(π)y ides(π) =
∑
e∈In

xASC(e)y row(e).

Fix S. Sufficient to prove:∑
π∈Sn,DES(π)⊇S

y ides(π) =
∑

e∈In,ASC(e)⊇S
y row(e).
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Choose S = {1, 4, 5, 7, 8}.

↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑

ides(π) = row(e)
S ⊆ DES(π),ASC(e)



S = {1, 4, 5, 7, 8}

↑ ↑ ↑ ↑ ↑

← 1

← 2

↑ ↑ ↑ ↑ ↑

←

←

←



S = {1, 4, 5, 7, 8}

↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑

1 + (2− 1) new inverse descents.
2 new occupied rows.



S = {1, 4, 5, 7, 8}

↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑

1 + (2− 1) new inverse descents.
2 new occupied rows.



” p∑
a=0

(
r − a − 1

a

)(
a + s − t − 1

a

)
=

(
r + s − t − 1

p

)
”



Remarks

I An(x , y) =
∑
λ`n fλ(x)fλ(y) (RSK)

I Fix τ . Look at (π, σ) such that πσ = τ . Depends only on
des(τ)! [Gessel]

I (DES, ides)←→ (ASC, row)

I (maj, ides)←→ (amaj, row)
Here, maj =

∑
DES, amaj =

∑
ASC

I (DES, IDES)←6 → (ASC,ROW)

I (
∑

DES,
∑

IDES)←6 → (
∑

ASC,
∑

ROW)
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Thanks!


