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Motivation

Study the ideal I = 〈x2, y2, xz − yz2〉
1 Solve the equations x2 = y2 = xz − yz2 = 0 Answer: the z -axis.
2 Which polynomials lie in the ideal

I = 〈x2, y2, x − yz〉 ∩ 〈x2, y2, z〉?

Answer: A polynomial f lies in I =
〈
x2, y2, x − yz

〉
∩
〈
x2, y2, z

〉
if

and only if the following conditions hold: Both f and ∂f
∂y + z ∂f

∂x

vanish on the z -axis, and both ∂2f
∂x∂y and ∂f

∂x vanish at the origin.
3 Solve the PDE given by I :

∂2ϕ

∂x2 =
∂2ϕ

∂y2 =
∂2ϕ

∂x∂z
− ∂3ϕ

∂y∂z2 = 0.

Answer : ϕ(x , y , z) = ξ(z) + (yψ(z) + xψ′(z)) + αxy + βx .
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Setup

R = C[∂z1 , . . . , ∂zn ] , elements of Rk acts on functions ϕ : Rn → Ck as
follow:

Rk ×Fk → F

p • ϕ 7→
k∑

i=1

pi · ϕi

F is either D′ (Rn) or C∞0 (Rn) .
An k × ` matrix M encodes a linear PDE with constant coefficients.
ϕ satisfies the PDE given by M if Mi • ϕ vanishes for all column Mi .

Sol(M) :=
{
ϕ ∈ Fk : m • ϕ = 0 for all m ∈ M

}
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Example of PDE

M =

[
∂1∂3 ∂1∂2 ∂2

1∂2
∂2

1 ∂2
2 ∂2

1∂4

]
∂2ψ1

∂z1∂z3
+
∂2ψ2

∂z2
1

=
∂2ψ1

∂z1∂z2
+
∂2ψ2

∂z2
2

=
∂3ψ1

∂z2
1∂z2

+
∂3ψ2

∂z2
1∂z4

= 0

A family of ( some ) solutions is

t2
[

t
−s

]
exp

(
s2tz1 + st2z2 + s3z3 + t3z4

)
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Exponential solutions

Given M submodule of Rk and Ass(M) = {P1, . . . ,Ps} ;
Pi ⊆ R is associated to M if there exists m ∈ Rk such that (M : m) = Pi .

V (M) = V (P1) ∪ . . . ∪ V (Ps) = V (〈k × k subdeterminants of M〉)

is called the characteristic variety of M .
The arithmetic length mi of M along Pi is the length of the largest
submodule of finite length in (RPi

)k /MPi
.

If M is a P -primary ideal; its arithmetic length is deg(M)
deg(P) .
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Exponential solutions

Lemma
Fix a k × l matrix M(∂) . A point u ∈ Cn lies in V (M) if and only if
there exist constants c1, . . . , ck ∈ C , not all zero, such that c1

...
ck

 exp (u1z1 + · · ·+ unzn) ∈ Sol(M)

Proposition
The solution space Sol(M) contains an exponential solution
q(z) · exp (utz) if and only if u ∈ V (M). Here q is a vector of polynomials.
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Finite dimensional case

Theorem ([4])

Consider a submodule M ⊆ Rk . Its solution space Sol(M) is
finite-dimensional over C if and only if V (M) has dimension 0 . There is a
basis of Sol(M) given by vectors q(z) exp (utz) , where u ∈ V (M) and
q(z) runs over a finite set of polynomial vectors.
There exist polynomial solutions if and only if m = 〈x1, . . . , xn〉 is an
associated prime of M . The polynomial solutions are found by solving the
PDE given by the m -primary component of M .

dimC Sol(M) = dimK

(
Rk/M

)
= amult(M).
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Ehrenpreis–Palamodov Fundamental Principle

Theorem (Ehrenpreis–Palamodov Fundamental Principle)

Consider a module M ⊆ Rk . There exist irreducible varieties V1, . . . ,Vs

in Cn and finitely many vectors Bij of polynomials in 2n unknowns (x, z) ,
such that any solution ψ ∈ F admits an integral representation

ψ(z) =
s∑

i=1

mi∑
j=1

∫
Vi

Bij(x, z) exp
(
xtz
)
dµij(x)

Here µij is a measure supported on the variety Vi .
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Example

The ideal I =
〈
∂2

1 − ∂2∂3, ∂
2
3
〉
represents the PDE

∂2ϕ

∂z2
1
=

∂2ϕ

∂z2∂z3
and

∂2ϕ

∂z2
3
= 0

for a scalar-valued function ϕ = ϕ (z1, z2, z3) . Primary and m1 = 4. It
reveals the vectors

B1 = 1,B2 = z1,B3 = z2
1x2 + 2z3,B4 = z3

1x2 + 6z1z3

ϕ(z) = a(z2)+z1b (z2)+
(
z2
1c
′ (z2) + 2z3c (z2)

)
+
(
z3
1d
′ (z2) + 6z1z3d (z2)

)
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Noetherian operators

Denote R = C [∂z1 , . . . , ∂zn ] := C [x1, . . . , xn] (xi = ∂zi ).
Find the differential operators Ai ,j (x, ∂x) such that

m ∈ M ⇐⇒ Ai ,j •m ∈ Pi for all Pi ∈ Ass (M)

Ai ,j are called Noetherian operators and the list (Pi ,Ai ,·) is called a
differential primary decomposition of M .
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Noetherian multiplier

Suppose M is P -primary submodule of Rk .
Consider the differential operator in the Weyl algebra

A (x, ∂x) =
∑

r,s∈Nn

cr,sx
r1
1 · · · x

rn
n ∂

s1
x1 · · · ∂

sn
xn , where cr,s ∈ K

There is a natural K -linear isomorphism between the Weyl algebra Dn and
the polynomial ring K [x, z] which takes the operator A(x , ∂x) to the
following polynomial B in 2n variables:

B(x, z) =
∑

r,s∈Nn

cr,sx
r1
1 · · · x

rn
n zs11 · · · z

sn
n

This bijection restricts to a bijection between Noetherian operators and
Noetherian multipliers:

B :=
{
B ∈ K [x, z] : B(x, z) exp

(
xtz
)
∈ Sol(M) for all x ∈ V (P)

}
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Differential primary decomposition

Theorem ([2])

Every submodule M of Rk has a differential primary decomposition. We
can choose the sets A1, . . . ,As such that |Ai | is the arithmetic length of
M along the prime Pi .
Moreover If (P1,A1) , . . . , (Ps ,As) is any differential primary
decomposition for M , then |Ai | ≥ mi .
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solvePDE algorithm

γ : R → T , xi 7→

{
yi + ui , if xi /∈ S ,

ui , if xi ∈ S .
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solvePDE

Distributed in Macaulay2 with the package "NoehterianOperators" from
version 1.18.
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solvePDE

a(z2), z1b(z2),∫
(x2z

2
1 + z3) exp(x2z2)dx2 = z2

1∂z2

(∫
exp(x2z2)dx2

)
+ z3

∫
exp(z2x2)dx2

= z2
1 c

′
1(z2) + z3c2(z2),

∫
(x2z

3
1 + 6z1z3) exp(x2z2)dx2 = z3

1∂z2

(∫
exp(x2z2)dx2

)
+ 6z1z3

∫
exp(z2x2)dx2

= z3
1d

′
1(z2) + 6z1z3d2(z2),
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Linear PDE with polynomial coefficients

Consider the Weyl algebra D = C 〈z1, . . . , zn, ∂1, . . . , ∂n〉 , and I a D -ideal.
in(−w ,w)(I ) is fixed under the action of the n-dimensional algebraic torus
(C∗)n : ti • xi = 1

ti
xi and ti • ∂i = ti∂ti .

in(−w ,w)(I ) is generated by operators xap(θ)∂b where a, b ∈ Nn where
θi = zi∂i [5, Theorem 2.3.3].
Consider

[θb] :=
n∏

i=1

bi−1∏
j=0

(θi − j)

The distraction J of in(−w ,w)(I ) is the ideal in C[θ] generated by all
polynomials [θb] p(θ − b) = xbp(θ)∂b.
Sol(J) = Sol(in(−w ,w)(I )) which can often be lift to Sol(I ) .
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