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The Geometric Problem
Let P be a set of n points in the plane.

» Plane Graph (on P): A set of pairwise non-crossing
straight-line edges with endpoints in P.
» Perfect Matching: A 1-regular plane graph on P.

» Triangulation: An edge-maximal plane graph on P.
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The Geometric Problem
Let P be a set of n points in the plane.

» Plane Graph (on P): A set of pairwise non-crossing
straight-line edges with endpoints in P.
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» Triangulation: An edge-maximal plane graph on P.
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The Geometric Problem
Let P be a set of n points in the plane.
» Plane Graph (on P): A set of pairwise non-crossing
straight-line edges with endpoints in P.
» Perfect Matching: A 1-regular plane graph on P.

» Triangulation: An edge-maximal plane graph on P.

Theorem (Sharir, Welzl 06)
The number of plane perfect matchings on any P is at most 10.05".
Theorem (Asinowski, Rote 15)

There are sets of n points with at least 3.093" plane perfect
matchings.

Theorem (Sharir, Sheffer 11)
The number of triangulations on any P is at most 30",
Theorem (Dumitrescu, Schulz, Sheffer, Téth 11)

There are sets of n points with at least 8.65" triangulations.
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» Augment plane graph with its trapezoidal decomposition.

» Discard all geometric information.
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The Roadmap

» Step 1: Calculate the number of diagrams.

n 02 4 6 8 10 12
# 1 1 5 42 462 6006 87516
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» Step 2: Bound the number of embeddings.
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3-dimensional Catalan Numbers

Let C,EB) be the k-th 3-dimensional Catalan number.

» Interpretation 1: Standard Young Tableaux of shape 3 x k.

1124 113]|5 1125 1134
3|56 21416 31416 21516 4156

(3) _ 2(3k)! V3,4 k
G = k+2)-(k+)k ™ k2T

> Interpretation 2: Balanced bracket expressions with k
symbols of each of (, |, and ).

(0D (I {0 SOl (<D

» Interpretation 3: Trapezoidal diagrams (of perfect
matchings) with n = 2k points.
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Theorem
The number of trapezoidal diagrams of perfect matchings over
n = 2k points is

c® ~5.196".

Theorem
There is a set P of n points and a trapezoidal diagram with
approximately 1.071" embeddings on P.

Theorem (Sharir, Welzl 06)

The number of plane perfect matchings on any set of n points is at
most 10.05".

Theorem (Asinowski, Rote 15)

There are sets of n points with at least 3.093" plane perfect
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Upward Triangulations

Trapezoidal Diagram (of triangulation):

Remark: Abstract upward triangulations correspond to 1 or 2
diagrams.



The Roadmap

» Step 1: Calculate the number of diagrams.

n 2 3 4 5 6 7 8
# 1 1 2 12 107 1178 14805
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» Step 2: Bound the number of embeddings.
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Prime Catalan Numbers
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» Prime Catalan Numbers: Let P,((3) be the number of
bracket expressions which do not contain any bracket
expressions as subsequences.
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Observation

Each balanced bracket expression ¢ can be written as a unique
combination of an expression p of size s without balanced
subexpressions, and an ordered sequence of 3s expressions

Cly,...,C3s.
= Z C,E3)xk, P(x) = Z Pl((3)xk
k=0 k=0
Lemma

The power series defined above satisfy
C(x) = P(xC(x)%).
Proof.

ZXM —Z Z X\P\+|C1|+ Fless| (XC(X)3)

P C1,---,C3s
s=|p]
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Asymptotics

C(x) = Z C,E3)xk, P(x) = Z P,((3)xk.
k=0 k=0

Lemma
The power series defined above satisfy

C(x) = P(xC(x)?).

» Experiments suggest that P£3) ~ ak™*. g% where

-3
7293
o~ 0.268 5 =27 V3 -9 ~ 23.459
407
Theorem
The radius of convergence of P(x) is 1/3, and the following limit
exists &
li P =
kl—>moo k 5



Questions?



