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@ Catalan numbers: Cat(n) =

o Catalan objects:

e 231l-avoiding permutations of [1]
e triangulations of an (1 + 2)-gon
e noncrossing set partitions of [r]
e nonnesting set partitions of [n]

@ they are robust enough to be generalized to all Coxeter
groups
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@ Catalan numbers: Cat(n) = Ll( ’

n+
o Catalan objects:
e 231l-avoiding permutations of [1]
e triangulations of an (1 + 2)-gon
e noncrossing set partitions of [r]
e nonnesting set partitions of [n]

@ they are robust enough to be generalized to all Coxeter
groups

e via the factorization Cat(n) = [/} L

i=1 i+l



@ Coxeter-Catalan numbers: Cat(W) =T, d"d—tdi

o Coxeter-Catalan objects:

sortable elements of W

W-clusters

noncrossing W-partitions

order ideals in the root poset of W

@ are they robust enough to survive further
generalizations?
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@ Coxeter-Catalan numbers: Cat(W) =T, d"d—tdi

o Coxeter-Catalan objects:

sortable elements of W

W-clusters

noncrossing W-partitions

order ideals in the root poset of W

o ...
@ are they robust enough to survive further
generalizations? to parabolic quotients?

o not in general, but possibly for the “coincidental
groups” Ay, By, I (k), H3



@ define parabolic Coxeter-Catalan objects

o parabolic Coxeter-Catalan numbers?
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@ define parabolic Coxeter-Catalan objects

o parabolic Coxeter-Catalan numbers?
@ bijections?

@ we start with the symmetric group
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© The Symmetric Group
@ 231-Avoiding Permutations
@ Noncrossing Partitions
@ Nonnesting Partitions



@ symmetric group G,: group of permutations of []

@ generators: s; = (i i+1),i € [n—1]
@ S=1{s1,5,...,5-1}
e inversion set: inv(w) = {(i,j) | i < j,w; > w;}



@ (standard) parabolic subgroup:
subgroup (&, ); generated by | C S

@ (standard) parabolic quotient:
&) = {we &, | inv(w) C inv(ws) forall s € J}



© ] =5\ {si,Siy---,5i}
@ one-line notation for w € 6,]1:
w1 < - < W |wi 41 < - < Wil Wi < s < Wy



0 Motivation

© The Symmetric Group
@ 231-Avoiding Permutations

@ Finite Coxeter Groups

@ The General Setting



@ 231-avoiding permutation
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@ 231-avoiding permutation

1 2 5 11 10 8 4 6 7 3 9



@ 231-avoiding permutation
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@ 231-avoiding permutation
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@ 231-avoiding permutation
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@ 231-avoiding permutation
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@ 231-avoiding permutation

1 2 3 11 10 8 4 6 7 5 9



@ 231-avoiding permutation

1 2 3 11 10 8 4 6 7 5 9



@ 231-avoiding permutation

1 2 3 11 10 8 4 5 7 6 9



@ /-231-avoiding permutation

1 8 10 112 5[4|6 7|3 9



@ /-231-avoiding permutation
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@ /-231-avoiding permutation
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@ /-231-avoiding permutation

1 8 10 112 5[4|6 7[3 9



@ /-231-avoiding permutation

1 8 10 112 5[3|6 7[4 9



@ /-231-avoiding permutation

1 8 10 112 5[3|6 7[4 9



@ /-231-avoiding permutation

1 8 10 112 4[3|6 7|5 9



e inversion set: inv(w) = {(i,j) | i <jw;i > wj}

@ weak order: u <g vif and only if inv(u) C inv(v)
> Weak(Gn)

@ longest element: w, =n---21



4321

SN

4312 4231 3421

S X XN

4213 4132 3412 3241 2431

/XN X N /N

4123 3214 3142 2413 2341 1432

NN XN X/

3124 2314 2143 1423 1342

N XK XX T

2134 1324 1243

~N 7

1234



Theorem (Bjorner & Wachs, 1997)

For n > 0 the Tamari lattice T, is isomorphic to the weak order on
the 231-avoiding permutations of &, i.e. T = Weak(&,(231)).

@ 7, is a sublattice and a quotient lattice of Weak (&,,)
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3124 2143 1423
N >

2134 1324 1243

~N 7

1234



@ parabolic weak order: restrict Weak(Gn) to 6{1
~ Weak(GL)
° Weak(Gﬂ) o Weak(e,w{,)



4/32)1
P N
4[31]2  4]23]|1 3[42]1
/ >< >< o
4(21|3 4[13]2 3[41]2 3|24]|1 2[43]1
/o7 X7 N/ N\
4123 3[21|4 3|14|2 2413 2|34|1 1[43]2
N/ N X7 N X/
3/1214 2/31|4 2[14|3 1|42[3 1]34[]2
AN >< >< -
2113|14  1[32/4 1|24|3
D
1/23/4



4132 3|24)1

_— N\ _— \

4123 3142 2|34/1
N\ N\ N\
3|12/4 2|14)3 1/34/2
N e N e
2|13/4 1/243
N e

1/23]4



Theorem (3 & Williams, 2015)

Forn > 0and ] C S, the poset Weak(6{1(231)) is a lattice, the
parabolic Tamari lattice 7).

e for any w € &}, there is a unique maximal w’ € &/,(231)
with w' <g w



Theorem (3 & Williams, 2015)

Forn > 0and ] C S, the poset Weak((‘SL(ZC&l)) is a lattice, the
parabolic Tamari lattice T Itisa quotient lattice, but not a
sublattice of Weak(&},).

e for any w € &}, there is a unique maximal w’ € &/,(231)
withw' <g w



4132 3|24)1

_— N\ _— \

4123 3[14/2 2(34/1
N\ N\ N\
3124 2(14/3 1/34[2
N e N e
2|134 1/24/3
N e

1/23]4



4132

/
4123
N\
3124 2|14)3 1/34/2
N e N e
2|13/4 1/24/3
N e

1/23]4



not a sublattice

4123
N\
3124 2|14)3 1/34/2
N e N e
2|13/4 1/24/3
N e

1/23]4
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@ /-noncrossing (set) partition

g—  © g §y



@ /-noncrossing (set) partition
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@ /-noncrossing (set) partition




Theorem (¥ & Williams, 2015)
Forn > 0and ] C S, we have |NCL| = ‘6{1(231)].




Theorem (¥ & Williams, 2015)
Forn > 0and ] C S, we have |NCL| = ‘6{1(231)].

@ associate bumps with descents


















— e - -

w =18 2 2|2 4]3]6 7|5 7



—— - = e

w =18 7?2 2|2 4]3]6 7|5 7



—— - = e

w = 1 8 10 11[2 4|3|6 7|5 9



q— o § -y g

w = 1 8 10 11|2 4|3|6 7|5 9



@ Reading recently gave an explicit bijection between
noncrossing diagrams and permutations
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@ Reading recently gave an explicit bijection between
noncrossing diagrams and permutations
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@ Reading recently gave an explicit bijection between
noncrossing diagrams and permutations

w=1810112436759
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@ Reading recently gave an explicit bijection between
noncrossing diagrams and permutations

w=1810112436759
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@ Reading recently gave an explicit bijection between
noncrossing diagrams and permutations

w=1810112436759

o/e/eje/o|ele|00]e]

°




@ Reading recently gave an explicit bijection between
noncrossing diagrams and permutations

w=1810112436759

o/e/e/o/o|eie/0[0/e]0




@ Reading recently gave an explicit bijection between
noncrossing diagrams and permutations

w=1810112436759

XTI OO



@ Reading recently gave an explicit bijection between
noncrossing diagrams and permutations

w=1810112436759

cecesenanen
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@ nonnesting (set) partition
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@ order ideals in the root poset

(111)
Ve N
(110) (211)
Ve N Ve N
(19) (210) (311)
Ve N Ve N Ve N
(18) (29) (310) (411)
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Ve N Ve N Ve N Ve N Ve N
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(14) (25) (36) 47) (58) (69) (710) (811)
Ve N Ve N Ve N Ve N Ve N Ve N Ve N Ve N
(13) (24) (35) (46) (57) (68) (79) (810) (911)
Ve N Ve N Ve N Ve N Ve N Ve N Ve N Ve N Ve N
(12) (23) (34) (45) (56) 67) (78) (89) (910) (1011)
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@ order ideals in the root poset
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@ /-nonnesting (set) partition

B T



@ /-nonnesting (set) partition

R



@ /-nonnesting (set) partition

R I



@ order ideals in the parabolic root poset

(111)
e N
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@ order ideals in the parabolic root poset

(111)
Ve N
(110) (211)
Ve N Ve N
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Theorem (3 & Williams, 2015)
Forn > 0and ] C S, we have |NNL\ = \MZH

@ associate bumps with minimal elements outside the
order ideal
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o Aligned Elements
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o finite Coxeter group: real reflection group

@ S .. Coxeter generators; T .. reflections; /5 .. Coxeter
length

e inversion set: inv(w) = {t € T | ls(tw) < ls(w)}
@ longest element: w € W withinv(w) =T ~s W,

@ cover reflection: ¢ € inv(w) such that tw = ws for some
seS ~~ cov(w)

o Coxeter element: ¢ = 5,55, - - - 51, for m € &,

@ c-sorting word: reduced word for w that is the
lexicographically smallest subword of ¢* ~ w(c)



@ (standard) parabolic subgroup:
subgroup W; generated by ] C S

@ (standard) parabolic quotient:
W = {w e W | inv(w) C inv(ws) foralls € J}



@ Motivation
© The Symmetric Group

@ Finite Coxeter Groups
o Aligned Elements

@ The General Setting



@ reflectiont <— reflection hyperplane H;
@ roots £B; <+— normal vectors to H;

@ Bt = ) sescsPs, where all ¢; have same sign

Hpg

(12)

1
-1 Hﬁ(z 3)
0
0
Pez = 1
1 Hy

(13)




@ reflectiont <— reflection hyperplane H;
@ roots £B; <+— normal vectors to H;

@ Bt = ) sescsPs, where all ¢; have same sign

H
W = 63 ﬁ(23) ﬁ(lZ) ﬁ(l 3)
1
Bz =1 —1 Hﬁ(zs)
0
0 —Ba2 B2
Pez = 1
-1
Hﬁ(l 3)

—B13) —B23)



@ reflectiont <— reflection hyperplane H;
@ roots £B; <+— normal vectors to H;

@ Bt = ) sescsPs, where all ¢; have same sign

W=6; B23) B(13)

1
B2 = ( -1 )

0

0 —Ba2 B(12)
B3 = ( 11 )

—B13) —B23)



o fixw=may---aqp €W

@ root order: By, < By, < --- < By, where
ti=may---a;---am ~ Inv(w)



o fixw=may---aqp €W
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W =64,] = {52}, Wh = 5152835251



o fixw=may---aqp €W

@ root order: By, < By, < --- < By, where
ti=may---a;---am ~ Inv(w)

W =64,] = {52}, Wh = 5152835251

51



o fixw=may---aqp €W

@ root order: By, < By, < --- < By, where
ti=may---a;---am ~ Inv(w)

W =64,] = {52}, Wh = 5152835251

s1 < 815251



o fixw=may---aqp €W

@ root order: By, < By, < --- < By, where
ti=may---a;---am ~ Inv(w)

W =6y,] = {s2}, W), = 5150535251

51 < 8518281 < S152535251



o fixw=may---aqp €W

@ root order: By, < By, < --- < By, where
ti=may---a;---am ~ Inv(w)

W =64 ]={s2}, W{; = 8182535251

s < 8518251 < 85152835281 < 51525352535251



o fixw=ma---qr €W

@ root order: By, < By, < --- < By, where
ti=may---a;---am ~ Inv(w)

W =64 ]={s2}, W{; = 8182535251

s < s1851 < 5150835251 < S3



o fixw=may---aqp €W

@ root order: By, < By, < --- < By, where
ti=may---a;---am ~ Inv(w)

W =64 ]={s2}, W{; = 8152535251

s1 < 8518251 < 8182835281 < S3 < 518253525152535251



o fixw=may---aqp €W

@ root order: By, < By, < --- < By, where
ti=may---a;---am ~ Inv(w)

W =64 ]={s2}, W{; = 8152535251

s1 < 8515251 < 8152838381 < 83 < 825352



o fixw=may---aqp €W

@ root order: By, < By, < --- < By, where
ti=may---a;---am ~ Inv(w)

W =64 ]={s2}, W{; = 8152535251

(12) < (13) < (14 < (B34 < (24



@ (W, c)-aligned element: whenever & < aa +bB < B in
Inv(w)(c)), then ta+bp € cov(w) implies t, € inv(w)
~ Align(W, ¢)



@ (W, c)-aligned element: whenever & < aa +bB < B in
Inv(w)(c)), then ta+bp € cov(w) implies t, € inv(w)
~ Align(W, ¢)

(12) < (13)<(14) < (34)<(24)

w e 6152} inv(w) aligned?
1]23/4 @ yes
2134 (12) yes
1]24/3 (34) yes
3/12/4 (12),(13) |  yes
2|14|3 (12),(34) yes
1(34|2 (34),(24) yes



@ (W, c)-aligned element: whenever & < aa +bB < B in
Inv(w)(c)), then ta+bp € cov(w) implies t, € inv(w)

w e 6152}

(12) < (13)<(14) < (34)<(24)

cov(w)

~ Align(W, ¢)

aligned?

412[3
3142
2|341
4132
3)24/1
4231

(14)

(14)

(14)
(13),(34)
(12),(24)
(13),(24)

yes
no

no
yes
yes
yes



@ (W, c)-aligned element: whenever & < aa +bB < B in
Inv(w)(c)), then ta+bp € cov(w) implies t, € inv(w)
~ Align(W, ¢)

Lemma (% & Williams, 2015)

Let W= &y, let c = $15y - - - S,,_1, and choose | C S. An element
w € &, is (W, c)-aligned if and only if it is ]-231-avoiding.




@ weak order: u <g v if and only if inv(u) C inv(v)
~~ Weak (W)

Conjecture (¢ & Williams, 2015)

For any finite Coxeter group W, any Coxeter element c € W, and
any | C S, the poset Weak (Align(W/, c)) is a lattice. Moreover,

it is a lattice quotient of Weak (W/).
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@ (W, c)-noncrossing partitions: cov(w) for
w € Align(W,¢) ~ NC (W)



@ Motivation
© The Symmetric Group

@ Finite Coxeter Groups

@ Nonnesting Partitions

@ The General Setting



@ parabolic root poset: order filter of root poset induced
by S\J

@ (W/)-nonnesting partitions: order ideals in parabolic
root poset ~~ NN (W)
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@ Finite Coxeter Groups
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@ The General Setting



@ subword complex ~ S(Q,w)
o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j
Sy Flip (S(Q; w))

@ Q = 515953515253515281, w = 4321
°



@ subword complex ~ S(Q,w)
o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j

~ Flip(S(Q,w))
@ Q = 515953515253515281, w = 4321
e (1,2,3)
1 2 3 4 5 6 7 8 9

S1 S2 S3 S1 S S3 S1 S S1




@ subword complex ~ S(Q,w)
o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j

~ Flip(S(Q,w))
@ Q = 515953515253515281, w = 4321
e (1,2,3),(2,3,4)
1 2 3 4 5 6 7 8 9

S1 R S3 S1 S2 S3 S1 S2 S1




@ subword complex ~ S(Q,w)
o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j

~ Flip(S(Q,w))
@ Q = 515953515253515281, w = 4321
e (1,2,3),(2,3,4), (3,4,5)
1 2 3 4 5 6 7 8 9

S1 S» S3 S1 So S3 S1 S S1




@ subword complex ~ S(Q,w)
o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j

Sy Flip (S(Q; w))
@ Q = 515953515253515281, w = 4321
e (1,2,3),(2,3,4), (3,4,5), (4,5,6)
1 2 3 4 5 6 7 8 9

S1 S» S3 S1 So S3 S1 S S1




@ subword complex ~ S(Q,w)
o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j
Sy Flip (S(Q; w))

@ Q = 515953515253515281, w = 4321
e (1,2,3),(2,3,4), (3,4,5), (4,5,6), (5,6,7)

S1 S» S3 S1 So S3 S1 S S1




@ subword complex ~ S(Q,w)
o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j
Sy Flip (S(Q; w))

@ Q = 515953515253515281, w = 4321
o (]-/ 2/3)/ (2/3/4)/ (3/ 4/ 5)/ (4/ 5/ 6)/ (5/ 6/ 7)/ (6/ 7/ 8)

S1 S» S3 S1 S S3 S1 Sp S1




@ subword complex

~ §(Qw)

o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j
Sy Flip (S(Q; w))

e Q=
e (1,2,
(6,8

$15253515253515251, w = 4321

3),(2,3,4),(3,4,5), (4,5,6), (5,6,7),(6,7,8),
,9)

S1

S2

S3

S1

S2

S3

S1

S2

51




@ subword complex

~ §(Qw)

o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j
Sy Flip (S(Q; w))

e Q=
e (1,2,
(6,8,9), (4,6,9)

$15253515253515251, w = 4321
3)/ (2/3/4)/ (3/ 4/ 5)/ (4/ 5/ 6)/ (5/ 6/ 7)/ (6/ 7/ 8)/
9

S1

Sz

S3

51

S2

S3

S1

S2

51




@ subword complex

~ §(Qw)

o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j
Sy Flip (S(Q; w))

e Q=
e (1,2,
(6,8,9), (4,6,9), (2,4,9)

$15253515253515251, w = 4321
3)/ (2/3/4)/ (3/ 4/ 5)/ (4/ 5/ 6)/ (5/ 6/ 7)/ (6/ 7/ 8)/
9

S1

S2

S3

S1

S2

S3

S1

S2

51




@ subword complex

~ §(Qw)

o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j
Sy Flip (S(Q; w))

e Q=
e (1,2,
(6,8,9), (4,6,9), (2,4,9), (1,2,9)

$15253515253515251, w = 4321
3)/ (2/3/4)/ (3/ 4/ 5)/ (4/ 5/ 6)/ (5/ 6/ 7)/ (6/ 7/ 8)/
9

51

S2

S3

S1

S2

S3

S1

S2

51




@ subword complex

~ §(Qw)

o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j
Sy Flip (S(Q; w))

e Q=
e (1,2,
(6,8,9), (4,6,9),(2,4,9), (1,2,9), (1,8,9)

$15253515253515251, w = 4321
3)/ (2/3/4)/ (3/ 4/ 5)/ (4/ 5/ 6)/ (5/ 6/ 7)/ (6/ 7/ 8)/
9

51

S2

S3

S1

S2

S3

S1

S2

51




@ subword complex

~ §(Qw)

o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j

$15253515253515251, w = 4321

~ Flip(S(Q,w))

e Q=
e (1,2,3),(2,3,4), (3,4,5), (4,5,6), (5,6,7), (6,7,8),
(6,8,9), (4,6,9),(2,4,9),(1,2,9),(1,8,9), (1,7,8)

S1 Sy S3 S1

Sp S1




@ subword complex ~ S(Q,w)
o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j
Sy Flip (S(Q; w))

= $15953515253515251, w = 4321
,2,3),(2,3,4), (3,4,5), (4,5,6), (5,6,7), (6,7,8),
,8,9),(4,6,9),(2,4,9),(1,2,9), (1,8,9), (1,7,8),
,3,7)

o= ?O

S1 S2 S3 S1 S2 S3 S1 S2 S1




@ subword complex

~ §(Qw)

o flip order: F < Gifand only if F\ {i} = G\ {j} fori < j
Sy Flip (S(Q; w))

@ Q = 515953515253515281, w = 4321

o (1,2,3),(2,3,4), (3,4,5), (4,5,6), (5,6,7), (6,7,8),
(6,8 9) (4,6,9), (2,4,9), (1,2,9), (1,8,9), (1,7,8)
(

7




@ parabolic subword complex: Q = cw,(c),



@ parabolic subword complex: Q = cw,(c), w = w,,
where W =S, c =515 - - - 8,1, and
Wo = 5152 * * * 5315152 * *Sp—251 " " * 51
~ 8
@ Q = 515253515253515251, w = 4231
°

51 S2 S3 51 S2 S3 51 S2 51




where W =S, c =515 - - - 8,1, and
Wo = 5152 * * * 5315152 * *Sp—251 " " * 51

@ parabolic subword complex: Q = cw,(c), w = w,,

~ 8
@ Q = 515253515253515251, w = 4231
o (1,2,3,7)
1 2 3 4 5 6 7 8 9
$1 R S3 S1 S2 S3 S1 S2 S1




@ parabolic subword complex: Q = cw,(c), w = w,,
where W =S, c =515 - - - 8,1, and
Wy = 5152 "+~ Sp—15182 " * *Sp—-251 " - - 51

~ 8
@ Q = 515253515253515251, w = 4231
0 (1,2,3,7),(2,3,4,7)
1 2 3 1 5 6 7 8 9

S1 S2 S3 S1 S S3 S1 S S1




@ parabolic subword complex: Q = cw,(c), w = w},
where W =S, c =515 - - - 8,1, and
Wy = 5152 "+~ Sp—15182 " * *Sp—-251 " - - 51

~ 8
@ Q = 515253515253515251, w = 4231
0 (1,2,3,7),(2,3,4,7), (3,4,5,7)
1 2 3 1 5 6 7 8 9

S1 S» S3 S1 So S3 S1 S S1




@ parabolic subword complex: Q = cw,(c), w = w},
where W =S, c =515 - - - 8,1, and
Wy = 5152 "+~ Sp—15182 " * *Sp—-251 " - - 51

~ 8
@ Q = 515253515253515251, w = 4231
e (1,2,3,7),(2,3,4,7), (3,4,5,7), (4,5,6,7)
1 2 3 1 5 6 7 8 9

S1 S» S3 S1 So S3 S1 S S1




@ parabolic subword complex: Q = cw,(c), w = w},
where W =S, c =515 - - - 8,1, and

Wo = 5152 * * *Sp—15152 - -~ Sp—251 " - 51
~ 8

@ Q = 515253515253515251, w = 4231
o (1,2,3,7),(2,3,4,7), (3,4,5,7), (4,5,6,7), (4,6,7,8)

S1 S» S3 S1 S S3 S1 Sp S1




@ parabolic subword complex: Q = cw,(c), w = w},
where W =S, c =515 - - - 8,1, and
Wo = 5152 * * * 5315152 * *Sp—251 " " * 51

~ 8
= 515253515253515251, W = 4/23|1

2,3,7),(2,3,47),(3,4,5,7),(4,5,6,7), (4,6,7,8),

°Q
o (1,
(4,6,8,9)

S1 S2 S3 S1 S2 S3 S1 S2 51




@ parabolic subword complex: Q = cw,(c), w = w},
where W =S, c =515 - - - 8,1, and
Wo = 5152 * * * 5315152 * *Sp—251 " " * 51

~ 8
= 515253515253515251, W = 4/23|1

2,3,7),(2,3,47),(3,4,5,7),(4,5,6,7), (4,6,7,8),

°Q
o (1,
(4,6,8,9),(2,4,8,9)

S1 S2 S3 S1 S2 S3 S1 S2 S1




@ parabolic subword complex: Q = cw,(c), w = w},
where W =S, c =515 - - - 8,1, and
Wo = 5152 * * * 5315152 * *Sp—251 " " * 51

~ 8
= 515253515253515251, W = 4/23|1

2,3,7),(2,3,4,7),(3,4,5,7),(4,5,6,7), (4,6,7,8),

°Q
o (1,
(4,6,8,9), (2,4,8,9), (2,4,7,8)

S1 S2 S3 S1 S2 S3 $1 Sn S1




@ parabolic subword complex: Q = cw,(c), w = w},
where W =S, c =515 - - - 8,1, and
Wo = 5152 * * * 5315152 * *Sp—251 " " * 51

~ 8
= 515253515253515251, W = 4/23|1

2,3,7),(2,3,4,7),(3,4,5,7),(4,5,6,7), (4,6,7,8),

°Q
o (1,
(4,6,8,9), (2,4,8,9), (2,4,7,8), (1,2,7,8)

S1 S2 S3 S1 S2 S3 S1 S2 S1




@ parabolic subword complex: Q = cw,(c), w = w},
where W =S, c =515 - - - 8,1, and
Wo = 5152 * * * 5315152 * *Sp—251 " " * 51

~ 8
= 515253515253515251, W = 4/23|1

2,3,7),(2,3,4,7),(3,4,5,7),(4,5,6,7), (4,6,7,8),

°Q
o (1,
(4,6,8,9), (2,4,8,9), (2,4,7,8), (1,2,7,8), (1,2,8,9)

S1 S2 S3 S1 S2 S3 S1 S2 S1




Theorem (Pilaud & Stump, 2015)

For any finite Coxeter group W, and any Coxeter element c € W,
we have Weak (Align (W@, ¢)) = Flip(SW (W@, ¢)).




Conjecture (¢ & Williams, 2015)

For any finite Coxeter group W, any Coxeter element c € W, and
any | C S, we have Weak (Align(W, ¢)) = Flip(SW (W, c)).




-
,4,5) (2,4,9) (1,7,8)
N >

(2,3,4) (1,3,7) (1,2,9)

~N |7
(1,2,3)







Theorem (Serrano & Stump, 2011; # & Williams, 2015)
Forn > 0and ] C S, we have |S,]1‘ = |NNL‘




Theorem (Serrano & Stump, 2011; # & Williams, 2015)
Forn > 0and ] C S, we have |S,]1‘ = !NNL‘

@ Edelman-Greene insertion on positions of subword

o slight modification of the recording tableau









7 8 9 10

51 S s3 Sq S5 S¢ S7 Sg Sg S10 51 S2 S3
14 15 16 17 18 19 20 21 22 23 24 25 26
Sq S5 S6 Sy Sg S9 510 51 S S3 S4 S5 Se
27 28 29 30 31 32 33 34 35 36 37 38 39
Sy S S9 s1 S S3 Sy 55 Se s7 Ss S1 S2
40 41 42 43 44 45 46 47 48 49 50 51 52
S3 Sq S5 S S7 S1 S2 S3 Sq S5 Se S1 S2
53 54 55 56 57 58 59 60 61 62 63 64 65
S3 Syq S5 S1 So S3 Syq S1 S S3 S1 S2 51

51 52 53 S4 S5 S¢ 57 4 56 7 8 910

52 83 84 S5 S6 57 S8 13 14 15 16 17 18 19

53 54 S5 S6 S7 S8 59 22 23 24 25 26 27 37

S4 S5 S¢ S7 S8 59 510 32 35 40 41 42 43 44

S5 S6 38 39 48 49 50

S6 57 47 52 53 54 55

57 S8 51 57 58 59

58 59 56 62

59 510 60 64



51 82
S2 S3
S3 Sy
S4 S5
S5 Se
Se S7
S7 S8
S8 S9
59 510f

g W N =
Q=N

® NN O Ul W N
NN O Ul W N
NN U W=

O 0 N Ul = W

O 0 N O U1 B W N~

—_
(=)




51 82
S2 S3
S3 Sy
S4 S5
S5 Se
Se S7
S7 S8
S8 S9
59 510f

= O O O
_ = O O

e ==]
e = ==]
= = = O O O

o O O O O O o O O
el e i e R e i e R )
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@ Motivation
© The Symmetric Group

@ Finite Coxeter Groups

@ Numerology

@ The General Setting



o four families of parabolic Catalan objects...



o four families of parabolic Catalan objects...

@ ... parametrized by a Coxeter group and a Coxeter
element



o four families of parabolic Catalan objects...

@ ... parametrized by a Coxeter group and a Coxeter
element

Theorem (¢ & Williams, 2015)
Forn > 0and ] C S we have

|64,(231)| = |NC}| = |NNJ| = |Sh].




o four families of parabolic Catalan objects...

@ ... parametrized by a Coxeter group and a Coxeter
element

Theorem (3 & Williams, 2015)

For W= G6,,c=s15---8,_1,and ] C S we have

[Align(W, )| = [NC(W, )| = [NN(W)| = [SW(W,¢)].




@ does this work for all types?



@ does this work for all types? No!

@ let W = Dy, ¢ = s3525154, ¢’ = $p538451, | = {s1,52}
@ we have:

o |Align(W/,c)| =21

o |Align(W/, )| = INN(W/)| =22



@ does this work for all types? But possibly for the
coincidental types!

Conjecture (¥ & Williams, 2015)

For W € {Ay, By, b(k),Hs},] C S, and c € W a Coxeter
element, we have

[Align(W, )| = [NC(W,¢) | = [NN(W)| = [SW(W,¢)|.




@ The General Setting



@ (W, c)-aligned element: whenever & < aa +bB < B in
Inv(w)(c)), then ta+bp € cov(w) implies t, € inv(w)
~ Align(W, ¢)



@ w-aligned element: whenever a# < an +bf < fin
Inv(w), then ty, 5 € cov(w) implies £, € inv(w)
~ Align(W, w)



@ w-aligned element: whenever a# < an +bf < fin
Inv(w), then ty, 5 € cov(w) implies £, € inv(w)
~ Align(W, w)
@ works for any reduced word of any element in any
Coxeter group



w-aligned element: whenever & < an + b < Bin

Inv(w), then ty, 5 € cov(w) implies £, € inv(w)
~ Align(W, w)

@ works for any reduced word of any element in any

Coxeter group
@ in general, Weak (Align (W, w)) is not a lattice
o take W = A3 and W = 5515053505152
@ not even in finite type

@ no counterexamples for rank < 3 known



50515053505152

|

505150535051 515053505152

s

5051505350 5150535051 5051535051

> >

50515053 51505350 50515350 51535051 50535051

XN X N /N

515053 505150 5158350 505153 835051 505350

NN XN X/

5150 5051 5183 5053 5350
51 50 53

e




50515053505152

|

505150535051 515053505152

5051505350 S1S0S3S0S1 S0S153S0S51

— .

50515053  S150S3S0 S0S1S3S0 S153S50S1  S0S3S50S1

< A\

515053 505150 $153S0 505153 $35051

N/ </

S1So 5051 S153 S0S3 S3Sp

N N
/

G\
X

X

5350

X

S1

/X



50515053505152

|

505150535051 515053505152

/

5051505350

—

50515053

/.

515053

5051535051

505150 505153 505350

5051 5183 5053
51

o<
\



50515053505152

|

not a lattice 505150535051 515053505152

5051505350

—

50515053

/.

515053

5051535051

505150 505153 505350

5051 S153 5053
51

o<
\



@ shards

%) [ %)

—0q a1

— (&1 +az) —ay



@ shards

H“l +an




@ shards

I
e

H“l +an




@ w-selected shards




@ w-selected shards

H“l

S _B/ o
s1spB sHB
B %

H“l +an




@ w-selected shards

@ w-sortable elements: all lower shards are w-selected
~~ Sort (W, w)

H“l o




505150535051

PR

5051505350 5150535051 5051535051

> >

50515053 51505350 50515350 51535051 50535051

XN X N /N

515053 505150 5158350 505153 835051 505350

NN XN X/

5150 5051 5183 5053 5350
51 50 53

e









5150535051
50515035051 1

51535051

51505350

50535051

5051535051



5150535051
50515035051 1

51535051

51505350

50535051

5051535051






505150535051

P RN

5051505350 5051535051
50515053
515083 505150 505153 505350

5051 5183 5053
51

o<
\



50515053505152

|

505150535051 515053505152

/

5051505350

—

50515053

/.

515053

5051535051

505150 505153 505350

5051 5183 5053
51

o<
\









@ w-sortable elements: all lower shards are w-selected
~~ Sort(W, w)

Theorem (¢ & Williams, 2015)

For any Coxeter group W, and any reduced word w, we have
Align(W,w) = Sort(W, w).




@ shard-inversion set: inversions that correspond to

selected shards ~ sinv(w)
o w-selected: minimal regions with given
shard-inversion set > Select(W, w)
H“l
H, sinv(e) = @
sinv(sy) = {s1}
sinv(sy) = {sz}
sinv(sysp) = {s1,515251}
. sinv(sps) = {s2}
Mt sinv(sispst) = {s1,515251,52}




@ shard-inversion set: inversions that correspond to

selected shards ~ sinv(w)
o w-selected: minimal regions with given
shard-inversion set > Select(W, w)

Theorem (¢ & Williams, 2015)

For any Coxeter group W, and any reduced word w, the poset
Weak (Select (W, w) ) is a lattice. Moreover, it is a lattice

completion of Weak (Sort(W,w)).










50515053505152

|

505150535051 515053505152

/

5051505350

—

50515053

/.

515053

5051535051

505150 505153 505350

5051 5183 5053
51

o<
\



50515053505152

|

505150535051 515053505152

/

5051505350 5051535051

S0515053 51505350

/<

515053 505150 505153 505350

SpS1 5183 5053///////////////

o o<
\



Thank You.
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