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Catalan Objects

Catalan numbers: Cat(n) = 1
n+1 (

2n
n )

Catalan objects:
231-avoiding permutations of [n]
triangulations of an (n + 2)-gon
noncrossing set partitions of [n]
nonnesting set partitions of [n]
...

they are robust enough to be generalized to all Coxeter
groups

via the factorization Cat(n) = ∏n−1
i=1

n+i+1
i+1
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Coxeter-Catalan Objects

Coxeter-Catalan numbers: Cat(W) = ∏n
i=1

dn+di
di

Coxeter-Catalan objects:
sortable elements of W
W-clusters
noncrossing W-partitions
order ideals in the root poset of W
...

are they robust enough to survive further
generalizations?

not in general, but possibly for the “coincidental
groups” An, Bn, I2(k), H3
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Parabolic Coxeter-Catalan Combinatorics

define parabolic Coxeter-Catalan objects
parabolic Coxeter-Catalan numbers?
bijections?

we start with
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Parabolic Coxeter-Catalan Combinatorics

define parabolic Coxeter-Catalan objects
parabolic Coxeter-Catalan numbers?
bijections?

we start with the symmetric group
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The Symmetric Group Sn

symmetric group Sn: group of permutations of [n]
generators: si = (i i+1), i ∈ [n− 1]
S = {s1, s2, . . . , sn−1}
inversion set: inv(w) =

{
(i, j) | i < j, wi > wj

}

6 / 56



On Parabolic
Tamari
Lattices

Henri Mühle
and Nathan

Williams

Motivation

The
Symmetric
Group
231-Avoiding
Permutations

Noncrossing
Partitions

Nonnesting
Partitions

Finite Coxeter
Groups
Aligned Elements

Noncrossing
Partitions

Nonnesting
Partitions

Subword Complexes

Numerology

The General
Setting

Parabolic Quotients of Sn

(standard) parabolic subgroup:
subgroup (Sn)J generated by J ⊆ S

(standard) parabolic quotient:
SJ

n = {w ∈ Sn | inv(w) ( inv(ws) for all s ∈ J}
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Parabolic Quotients of Sn

J = S \ {si1 , si2 , . . . , sik}
one-line notation for w ∈ SJ

n:
w1 < · · · < wi1 |wi1+1 < · · · < wi2 | · · · |wik+1 < · · · < wn
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Weak Order

inversion set: inv(w) =
{
(i, j) | i < j, wi > wj

}
weak order: u ≤S v if and only if inv(u) ⊆ inv(v)

 Weak
(
Sn
)

longest element: wo = n · · · 21
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1234

2134 1324 1243

3124 2314 2143 1423 1342

4123 3214 3142 2413 2341 1432

4213 4132 3412 3241 2431

4312 4231 3421
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The Tamari Lattices

Theorem (Björner & Wachs, 1997)
For n > 0 the Tamari lattice Tn is isomorphic to the weak order on
the 231-avoiding permutations of Sn, i.e. Tn ∼= Weak

(
Sn(231)

)
.

Tn is a sublattice and a quotient lattice of Weak
(
Sn
)
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Parabolic Weak Order

parabolic weak order: restrict Weak
(
Sn
)

to SJ
n

 Weak
(
SJ

n
)

Weak
(
SJ

n
) ∼= Weak

(
e, wJ

o
)
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(
S4
)

1|23|4

2|13|4 1|32|4 1|24|3

3|12|4 2|31|4 2|14|3 1|42|3 1|34|2

4|12|3 3|21|4 3|14|2 2|41|3 2|34|1 1|43|2

4|21|3 4|13|2 3|41|2 3|24|1 2|43|1

4|31|2 4|23|1 3|42|1

4|32|1
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4

)
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Parabolic Tamari Lattices

Theorem ( & Williams, 2015)

For n > 0 and J ⊆ S, the poset Weak
(
SJ

n(231)
)

is a lattice, the
parabolic Tamari lattice T J

n .

for any w ∈ SJ
n there is a unique maximal w′ ∈ SJ

n(231)
with w′ ≤S w
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Parabolic Tamari Lattices

Theorem ( & Williams, 2015)

For n > 0 and J ⊆ S, the poset Weak
(
SJ

n(231)
)

is a lattice, the
parabolic Tamari lattice T J

n . It is a quotient lattice, but not a
sublattice of Weak

(
SJ

n
)
.

for any w ∈ SJ
n there is a unique maximal w′ ∈ SJ

n(231)
with w′ ≤S w
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Theorem ( & Williams, 2015)

For n > 0 and J ⊆ S, we have
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n
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n
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Finite Coxeter Groups

finite Coxeter group: real reflection group
S .. Coxeter generators; T .. reflections; `S .. Coxeter
length
inversion set: inv(w) =

{
t ∈ T | `S(tw) < `S(w)}

longest element: w ∈ W with inv(w) = T  wo

cover reflection: t ∈ inv(w) such that tw = ws for some
s ∈ S  cov(w)

Coxeter element: c = sπ1sπ2 · · · sπn for π ∈ Sn

c-sorting word: reduced word for w that is the
lexicographically smallest subword of c∞  w(c)
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Parabolic Quotients

(standard) parabolic subgroup:
subgroup WJ generated by J ⊆ S

(standard) parabolic quotient:
WJ = {w ∈ W | inv(w) ( inv(ws) for all s ∈ J}
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Root Systems

reflection t ←→ reflection hyperplane Ht

roots ±βt ←→ normal vectors to Ht

βt = ∑s∈S csβs, where all cs have same sign

W = S3

β(1 2) =

 1
−1
0


β(2 3) =

 0
1
−1



Hβ(1 2)

Hβ(2 3)

Hβ(1 3)
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Root Order

fix w = a1a2 · · · ak ∈ W
root order: βt1 < βt2 < · · · < βtk , where
ti = a1a2 · · · ai · · · a2a1  Inv(w)
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root order: βt1 < βt2 < · · · < βtk , where
ti = a1a2 · · · ai · · · a2a1  Inv(w)
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Parabolic Aligned Elements

(WJ, c)-aligned element: whenever α < aα + bβ < β in
Inv
(
wJ

o(c)
)
, then taα+bβ ∈ cov(w) implies tα ∈ inv(w)

 Align
(
WJ, c

)
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(WJ, c)-aligned element: whenever α < aα + bβ < β in
Inv
(
wJ

o(c)
)
, then taα+bβ ∈ cov(w) implies tα ∈ inv(w)

 Align
(
WJ, c

)
(1 2) < (1 3) < (1 4) < (3 4) < (2 4)

w ∈ S
{s2}
4 cov(w) inv(w) aligned?

1|23|4 ∅ ∅ yes
2|13|4 (1 2) (1 2) yes
1|24|3 (3 4) (3 4) yes
3|12|4 (1 3) (1 2), (1 3) yes
2|14|3 (1 2), (3 4) (1 2), (3 4) yes
1|34|2 (2 4) (3 4), (2 4) yes

31 / 56



On Parabolic
Tamari
Lattices

Henri Mühle
and Nathan

Williams

Motivation

The
Symmetric
Group
231-Avoiding
Permutations

Noncrossing
Partitions

Nonnesting
Partitions

Finite Coxeter
Groups
Aligned Elements

Noncrossing
Partitions

Nonnesting
Partitions

Subword Complexes

Numerology

The General
Setting

Parabolic Aligned Elements

(WJ, c)-aligned element: whenever α < aα + bβ < β in
Inv
(
wJ

o(c)
)
, then taα+bβ ∈ cov(w) implies tα ∈ inv(w)

 Align
(
WJ, c

)
(1 2) < (1 3) < (1 4) < (3 4) < (2 4)

w ∈ S
{s2}
4 cov(w) inv(w) aligned?

4|12|3 (1 4) (1 2), (1 3), (1 4) yes
3|14|2 (1 4) (1 2), (1 4), (3 4) no
2|34|1 (1 4) (1 4), (2 4), (3 4) no
4|13|2 (1 3), (3 4) (1 2), (1 3), (1 4), (3 4) yes
3|24|1 (1 2), (2 4) (1 2), (1 4), (3 4), (2 4) yes
4|23|1 (1 3), (2 4) (1 2), (1 3), (1 4), (3 4), (2 4) yes
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(WJ, c)-aligned element: whenever α < aα + bβ < β in
Inv
(
wJ

o(c)
)
, then taα+bβ ∈ cov(w) implies tα ∈ inv(w)

 Align
(
WJ, c

)

Lemma ( & Williams, 2015)
Let W = Sn, let c = s1s2 · · · sn−1, and choose J ⊆ S. An element
w ∈ SJ

n is (WJ, c)-aligned if and only if it is J-231-avoiding.
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Parabolic Aligned Elements

weak order: u ≤S v if and only if inv(u) ⊆ inv(v)
 Weak

(
W
)

Conjecture ( & Williams, 2015)
For any finite Coxeter group W, any Coxeter element c ∈ W, and
any J ⊆ S, the poset Weak

(
Align

(
WJ, c

))
is a lattice. Moreover,

it is a lattice quotient of Weak
(
WJ).
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Parabolic Noncrossing Partitions

(WJ, c)-noncrossing partitions: cov(w) for
w ∈ Align

(
WJ, c

)
 NC

(
WJ)
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Parabolic Nonnesting Partitions

parabolic root poset: order filter of root poset induced
by S \ J
(WJ)-nonnesting partitions: order ideals in parabolic
root poset  NN

(
WJ)
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flip order: F l G if and only if F \ {i} = G \ {j} for i < j
 Flip

(
S(Q, w)

)
Q = s1s2s3s1s2s3s1s2s1, w = 4321
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subword complex  S(Q, w)

flip order: F l G if and only if F \ {i} = G \ {j} for i < j
 Flip

(
S(Q, w)

)
Q = s1s2s3s1s2s3s1s2s1, w = 4321
(1, 2, 3)

1 2 3 4 5 6 7 8 9
s1 s2 s3 s1 s2 s3 s1 s2 s1
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 Flip

(
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 Flip

(
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parabolic subword complex: Q = cwo(c), w = wJ
o,

where W = Sn, c = s1s2 · · · sn−1, and
wo = s1s2 · · · sn−1s1s2 · · · sn−2s1 · · · s1

 S J
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Theorem (Pilaud & Stump, 2015)
For any finite Coxeter group W, and any Coxeter element c ∈ W,
we have Weak

(
Align

(
W∅, c

)) ∼= Flip
(
SW
(
W∅, c

))
.
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For any finite Coxeter group W, any Coxeter element c ∈ W, and
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Example: Flip
(
S∅

4

)

(1, 2, 3)

(2, 3, 4) (1, 3, 7) (1, 2, 9)

(3, 4, 5) (2, 4, 9) (1, 7, 8)

(4, 5, 6) (3, 5, 7) (1, 8, 9)

(5, 6, 7) (4, 6, 9)

(6, 7, 8)

(6, 8, 9)
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S{s2}
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A Bijection

Theorem (Serrano & Stump, 2011; & Williams, 2015)

For n > 0 and J ⊆ S, we have
∣∣S J

n
∣∣ = ∣∣NNJ

n
∣∣.

Edelman-Greene insertion on positions of subword
slight modification of the recording tableau
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Example: n = 11, J = {s1, s2, s3, s5, s8, s10}

1 2 3 4 5 6 7 8 9 10 11 12 13
s1 s2 s3 s4 s5 s6 s7 s8 s9 s10 s1 s2 s3

14 15 16 17 18 19 20 21 22 23 24 25 26
s4 s5 s6 s7 s8 s9 s10 s1 s2 s3 s4 s5 s6

27 28 29 30 31 32 33 34 35 36 37 38 39
s7 s8 s9 s1 s2 s3 s4 s5 s6 s7 s8 s1 s2

40 41 42 43 44 45 46 47 48 49 50 51 52
s3 s4 s5 s6 s7 s1 s2 s3 s4 s5 s6 s1 s2

53 54 55 56 57 58 59 60 61 62 63 64 65
s3 s4 s5 s1 s2 s3 s4 s1 s2 s3 s1 s2 s1
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four families of parabolic Catalan objects...
... parametrized by a Coxeter group and a Coxeter
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Theorem ( & Williams, 2015)
For n > 0 and J ⊆ S we have∣∣SJ

n(231)
∣∣ = ∣∣NCJ

n
∣∣ = ∣∣NNJ

n
∣∣ = ∣∣S J

n
∣∣.
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Theorem ( & Williams, 2015)
For W = Sn, c = s1s2 · · · sn−1, and J ⊆ S we have∣∣Align

(
WJ, c

)∣∣ = ∣∣NC
(
WJ, c

)∣∣ = ∣∣NN
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WJ)∣∣ = ∣∣SW

(
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)∣∣.

43 / 56



On Parabolic
Tamari
Lattices

Henri Mühle
and Nathan

Williams

Motivation

The
Symmetric
Group
231-Avoiding
Permutations

Noncrossing
Partitions

Nonnesting
Partitions

Finite Coxeter
Groups
Aligned Elements

Noncrossing
Partitions

Nonnesting
Partitions

Subword Complexes

Numerology

The General
Setting

Parabolic Catalan Numbers

does this work for all types?

43 / 56



On Parabolic
Tamari
Lattices

Henri Mühle
and Nathan

Williams

Motivation

The
Symmetric
Group
231-Avoiding
Permutations

Noncrossing
Partitions

Nonnesting
Partitions

Finite Coxeter
Groups
Aligned Elements

Noncrossing
Partitions

Nonnesting
Partitions

Subword Complexes

Numerology

The General
Setting

Parabolic Catalan Numbers
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let W = D4, c = s3s2s1s4, c′ = s2s3s4s1, J = {s1, s2}
we have:∣∣Align

(
WJ, c

)∣∣ = 21∣∣Align
(
WJ, c′

)∣∣ = ∣∣NN
(
WJ)∣∣ = 22
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does this work for all types? But possibly for the
coincidental types!

Conjecture ( & Williams, 2015)

For W ∈
{

An, Bn, I2(k), H3
}

, J ⊆ S, and c ∈ W a Coxeter
element, we have∣∣Align
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(
WJ)∣∣ = ∣∣SW

(
WJ, c

)∣∣.
43 / 56



On Parabolic
Tamari
Lattices

Henri Mühle
and Nathan

Williams

Motivation

The
Symmetric
Group
231-Avoiding
Permutations

Noncrossing
Partitions

Nonnesting
Partitions

Finite Coxeter
Groups
Aligned Elements

Noncrossing
Partitions

Nonnesting
Partitions

Subword Complexes

Numerology

The General
Setting

Outline

1 Motivation

2 The Symmetric Group
231-Avoiding Permutations
Noncrossing Partitions
Nonnesting Partitions

3 Finite Coxeter Groups
Aligned Elements
Noncrossing Partitions
Nonnesting Partitions
Subword Complexes
Numerology

4 The General Setting

44 / 56



On Parabolic
Tamari
Lattices

Henri Mühle
and Nathan

Williams

Motivation

The
Symmetric
Group
231-Avoiding
Permutations

Noncrossing
Partitions

Nonnesting
Partitions

Finite Coxeter
Groups
Aligned Elements

Noncrossing
Partitions

Nonnesting
Partitions

Subword Complexes

Numerology

The General
Setting

Parabolic Aligned Elements

(WJ, c)-aligned element: whenever α < aα + bβ < β in
Inv
(
wJ

o(c)
)
, then taα+bβ ∈ cov(w) implies tα ∈ inv(w)

 Align
(
WJ, c

)

45 / 56



On Parabolic
Tamari
Lattices

Henri Mühle
and Nathan

Williams

Motivation

The
Symmetric
Group
231-Avoiding
Permutations

Noncrossing
Partitions

Nonnesting
Partitions

Finite Coxeter
Groups
Aligned Elements

Noncrossing
Partitions

Nonnesting
Partitions

Subword Complexes

Numerology

The General
Setting

w-Aligned Elements

w-aligned element: whenever α < aα + bβ < β in
Inv
(
w
)
, then taα+bβ ∈ cov(w) implies tα ∈ inv(w)

 Align
(
W, w

)

45 / 56



On Parabolic
Tamari
Lattices

Henri Mühle
and Nathan

Williams

Motivation

The
Symmetric
Group
231-Avoiding
Permutations

Noncrossing
Partitions

Nonnesting
Partitions

Finite Coxeter
Groups
Aligned Elements

Noncrossing
Partitions

Nonnesting
Partitions

Subword Complexes

Numerology

The General
Setting

w-Aligned Elements
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Inv
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w-aligned element: whenever α < aα + bβ < β in
Inv
(
w
)
, then taα+bβ ∈ cov(w) implies tα ∈ inv(w)

 Align
(
W, w

)
works for any reduced word of any element in any
Coxeter group
in general, Weak

(
Align

(
W, w

))
is not a lattice

take W = Ã3 and w = s0s1s0s3s0s1s2

not even in finite type
no counterexamples for rank ≤ 3 known
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w-sortable elements: all lower shards are w-selected
 Sort

(
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)

Theorem ( & Williams, 2015)
For any Coxeter group W, and any reduced word w, we have
Align

(
W, w

)
= Sort

(
W, w

)
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A Lattice-Theoretic Extension

shard-inversion set: inversions that correspond to
selected shards  sinv(w)

w-selected: minimal regions with given
shard-inversion set  Select

(
W, w

)
Hα1

Hα2

Hα1+α2

Bs1B

s2Bs1s2B

s2s1B−B

sinv(e) = ∅
sinv(s1) = {s1}
sinv(s2) = {s2}

sinv(s1s2) = {s1, s1s2s1}
sinv(s2s1) = {s2}

sinv(s1s2s1) = {s1, s1s2s1, s2}
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shard-inversion set: inversions that correspond to
selected shards  sinv(w)

w-selected: minimal regions with given
shard-inversion set  Select

(
W, w

)

Theorem ( & Williams, 2015)
For any Coxeter group W, and any reduced word w, the poset
Weak

(
Select

(
W, w

))
is a lattice. Moreover, it is a lattice

completion of Weak
(
Sort

(
W, w

))
.
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