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Motivations

Context: automatic validation of numerical programs

B Infer invariant properties both in floating-point and real number semantics
= Abstract interpretation based static analysis (affine arithmetic/zonotopes)

B Validate finite precision implementations: prove the program computes
something close to expected (in real numbers)

= Bound and propagate rounding errors: accuracy of computations
= Behaviour of the program (control flow, number of iterations)

B Implemented in our abstract interpreter FLUCTUAT

A difficulty in error analysis: unstable tests

B When finite precision and real control flows are potentially different
B If discontinuity of treatment between branches, error analysis is unsound

B When considering sets of executions, most tests are potentially unstable

We propose here to compute discontinuity errors in unstable tests

B Makes our error analysis sound in presence of unstable tests

B Provides a robustness analysis
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Linked to program robustness & continuity analysis

Can small uncertainty on inputs cause only small perturbations on the outputs
(with different execution paths): notions classical for control systems but not
so much for software implementations.

Some recent work in critical embedded sofware:

B Some real cases (cf NASA engineer Bushnell's pres. at NSV 2011 on the
F22 raptor crossing int. date line in 2007)

B Continuity in Software Systems [Hamlet 2002]

B Continuity analysis and robustness of programs [Chaudhuri, Gulwani,
Lublineramn 2010-2012]

B Robust software synthesis, Symbolic robustness analysis, etc [Majumdar,
Render, Tabuada, Saha, 2009-2012]
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A typical example of unstable tests: affine interpolators

All tests are unstable, but the implementation is robust, the conditional block
does not introduce a discontinuity

uct nterpolateurEric i

D P @O lkllkd & 9 » f i

float main(floa  pocenial overfiows : == "

paire R1[3];
float R2[3]; 8,47¢-
float res;
Threats
R2[0] = 2.25; e =t |
RZ[Z% = '1' 1 A Unstable test (machine and real value do not t £
2 A\ Unstable test (machine and real value do not t; (
R1[0].x = 0 2,82 6 N
R1[1].x i
R1[2].x = 25 ]
R1[0Ly = O; = i ‘ i
R1[1].y = R1[1].x * R2[0]; I
R1[2]y = R1[1].y + (R1[2].x - R1[1].x) * R2[1]; Variables / Files Variable Interval
R1[2].x (float) Float :
_ R1[2].y (float) 0 3.32500000e1
E = FBETWEEN_WITH_ULP(0.0,100.0); R2(0] (float) Real :
if (E < R1[1]. R2[1] (float) -8.58306885e-6 3.32500001el
res = (E-| RI[O] x)*RZ[O] + R1[0].y; R2[2] (float) Global error :
else if (E < R1[2].x main (float) -1.44600869e-5  1.00731850e-5
res = (E-R1[1]. x)*RZ[l] +R1[1]y; res (float) Relative error : I
else interpolateurEric.c o0 +oo j
res = (E-R1[2].x)*R2[2] + R1[2].y; B : Higher Order error :
0 0
FSENSITIVITY (res); At current point (31) : *
-1.22666e-05 1.22666e-05

return res;
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But discontinuities also actually occur (sqrt approx.)

#define sqrt2 1.414213538169860839843750
double x, y; x = DREAL.WITH.ERROR(1,2,0,0.001);
if (x>2)
y = sqrt2*(14+(x/2—-1)%(.5—-0.125%(x/2—-1)));
else
y = 14+(x—1)%(.5+(x—1)%(—.125+(x —1)*.0625));

Without unstable test analysis, unsound results in Fluctuat:

B An unstable test is signalled at the if statement
B y has real value in [1,1.4531] with an error in [-0.0005312,0.00008592]

Unstable test: consider for instance r* = 2 and f* =2+ 0.001

B execution in reals (r* = 2) takes the else branch: r” = 1.4375,

B execution in floats (f* = 24 0.001) takes the then branch: f” = 1.4145...
The test introduces a discontinuity ¥ — r¥ = —0.023 around the test

condition (x == 2): larger than the error bounds

B want to consider discontinuity as a new error term; accurate abstraction ?
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With unstable test analysis

luctuat - Ne

D P @O ol & O«

#include
#include <math.h>
#define sqrt2 1.414213538169860839843750

void main() {
double x, y;

7Bl_JILTI N_DAED_DREAL_WITH_ERROR(1,2,0,0.001);

if (x>=2) {
v = sqre2*(1+(x/2-1)*(.5-0.125%(x/2-1)));
}else {
¥ = 1+6-D*(5+(-1D*(-. 125+(x-1)*.0625)); |
) SHEE \
} |
Warnings Variables / Files Variable Interval
Potential overflows : signgam (integer) Float : ‘
X (double) 1.00000000 1.45362502 |
y (double) Real :
1.00000000 1.45312500
Global error : |
Threats -3.94114776e-2  3.89556561e-2
Trpe Relative error : |
1 /\ Unstable test (machine and real value do not take e -3.94114776e-2 3.89556561e-2 ‘
newnewsdird Higher Order error : |
0 0
At current point (10) : *
-0.0389847 0.0389847

Last analysis : 0.00 sec /| 16384 Kilo Bytes dference, Melbdurne | p. €




Outline of the talk

B Abstraction of real and finite precision computations in FLUCTUAT

= Affine arithmetic and zonotopes
= Extension to the analysis of finite precision implementations

B Test interpretation, unstable test / robustness analysis
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Affine Arithmetic (Comba & Stolfi 93)

Affine forms and affine arithmetic
X =x0+ x1€1+ ...+ xnen, X ER
where the €; are symbolic variables (noise symbols), with value in [—1,1].
B Assignment x := [a, b] introduces a noise symbol:
a+b b—a
DU
B Addition/subtraction are exact:
X+9=(0+y)+ (1 +ty)er+...+ (xo+yn)en
B Non linear operations : approximate linear form, new noise term bounding the
approximation error (close to Taylor models of low degree)

Geometric concretization as zonotopes in RP
15

= 20 —4e; +2e3 +3e4 10
= 10 —2¢1 +e2 —&4

x>

<>

5 X
10 15 20 25 30
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Test interpretation

Main idea to interpret test, informally

B Affine forms are unchanged, translate the condition on noise symbols

B Equality tests are interpreted by the substitution of one noise symbol of
the constraint

Example
real x = [0,10];
real y = 2xx;
if (y >= 10)
y = X3

B Affine forms before tests: x =5+ 5¢1, y = 10 + 10e;

B In the if branch £; > 0: condition acts on both x and y

Functional interpretation

The test condition leads to a condition on the noise symbols ¢;, that can be
interpreted as a restriction to the set of inputs that can lead to an execution
satisfying the test condition.
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FLUCTUAT: concrete semantics for finite precision analysis

B Aim: compute rounding errors and their propagation
= we need the real and floating-point values
= for each variable, we compute (f*, r¥, eX)
= then we will abstract each term (real value and errors)

float x,y,z;
x=0.1; // [1]
y = 0.5; // [2]
z = xty; // [3]
t = xxz; // [4]
= 0.1+1.49 °[1]
7 = 05
7 = 0.6+1.49e ° [1] +2.23¢ % [3]
f' = 0.06+1.04e° [1] +2.23¢ ° [3] — 8.94e '° [4] — 3.55¢ V" [ho]
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Example (Fluctuat)

Dy b @@

#include "daed_builtins.h"

Fluctuat - Pointsept

i @ >0 06

int main( {
242¢
16178
return 0;
(= BG
Variables / Files Variable Interval
i (integer) Float = -4.34554475e4 -4.34554474e4
main (integer)
 (double Variable Interval
v (double)
Float : -4,34554475¢e4 -4,34554474¢4
Real : 6.99999999e-1 7.00000001e-1
pointsept.c U o
At current point (4)
29876.1 29876.1
LLast analysis : 0.02 sec / 16384 Kilo Bytes |
bourne | p. 11
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Abstract domain in Fluctuat

Abstract value at each control point ¢

B For each variable, affine forms for real value and error:

= (g +@Paren) +( & + PDer e
i v i
center of the error N——
real value uncertainty on error due to point /
+ P mrel )
i
———

propag of uncertainty on value at pt i

B Constraints on noise symbols coming from interpretation of test condition
— &" € & for real control flow (test on the r¥: constraints on the ef)
= (",£¢) € ®F for finite precision control flow (test on the X = r* + %
constraints on the e} and &f)

Unstable test condition = intersection of constraints e” € ®X M)
B unstable test: for a same execution (same values of the noise symbols €;)
the control flow is different
B restricts the range of the ¢;: allows us to bound accurately the

discontinuity error CEA APLAS'2013  Conference, ~ Mel-
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Formally, sound abstraction (with discontinuity errors)

Abstract value

An abstract value X, for a program with p variables x, ..., x,, is a tuple
X = (RX, EX, DX, o}, ®¥) composed of the following affine sets and
constraints, for all k =1,...,p:
R X = i+ el where " € &¥
EX . f:-f = egk +> 0, ,Xk ,’Jrzjll e,)fﬂ'#k ef where (e",¢€) € oA
DX & = it 3r de
X = el where (g",¢°) € o

EX is the propagated rounding error, DX the propagated discontinuity error

New discontinuity errors computed when joining branches of a possibly
unstable test
Z=XUYisZ=(R? E? D% o Ud) &F Ud)) such that

(R, 07 UdF) = (RX, dF UdF) U (RY,d) U D))
(EZ,@F) = (EX, ®F) U (E”, ®})
D% = DX UDY LU(RX = RY,of Mo))U(RY — RX, ) nao))
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Example: sound unstable test analysis

x:=[13] +u; // 1]
if (x <2)

y =x+2; // [2]

else -
y=x//[3]
// 4]

w b O X

N
\}
1

—

M
=~

Atcpt 1: Py =2+eq; &y =u
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: sound unstable test analysis

x:=[13] +u; // 1]
if (x <2)

y =x+2; // [2]

else

y=x//[3]

// 4]

M
=~

?[Xl] =2+ ef; é[xl] =u

Test x < 2, real flow:
ol . fy=2+e1 <2
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Example: sound unstable test analysis

y
x:=[13] +u // 1] 5
if (x <2)
4
y =x+2;//[2]
3
else
y=x // 3] 2
/] 4] 1 »
0
AX 2_|_ r. ax _1 O 1
= €1, € = U
[1] 1 € d>[,2]: <0 ! ¢£3]: >0
Real at [2]: (R = 4+, 0%)
Real at [3]: (i =2+ ¢f, o) |
|
|
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Example: sound unstable test analysis

y
x:=[1,3] +u; // [1] 5 |
if (X S 2) 4 |
y =x+2; // [2] 3 = l
else "2 |
2 1 ?)’
y=x//[3] | 3l
// 14] ! | e
|
N . °1 R 1
Mpy=2+en &y =u 2] ro 3]
P el <O I e 1 >0
| |
Real at [2]: (7 = 4+ ¢, o) ol < —u 0 ol sy
Real at [3]: (7 =2+ ¢f, o) —
| |
Test x < 2, float flow: ‘ :
o Byt =24l tu<2
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Example: sound unstable test analysis

y
= L3+ w // 11 . |
if (X S 2) 4 ’f‘-y |
v=x+2 // [2 o= "
’ s B
I - =
else 2 ! _-==
2 I - -l= - = ol
y=x//[3] & Bl
1
/) B : | .
Real at [2]: (P, = 4 + ¢}, &) ! N !
- (g =421, B, <o | ol s
Real at [3]: (}é] = 2+€£’®[r3]) &7 e < 01 ! ®7 g1 >0
| |
¢L2] e <—u | ¢E,3]: g1 > —u
Error at [2]: é[y2] = &y + de3 i i
Error at [3]: &j = &j v
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Example: sound unstable test analysis

y
= (L3 + u // 1] . |
if (x <2) 2y !

w0 /)2 4 & _-== ; 2y
y =xt2 /] 2] Xl 3 -
else 3 e ! -
[ = ?,V

y=x// 3] ’ 5 R
/) B 1 ‘ .

O |
Real at [2]: (#% = 4 + &}, %) ! 0 !

(g =4+ e @ R, rcg | ol o
Real at [3]: (?é] — 2+€£’®[r3]) d7ep < 01 ! e e1 >0
| |
¢L2]: er < —u | ¢[f3]: €1 > —u
Error at [2]: & = u+ 05 i i
Error at [3]: &5 =u NEPNE ;j< <0
Unstable test, first possibility:
o moll. —y<ef<o
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Example: sound unstable test analysis

y
X =13 + u // [ : |
if (X S 2) 4 ’f‘-y I
_ . Rl _-== ‘ y
y = x+2; // [2 Lo B
2 w _--==
else 2 ! - —
- - £
y=x//[3] 2 f 31
-1 —u 1

Reaat 2] (=40
Real at [3] (?é] = 2+€£’®[r3]) r €1 > 1 1 Pl >

| |

¢L2] er < —u | ¢[f3]: g1 > —u
Error at [2]: é[yz] = u+0es i i
Error at [3]: &5 =u ro
Unstable test, second possibility:
3 2
ol ol =g
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Example: sound unstable test analysis

y
=3+ v // 0 ; |

if (X S 2) 4 ’f‘-y _ 1 _

y =x+2; // [2] ____lf]—"' i fé]
3 fr\V 1 o= -

else (2l | eo===s 7

y=x//[3] 2 f 31

/) 14 1 .
O_

Real at [2]: (7 o = 4+51,¢[2])
Real at [3]: (7 =2+ ¢f, o)

Error at [2]: & = u+ 05

E t[3]: & =
rror at [3]: &y =u ool “y <l <o

A a 7 Bl 5 ol — s Bl H ol
Error at [4] :&5 U &% U (fa — Py, @ M) = &G U &Y + (Fyy — Py, @ T1917)
——

SY LAY sy
r[3]+e[3] 1 CEA APLAS'2013  Conference, ~ Mel-
bourne | p. 14



Example: sound unstable test analysis

y
=3+ u /T ; |
if (X S 2) 4 ’f‘-y |
y =x+2; // [2] ____lf]—"' i ?[g]
3 f’\V 1 o= -
else 2 ! oo
- o
y=x//3] 2 5 g
1
/4 | .
Real at [2]: (¥, = 4 + <, o) B 0 !
eal at : o = +51, > . | I 3 .
Real at [3]: (?H — 24 e, ol e R R
’ 3 R I I
¢L2] er < —u | ¢[f3]: g1 >
Error at [2]: & = u+ 05 i 3
E t [3]: &%, = —
rror at [3]: & = u oP ol o< <o
Error at [4] :&;, U &% + (Fg — Py ¢[3] NPy = u + 56§ — 2x_ug(eh)
——
&y &
[4] 4 CEA APLAS'2013  Conference, ~ Mel-
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Example: sound unstable test analysis

y
— @3+ u /7 .
if (x <2) 4 'fz] _ )
y=x+2 /] [ = n
else ") e
2 == a
y=x//[3] v
1
// 1] O .
-1 —u 0 1
Error at [4] :&; U &% + (Fig — Py ¢[3] nolhy = u+ 6e5 + —2X[—u,0(€1)
4o 0 L i
Real value ? r i =3+ea€(2,4]
Float value f[Z] :?[Z] +é[{1] =3+4eptu+des €24+ u—06,44 u+d]
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Back to the definitions

Abstract value

An abstract value X, for a program with p variables xi, ..., x,, is a tuple
X = (RX, EX, DX, o}, ®¥) composed of the following affine sets and
constraints, for all k =1,...,p:
R X = i+ el where " € &¥
EX - f:-f = e(i(k +> 0, ,Xk ,’Jrzjll e,)fﬂ'#k ef where (e",¢€) € oA
DX & = it 3r de
o= el where (e, ¢°) € ®F

EX is the propagated rounding error, DX the propagated discontinuity error

New discontinuity errors computed when joining branches of a possibly
unstable test
Z=XUYisZ=(R? E? D% o Ud) &F Ud)) such that

(R, 07 UdF) = (RX, dF UdF) U (RY,d) U D))
(EZ,@F) = (EX, ®F) U (E”, ®})
D% = DX UDY LU(RX = RY,of Mo))U(RY — RX, ) nao))

CEA APLAS'2013  Conference, ~ Mel-
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Householder algorithm for square root

luctuat - Householder_sart ]
Dy b @O |2l [l & O

#include
#include <math.h>
#define _EPS 0.00000001 /* 10A-8*/
int main ()
{

float xn, xnpl, residu, Input, Output,
should_be_zero;

inti;

Input = FBETWEEN(16.0,16.002);

xn .0/Input; xnpl = xn;

residu = 2.0*_EPS*(xn+xnp1)/(xn+xnpl);

xnpl = xn *(1.875 +
-1.25+0.375*Input*xn*xn));
.0*(xnpl-xn)/(xn+xnpl);

xn = xnpl;
it Variables | Files Variable Intenval
} Input (float) Float :
Output = 1.0 / xnp1; Output (float) -1.18123876e-6 1.18123956e-6 |
should_be_zero = Output-sqrt(lnput); i (integer) Real :
) retumn.0; main (integer) -1.02630258¢-8  1.02636675e-8
Warnings residu (float) Global error :
(R GRS should_be_zero (float) -1.17097598e-6 1.17097576e-6
Eror at . ; . . |
it fo‘;ILI| signgam (integer) Relative error : -
-00 0o
Hotseholderisqrre Higher Order error :
Threats 0 Y
Tyme At current point (17) : * !
1 A\ Unstable test (machine and real value do not take the si -9.17837e-07 9.17837e-07
2 €3 Unstable test (machine and real value do not take the i :
3 © BUILTIN bounds not exactly represented ¢
| ok || Last analysis : 0.42 sec / 28672 Kilo Bytes = |
CEA APLAS'2013  Conference, Mel-
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Conclusion

B Tractable discontinuity analysis implemented in FLUCTUAT (making it
sound even when tests are unstable)
B More applications, in particular to robustness analysis in control

B Potential links with constraint-based approaches to the verification of
finite-precision implementations such as, e. g.
O. Ponsini, C. Michel, M. Rueher: Refining Abstract Interpretation Based
Value Analysis with Constraint Programming Techniques. CP 2012

Come and see more about FLUCTUAT in the poster and demo session !

CEA APLAS'2013  Conference, ~ Mel-
bourne | p. 17






