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® CPP project funded by the ANR, started in October 2009.

® Goal of the project: study the use of probabilistic information within the
static analysis of numerical programs.

® Probabilistic abstract domains.

® Probabilistic programs.

® We have mainly considered probabilistic versions of intervals and affine
sets.
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Introductive example. float inputsignal(int i) {
return sin(Fxi);

}

® Hipass order 2 linear filter. int main() {

float xnm2,xnml,xn,ynm2,ynml,yn;

® |nput values are usually int i;
generated by sensors (here | ,

, , , xnm2 = inputsignal(-2);
simulated b)’ the 1nput51gna1 xnml = inputsignal(-1);
function). xn = inputsignal(Q);

ynm2 = 0;
ynml = 0;

for (i=1;i<=N;i++) {
yn = (2%(ckc-1)*xynml-
(ckc—sqrt(2)*c+1)xynm2+
CkCkXN—2%CkCkxnml+

® Number of iterations (N) is Ckoxxnm2) / (ckc+sqrt (2)kc+1) :

usually not known. ynm2 = ynml;

ynml = yn;

Xxnm2 = xnml;

xnml = Xxn;

xn = inputsignal(i);

® Qutput: yn. }
return 0;
¥
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Introductive example.
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float inputsignal(int i) {
return statFet= [-1,1];

¥
® Hipass order 2 linear filter. . .
int main() {
float xnm2,xnml,xn,ynm2,ynml,yn;
® |nput values are usually int i;
generated by sensors (here | |
, _ _ xnm2 = inputsignal(-2);
simulated by the inputsignal xnml = inputsignal(-1);
function). xn = inputsignal(0);
ynm2 = 0;
® [nputs are usually not known. ynml = 0;
for (i=1;i<=N;i++) {
yn = (2%(ckc-1)*xynml-
(ckc—sqrt(2)*c+1)xynm2+
. . . CkCkXN—2%CkCkxnml+
® Number of iterations (N) is ckcxxnm2) / (ckc+sqrt(2)xc+1) ;
usually not known. ynm2 = ynml;
ynml = yn;
xnm2 = xnml,;
Xxnml = xn;
xn = inputsignal(i);
® Qutput: yn. }
return 0;
¥
® Need to bound the values of yn.
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Static analysis in 10 seconds. lr.)-m,' ,

® Goal of static analysis: compute the smallest possible D C R" such that for
all execution of the program, the values of the variables remain within D.

® C(lassical scheme: program —> control flow graph — semantic equations

float inputsignal(int i) {
return [-1,1];

}

int main() {
float xnm2,xnml,xn,ynm2,ynml,yn;
int 1i;

xnm2 = inputsignal(-2);

xnml = inputsignal(-1);
Xxn = inputsignal(o);
ynm2 = 0;

ynml = 0;

for (i=1;i<=N;i++) {
yn = (2x(cxc-1)*xynml-
(ckc—sqrt(2)*c+1)xynm2+
C*kCkXN—2%CkCkxnml+
ckexxnm2) / (cxc+sqrt(2)*c+1);

ynm2 = ynml;

ynml = yn;

Xxnm2 = xnml;

xnml = xn;

xn = inputsignal(i);
}
return 0;
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Static analysis in 10 seconds. lls.)-m,. ’

® Goal of static analysis: compute the smallest possible D C R" such that for
all execution of the program, the values of the variables remain within D.

® C(lassical scheme: program —> control flow graph — semantic equations

xnm2 = [-1,1];
xnml = [-1,1];
xn = [-1,1];

ynm2 = 0;
ynml = 0;

i>N?©Y

xnm2 = xnml;

1
AlTNITL —  All,
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Static analysis in 10 seconds.

® Goal of static analysis: compute the smallest possible D C R" such that for
all execution of the program, the values of the variables remain within D.

® C(lassical scheme: program —> control flow graph — semantic equations

[ Yo\ [ X0

X1 X1

\ %) Xy

by :X4[yn|—>2>|<(c*c—l)*ynml...}

= Xo[i— 1] UX7[i— 141
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Static analysis in 10 (more) seconds. Proot
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® All we need to do now is solve the semantic equations.

® C(lassical scheme: abstract domain—> Kleene iteration — widening.

® The abstract domain must have:

® order theoretic operations (union, intersection) to handle the control flow.

Xz[mq@)@[qu

® evaluations of numerical operations to handle numerical expressions in the program.

X4[yn|—>2*(c*c—1)®rnm1®(c*c—\/§>|<c+1)>l<ynm2—|—c*c*xn—...]

® \With soundness conditions w.r.t. the conrete semantics.
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Solving the fixpoint equation: with intervals. C]]S':

® We chose the interval abstract domain.

X; ={ow [2,3], yn— yn,7m), .. }

® We unroll the loop 30 times and replace each arithmetic operation by its
sound interval version.

float inputsignal(int i) {
return [-1,1];

¥

int main() {
float xnm2,xnml,xn,ynm2,ynml,yn;
int 1;

inputsignal(-2);
inputsignal(-1);

3 T yn € [—9.79528957, 9.79528957].10°

xnm2
xnml
Xn =
ynm2
ynml

-1

for (i=1;i<=N;i++) {
yn = (2x(cxc-1)*xynml-
(ckc—sqrt(2)xc+1)xynm2+
CkCkXN—2%CkCkxnml+
ckexxnm2) / (ckc+sqrt(2)*c+1);
ynm2 = ynml;
ynml = yn;
Xxnm2 = xnml;
xnml = xn;
xn = inputsignal(i);

}

return 0;

Probabilistic affine forms




Solving the fixpoint equation: with affine sets. Cp‘:

| "-1'14]" 'S

The affine set abstract domain

oAt e
Xi=< y — og+>.,ale |af €R, ¢ € [—1,1]

_ AT m T,
x =00+ ) 6

V(X)) =14 (z,y,...) ER™|Teq,...,6, € [-1,1]", y=of +> 0 )¢

14 -
S
S
r = 20— 461 T 263 -+ 364 0
y =10 —2¢1 + €2 — €4 _
S~
6.
11 20 29
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Solving the fixpoint equation: with affine sets. oot
The dffine set arithmetic: linear operations
axr + by + ¢ = (a%+a%+c)—|—§:(af+af)ei
i=1
Linear operations are exact.
Affectation creates a new noise symbol.
x=[a,bl; > az:a;bl b;aemﬂ

t=[1,5]; r = 20 — 4de1 + 2e3 4 ¢4
r =20 — 4eq + 2¢3 + 3eq Z=X+3y+1; y=10—2¢1 + €3 — €4

>

y=10—2€1 + €2 — ¢4 2z =93 — 10€1 + 3e9 + 2€3 + 2¢5

t:3—|—2€5

O. Bouissou Probabilistic affine forms 8



Solving the fixpoint equation: with affine sets. Cﬁ,}'lf{j{“‘“

robabilil

The dffine set arithmetic: non-linear operations

m

rxy = (af xaf)+ E (afa? + agal)e; + E O €€
1=1 1<2,9<m

Non-linear terms are approximated in a new noise symbol.

m m

T Y, 7| . J

E o Qi €i€j (E o | E ‘oz
i=1 i=1

1<i,j<m

t=[1,5]; 7 =20—4e; + 2e3 + 3e4

r =20 —4ey + 2€3 + 3¢4 Z=XX1; y =10 — 2€1 + €5 — €4
>
y =10 —2€¢1 + €5 — €4 2 = 60 — 12¢1 + 6€3 + 9¢4 + 40e5 + 181,

t:3—|-265

O. Bouissou Probabilistic affine forms 9



Solving the fixpoint equation: with affine sets. C]]sf:

® We chose the affine set abstract domain.

® We unroll the loop 30 times and replace each arithmetic operation by its
sound affine set version.

float inputsignal(int i) {
return [-1,1];
}

int main() {
float xnm2,xnml,xn,ynm2,ynml,yn;

int 1i;

xnm2 = inputsignal(-2); _

s = inbuteional(c1). yn € [—2.33900235, 2.33900235]
Xn = inputsignal(o);

ynm2 = 0;

ynml = 0;

for (i=1;i<=N;i++) {
yn = (2x(cxc-1)*xynml-
(ckc—sqrt(2)xc+1)xynm2+
C*kCkXN—2%CkCkxnml+
ckekxnm2) / (ckc+sqrt(2)*c+1);

ynm2 = ynml;

ynml = yn;

Xxnm2 = xnml;

xnml = xn;

xn = inputsignal(i);
}
return 0;

O. Bouissou Probabilistic affine forms



Some remarks about the inputs. Copitds
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® What does it mean: x=[-1,1] ?

® At each loop iterate, a new value of x can be non-deterministically chosen
between —1 and 1.

® |t is similar to a two-persons game with malicious opponent.

® What if we have a probabilistic opponent ?

O. Bouissou Probabilistic affine forms |
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Some remarks about the inputs. ll*.)-m,' ‘

® What does it mean: x=[-1,1] ?

® At each loop iterate, a new value of x can be non-deterministically chosen
between —1 and 1.

® |t is similar to a two-persons game with malicious opponent.

® What if we have a probabilistic opponent ?
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* Assuming inputs are
independent and uniformly
distributed between —1 and 1.
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What is a realistic input ?
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Input values are often given by sensors that measure some physical value.

® This introduces two kinds of uncertainty:

® We need a model that can handle both kind in a uniform way.

non-deterministic when the evolution of the physical value is not completely

determined (e.g. vy € [3, 3.1]).

a probabilistic noise due to measurement errors.

mean € [—1,1]

O. Bouissou
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What is a realistic input ?
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Input values are often given by sensors that measure some physical value.

® This introduces two kinds of uncertainty:

® We need a model that can handle both kind in a uniform way.

non-deterministic when the evolution of the physical value is not completely
determined (e.g. vy € [3, 3.1]).

a probabilistic noise due to measurement errors.

1.0

0.8

0.6

0.4

0.2

0.0

mean € [—1, 1]
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O. Bouissou

Probabilistic affine forms



Semantics of a program with probabilistic inputs.
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Formally: we consider deterministic programs only.

e Semantics of the program.
|P]: R" — R"

* Adding non-determinism:
collecting semantics.

[P]°: P(R") — P(R")

e Abstraction:
abstract semantics.

[P : () — L(R")

e Probabilistic semantics.
[[P]]p . VRn — VRn

* Adding non-determinism:
probabilistic collecting semantics.

[PT; - P(Vin) — P (Vier)

* Abstraction:
brobabilistic abstract semantics.

7

O. Bouissou
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Semantics of a program with probabilistic inputs. CP':

Formally: we consider deterministic programs only.

e Semantics of the program. * Probabilistic semantics.
[[P]]Rn%Rn —> [[P]]pIVRn%VRn
* Adding non-determinism: * Adding non-determinism:
collecting semantics. probabilistic collecting semantics.
[P]¢: P(R") — P(R") [P1 - P(Vien) — P(Vin)
* Abstraction: * Abstraction:
abstract semantics. brobabilistic abstract semantics.
[P I(R™) — T(R") ?
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Semantics of a program with probabilistic inputs. CP':

Formally: we consider deterministic programs only.

e Semantics of the program. * Probabilistic semantics.
[[P]]Rn%Rn —> [[P]]pIVRn%VRn
* Adding non-determinism: * Adding non-determinism:
collecting semantics. probabilistic collecting semantics.
[P]¢: P(R") — P(R") [P1 - P(Vien) — P(Vin)
* Abstraction: * Abstraction:
abstract semantics. brobabilistic abstract semantics.
[P I(R™) — T(R") ?
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Semantics of a program with probabilistic inputs.
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Formally: we consider deterministic programs only.

e Semantics of the program.
|P]: R" — R"

* Adding non-determinism:
collecting semantics.

[P]°: P(R") — P(R")

e Abstraction:
abstract semantics.

[P : () — L(R")

e Probabilistic semantics.

—> [Pl, : Vekn — Vgn

* Adding non-determinism:
probabilistic collecting semantics

[PT; - P(Vin) — P (Vier)

e Abstraction:

brobabilistic abstractysemantics.

)
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Abstraction.
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® We need to define abstractions of set of probability distributions.

® We need to define set-theoretic and arithmetic operations on these

domains.

/H(R”): {la1,b1] x -
_Zm

P(R") ol -
\Z(R”): o -

n m n,_ .
Qg T+ Zi:l Q€4

-

1.
i—1 ¥ €4
m 22 .
i—=1 ¥ €i

- X [anabn] |CLZ' S bz}

Ct“g c R, ¢ € [—1,1]

P-Boxes and Demster-Schafer structures.

P(Frn)

Probabilistic affine sets.
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Uncertain probabilities. 115.)-00'

® A large community exist in the context of uncertain probabilities.

® |t designs methods to deal with non-determinism and probability in a
uniform way.

= Mostly used in risk assessment.

- Various terms: clouds, fuzzy sets, P-boxes, Demster-Schafer structures, ....

® Rules for combining such sets exist, but no real arithmetic is given.

® |n the rest, | will present P-Boxes and D-S structures over R

O. Bouissou Probabilistic affine forms



P-Boxes: definition.

® A P-Box is given by two functions F'and F'such that:

E,F:R —[0,1]
Ve € R, F(z) < F(x)

® Fand Frepresent bounds on the set of distribution functions.

® When F = F,the P-Box represent one distribution.

® Order: (F,F)C (G,G) < VreR, G(z) < F(x)

VAN

F(z) < G(x)

® Maximal element: F = \z.0, F = \z.1

® (Concretization: ”y(E, F) — {P | Vo, F(z) < P(X <x) < F(x)}

C«)mtld nce

)))))
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P-Boxes: arithmetic. iy

® |et (EX, FX) and (Ey, Fy) be the P-Boxes associated to variables X et Y.

® letZ = X0OY withO € {+, x,—,/}. How to compute(F ,, Fz)?

® |t depends on the dependency between X and Y.

® [fX andY are independent: see DS structures.

® |f X and Y are not independent (unknown dependency): Frechet bounds

\V/PX c W(EX)FX)7 PY c W(EYafY)a
P(XOY <w) < inf min(Px(X <z)+ Py(Y <vy),1)

- z0y=u

P(XOY <wu) > sup max(Px(X <z)+ Py(Y <y)—1,0)

ru=wu

F, Fz)= /\u.< sup max(Fy(z) + Fy(y) —1,0), inf min(Fx(z)+ Fy(y), 1))

x0y=u

xy=u

O. Bouissou Probabilistic affine forms | 7
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P-Boxes: problem of representation. lr.)-m,' ,

® Need to represent two continuous functions for each P-Box.

® Computation of bounds for the result of any arithmetic operator requires
an optimization problem.

® One solution to solve this problem: use step functions.

— 11 e Discretization of the continuous
functions.

® Introduces an over-
approximation.

® Equivalent to Demster-Schafer
structures.

O. Bouissou Probabilistic affine forms |8
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Demster-Schafer structures: definition.

® A Dempster-Schafer structure is a set of focal elements associated with a
probability.

D = {(fi,w;)| fi is a focal element and w; € [0, 1], Zwi =1}

® Probabilistic choice between focal elements and then non-deterministic
choice within the focal element.

® Usually, focal elements are closed intervals.
D = {([az,bz],wz) ’ a; < b; and w; € [0, 1], sz — 1}

® Example:

O. Bouissou Probabilistic affine forms 19
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From P-Boxes to DS-structures

|. From a continuous to a discrete P-Box: discretization.

Plausabilny
K <

2. From a discrete P-Box to a DS-structure: Moebius inversion.
T

[ - 1

O. Bouissou Probabilistic affine forms 20



From DS-Structures to P-Boxes. CP':

® Given a DS-Structure

D = {([ai,bi],wi), 1 € [1,%]}

® We define the two functions F and F by:

F(x) = Z W F(x) = Z Wi

i|b;<x 1| a; <z

® This forms a P-Box and

(D) =~(F, F)

® A DS-structure thus represents a set of probability distributions enclosed
by step functions.

O. Bouissou Probabilistic affine forms
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Demster-Schafer structures arithmetic.

® (ase of independent inputs.

Z = {([az’jabij]awij) | 34,7, [aij, bij] = las, b]0[a’5,b'j], wi; = w; - w

-
( gnticlcncc

rool
)

/
J

X [0,1] [0.5,1.5] [0.5,3] [4,5]

Y 0.25 0.25 0.25 0.25
[2,4] [2,5] [2.5,5.5] [2.5,7] [6,9]
0.3 0.075 0.075 0.075 0.075
[3,5] [3,6] [3.5,6.5] [3.5,8] [7,10]
0.6 0.150 0.150 0.150 0.150
[4,10] [4,11] [4.5,11.5] | [4.5,13] [8,15]
0.1 0.025 0.025 0.025 0.025

O. Bouissou

Probabilistic affine forms
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Demster-Schafer structures arithmetic: example.

Plasssabelnty Plawsabulity
1 Beclct ' L Belc!
{ 04
! 1| 1] 1 1 ] 1]
Plausability
1k : Belied -
08 } .
A
0.6 “
04 } .
02 ]
0 N
1 1 1
4 6 s 10 12 14
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Demster-Schafer structures arithmetic. P
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® (ase of dependent inputs (unknown dependency).

Y [2,4] [3,5] [4,10]
e 0.3 0.6 0.1
[0,1] [2,5] [3,6] [4,11] n
Di :sz’,j
0.25 P11 P12 P13 j=1

[0.5,1.5] | [2.5,5.5] | [3.5,6.5] |[4.5,11.5]| p, =3 p;;

i=1
0.25 P21 P22 P23 P(Z < 2) < pr
[0.5, 3] [2.5,7] [3.5,8] [4.5,13] a;<z
0.25 P31 P32 P33 P(Z<z)2 b;zp”
[4,5] [6,9] [7,10] [8,15] -
0.25 P41 P42 P43

O. Bouissou Probabilistic affine forms 24



Demster-Schafer structures arithmetic.

® (ase of dependent inputs (unknown dependency).

-
( gntidcn(c

rool
)

v | [2,4] [3,5] [4,10]
)¢ 0.3 0.6 0.1
[0, 1] [2,5] [3,6] [4,11]
Di :sz',j
0.25 P11 P12 P13 '
[0.5,1.5] [2.5,5.5] | [3.5,6.5] ([4.5,11.5] p; :me.
0.25 P21 P22 P23
P(Z<2)< ) Pij 7265
(0.5, 3] [2.5,7] [3.5,8] [4.5,13] =
Pz < > ;
0.25 P31 P32 P33 (Z<2)2 Zp /
[4,5] [6,9] [7,10] [8,15]
0.25 P41 P42 P43
O. Bouissou Probabilistic affine forms
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® (ase of dependent inputs (unknown dependency).

Y [2,4] [3,5] [4,10]
e 0.3 0.6 0.1
[0,1] [2,5] [3,6] [4,11] n
Di :sz’,j
0.25 P11 P12 P13 j=1

[0.5,1.5] | [2.5,5.5] | [3.5,6.5] |[4.5,11.5]| ), =3 p;;

i=1

0.25 P21 P22 P23 P(Z < 2) < pr

[0.5, 3] [2.5,7] [3.5,8] [4.5,13] a;<z

0.25 P31 P32 P33 P(ZSZ)ZZD,Z;ZMJ 7z=6.5
[4,5] [6,9] [7,10] [8,15] -

0.25 P41 P42 P43
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Demster-Schafer structures arithmetic: direct method. C]]s':

® Remember (P-Box arithmetic):

(F,. Fy) = )\u.( sup max(Fy (z) + Fy (y) — 1,0), inf min(Fx(z) +Fy(y),1))

xy=u xUy=u
® And (DS-structure to P-Box conversion):

F(x) = Z W F(x) = Z Wi

1] b <z i a;<x

® Combining both we get a direct algorithm to compute the DS-structure of
/Z = XUY with unknown dependency.

O. Bouissou Probabilistic affine forms 25
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Demster-Schafer structures arithmetic: example.

Plasssabelnty Plawsabulity
1 Beclct ' L Belc!
{ 04
A
| i “+ 1
T |
Plausability
L r Belief .
08 | | 7
06 | -
04 F
0.2 T
0 j
1 A A L A 1 '
4 6 s 10 12 14
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Demster-Schafer structures arithmetic: example.

Plassabelaty Plawsabulity
L Belic . L Belcl
0Os
. 04
A
| i “4 1
Plausability
1} , Beliet
08
0.6 7]
04 |
0.
0
1 1 1
4 6 8 10 12 14
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Examples of use. lls.)-m,. ’

® The DS-structure arithmetic has been re-implemented in C++,
® Code inspired by the Statool software.

® |mplements both independent and dependent arithmetics.

® [Easy to use: operator overloading.

® [Efficiency: reduction operator to control the number of focal elements in
the DS-structure.

E

O. Bouissou Probabilistic affine forms 27



Cmtidcn(c
Examples of use. lls.)-m,. ’

® The DS-structure arithmetic has been re-implemented in C++,
® Code inspired by the Statool software.

® |mplements both independent and dependent arithmetics.

® [Easy to use: operator overloading.

® [Efficiency: reduction operator to control the number of focal elements in

the DS-structure.
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Examples of use.

® Filter with DS entries between —1 and 1.

"l-ll,.‘\.i"‘l”)

1

nfidence
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Examples of use.
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® Filter with DS entries between —1 and 1.

Plausabality

Belict

30 iterations.

T T T T ] T T T
Plausability

| Belief -
03 -
06
‘lw‘ -
02 kL

0

1 1 1 1 ! 1 1
-Be+9 O+ el 2o+ 0 2e+9 49 Ge+m Sc+9

O. Bouissou
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Problems with the DS-Structure approach.
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® When we use the «xunknown dependency» arithmetics, we make huge
over-approximations.
® There are cases where the dependency between variables is known.
x = [-1,1];
y = [0,3]; +— —|Independent.
Z =X Y
X = Z G—)\x ;
Known dependency.
- P Y
® How can we encode this dependency ?
® Most general way: notion of copulas.
® Our approach: encode linear dependency only using affine sets.
O. Bouissou Probabilistic affine forms 29
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bilistic affine sets. oo
An affine set is the image by an affine transformation of the n-dimensional
cube [—1,1]"

A Demster-Schafer structure is given by a sequence of focal elements with
associated probabilities.

Two ways of mixing both:

® either construct DS structures with focal elements being zonotopes.

® cither define the affine transformation of a DS structure with focal elements contained

in the n-dimensional cube.

® are both ways the same ?

® We chose the second approach and show that in this way, we introduce

linear relationships between variables that help reduce the
overapproximation.

O. Bouissou

Probabilistic affine forms
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Probabilistic affine sets: concept. 115.)-00'
® A probabilistic affine set is given by:
- an affine transformation of a set of noise symbols.

- a function associating each noise symbol with a P-Box.

® We distinguish two kinds of noise symbols:

- the ones representing independent inputs ( €; ). Sharing of these symbols represent linear
relations between variables.

- the ones coming from non-linear operations between variables (77;). One such symbol is
created at each non-linear operation.

® Both kinds of symbols are treated differently:
- €jis supposed to be independent from €/ (7 # ).

- the dependency relation between 71; and any other noise symbol is unknown.

O. Bouissou Probabilistic affine forms
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Probabilistic affine sets: definition. C]?‘:

The probabilistic affine set abstract domain

Xf — (X’ngpp)

r — o+ >0 afe + 2?21 Bin;
XP={ y o af+ X ale+ Y0, Bln; |of €R, B €R

oP {5i777j} — {P—Boxes}

We call ASP the set of all such elements.

Remark: we do not assume that the P-Boxes are bounded.

Probabilistic affine forms

O. Bouissou
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Probabilistic affine sets: concretization. Proof

)

® The concretization function associates to a probabilistic affine set a set of
probability distributions.

’)/p : ASp — P(fRn)

® Same as for afine sets, except that arithmetic operations are done using
the P-Box domain.

,YP(X%SOP) — {f e fRV ‘\V/U - V, fv S ’V(EwF’U)}

(F,. Fo) =af+ > afeP(e) + > Be"(n))
i=1 j=1

O. Bouissou Probabilistic affine forms 33
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Probabilistic affine sets: concretization. 115.)-0\,'

® The concretization function associates to a probabilistic affine set a set of
probability distributions.

’}/p : ASp — P(f]Rn)

® Same as for afine sets, except that arithmetic operations are done using
the P-Box domain.

,YP(X?:,SOP) — {f e fRV ‘\V/U - V, fv S ’V(wav) }

(EFo) =af+ ) alP(e) + Y BIeP(n))
i=1 7=l

Operations using Operations using
independency unknown dependency

O. Bouissou Probabilistic affine forms 33
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Probabilistic affine sets: affectation.

@p(€1)2{<{2zNN72(k+;)N} > ME[O,N_H}

O. Bouissou Probabilistic affine forms 34



Probabilistic affine sets: affectation. Cpgotdencs

]
robibili

® |n case of non-deterministic inpus, we generate a new noise symbol, the
associated P-Box being a uniform distribution.

a+b b—a
r = |a, b T =— | 5 €l

Spp(gl):{<{2!c]:[]\f’2(]@%—;[)—N} ’> !kE[O,N—l]}

O. Bouissou Probabilistic affine forms 34



Probabilistic affine sets: affectation. er':

® |n case of non-deterministic inpus, we generate a new noise symbol, the
associated P-Box being a uniform distribution.

a+b b—a
r = |a, b T =— | 5 €l

Spp(gl):{<{2!c]:[]\f’2(/@%—;[)—N} ’> !kE[O,N—l]}

r=[-1,1], N =10 > |

® Remark: even with this we may obtain «better» results than with standard
affine forms, see the experimentations.

O. Bouissou Probabilistic affine forms 34
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Probabilistic affine sets: affectation (bis).

® We need a more complicated affectation that can define some
characteristics of the distributions (mean, standard deviation, ...).

x = normal([90, 100], [20, 30])

S M=90, V=20
M=90, V=30
M=100, V=20
M=100, V=30

09

O. Bouissou Probabilistic affine forms 35
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l robabilitics

Probabilistic affine sets: affectation (bis).

® We need a more complicated affectation that can define some
characteristics of the distributions (mean, standard deviation, ...).

x = normal([90, 100], [20, 30])

—— M=90, V=20

M=90, V=30
M=100, V=20
M=100, V=30

09

O. Bouissou Probabilistic affine forms 35
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Probabilistic affine sets: arithmetic.

® |inear transformation: same as for standard affine sets.

Jiin (X7 Spp) — (flm(X)7 g010)

® No new symbol is created, so no need to modify ",

® The dependencies between variables are propagated through f;;,, .

® Exemple:
t=[1,5]: r = 20 — 4e1 + 2e3
v =20 —4dey + 25 Z=X—2Y+1; y = 10 — 2¢1 + €
y =10 —2¢1 + € " 2 =3 — 269 + 2€3 + 2¢4
t =3+ 2¢4
P ) Spp{@ll_){|:2k];N72(k+]if)_N:|7%}}

O. Bouissou Probabilistic affine forms 36



Probabilistic affine sets: arithmetic. Clr':

® Multiplication: we must define the P-Box attached to the new noise symbol.

(f + > afei+ Y Bin) x (af +> alei+ > Bn;) =
1=1 71=1 1=1 71=1

™m ™m
T Y Y oz T Y\, Y x T Y\,
Qg * O (040047; O‘o@i)ez E :(040777; g1, )77z
i=1 i—=1
E r Y . ..
1<7,7<m

> (afpY +alB)em,

I<i<m,1<j<n

+ Y (BEBY + BY BT )nim;

1<2,7<n

O. Bouissou Probabilistic affine forms
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Probabilistic affine sets: arithmetic.

® Multiplication: we must define the P-Box attached to the new noise symbol.

(f + > afei+ Y Bin) x (af +> alei+ > Bn;) =
1=1 71=1 1=1 71=1

m m

T, Y Y T z Y Y, T z, Y
Qg * Qg (g0 + agay e E (apni + agn; )ni
i=1 i=1 :
Linear part
+ E af ol €€
(2 I
1<2,5<m

> (afpY +alB)em,

I<i<m,1<j<n

+ Y (BEBY + BY BT )nim;

1<2,7<n

O. Bouissou Probabilistic affine forms



Probabilistic affine sets: arithmetic. (ll*,)'fffi:c"“‘

® Multiplication: we must define the P-Box attached to the new noise symbol.

(f + > afei+ Y Bin) x (af +> alei+ > Bn;) =
1=1 71=1 1=1 71=1

m m

T Y Y oz T Y\, Y x T Y\,
Qg * O (0400%' O‘o%)ez E:(O‘om g1, )77z
i=1 i—=1
E x Y . ..
1<2,7<m

> (oY +alB)em;

1<i<m,1<j<n

+ Y (BEBY + BYBY )min,

1<i,5< .
S S0 Non-linear part: must

be overapproximated

O. Bouissou Probabilistic affine forms
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Probabilistic affine sets: arithmetic. C]F':

® (QOverapproximation of the non-linear term.

_ x Y
Brt1Mnt1 = E Q; Qs €46
1<z,7<m

+ ) (afBY+alB))en;

1<i<m,1<j<n

+ Y (BFBY + BYBT nm;

1<2,7<n

® Remark |:we need a normalization after that to have 7,11 C |—1,1].

® Remark 2: we treat separately the terms ¢;¢; as they are not independent.

O. Bouissou Probabilistic affine forms 38



Probabilistic affine sets: arithmetic. (gutidence

)

® (QOverapproximation of the non-linear term.

_ T Ye e . . .
P11 = E ECHMSTS Using independency arithmetics
1<i,j<m

+ ) (afBY+alB))en;

1<i<m,1<j<n

+ Y (BFBY + BYBT nm;

1<2,7<n

® Remark |:we need a normalization after that to have 7,11 C |—1,1].

® Remark 2: we treat separately the terms ¢;¢; as they are not independent.

O. Bouissou Probabilistic affine forms 38



Probabilistic affine sets: arithmetic.

® (QOverapproximation of the non-linear term.

_ x Y
Brt1Mnt1 = E Q; Qs €46

1<i,j<m

S

1<i<m,1<j<n

(afﬁf + ) 37 )ein;

+ (BT + BB )nim,

1<z,7<n

-
( gntulcn(c

roof
)

Using unknown
dependency arithmetics

® Remark |:we need a normalization after that to have 7,11 C |—1,1].

® Remark 2: we treat separately the terms ¢;¢; as they are not independent.

O. Bouissou
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Probabilistic affine sets: example.

® Linear filter.

Plausabality

1 | Belict

O. Bouissou Probabilistic affine forms 39



Probabilistic affine sets: example.

® Linear filter.

30 iterations.

Clsmfidcncc

roof
) o
robabilitics
T
Plausabality
Beliet
T T T T T
Plausability

Belief -

O. Bouissou

Probabilistic affine forms

39



Cignfidcncc
roof
)

robabilitics

Probabilistic affine sets: example.

® Linear filter.

T T T T T
Plausability

Belief

08

0.6

T T T T T T T T
Plausability

Belief

04

0.2

30 iterations.

O. Bouissou Probabilistic affine forms



Probabilistic affine sets: example.

® Linear filter.

08

0.6

04

Cigntidcncc

30 iterations.

0.5

roolf
) .
robabilitics
Plausability
Yn (affset)
T T T T T T
Plausability
Belief .
06 | .
04 .
02+ ]
0 .
| 1 | | | 1 |
-2 -1.5 0.5 0 0.5 1.5 2

O. Bouissou
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Affine sets

v Arithmetic
v Order theoretic operations

v Arithmetic
@ Order theoretic operations
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Affine sets

v Arithmetic
v Order theoretic operations

v Arithmetic
@ Order theoretic operations
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l robabilitics

Affine sets

v Arithmetic
v Order theoretic operations

v Arithmetic
@ Order theoretic operations

Probabilistic affine sets
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Conclusion: implementation.

abilitics

® This work has been implemented in C++. See demo.

O. Bouissou Probabilistic affine forms



