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MORSE THEORY

We consider a differentiable manifold M equipped with a
smooth height function f : M — R

A critical point p is such that df, =0, i.e. 9f/0x;(p) = 0 in
every direction j.

A critical point is non-degenerate if the Hessian matrix
He(p) = (02 /0x;0x;(p)) is invertible.

f is a Morse function if it has no degenerate critical point.
The index of a n-d critical point p is the dimension of the

largest subspace of T,M such that H¢(p) is negative definite
(the number of negative eigenvalues).
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MORSE THEORY

Lemma (Morse Lemma)

Given an non-degenerate critical point p, there exists a chart
(x1,...,xn) on a neighborhood U of p such that x;(p) = 0 for
every i, and

fx) = Ff(P)—xF—. . —xF+ X1+ X2

on U, and k is the index of f.
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MORSE THEORY

Lemma (Morse Lemma)

Given an non-degenerate critical point p, there exists a chart
(x1,...,xn) on a neighborhood U of p such that x;(p) = 0 for
every i, and

fx) = Ff(P)—xF—. . —xF+ X1+ X2

on U, and k is the index of f.

Corollary
Non-degenerate critical points are isolated.
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MORSE THEORY

Proposition

Morse functions form an open dense subset of smooth functions
M — R.

Proposition

If f~[a, b] is compact and without critical points, then
M? = f=1(] — o0, a) is diffeomorphic to M, and M® deformation
retracts onto M?.
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MORSE THEORY

Proposition

Morse functions for
M — R.

P

ooth functions

itical points, then

diffeomorphic to M?, and M? deformation
retracts on

Proposition
Suppose that p is a critical point of index -y, f(p) = q,
f~1([q — €, q +€]) is compact and contains no other critical point

than p. Then M9%¢ is homotopy equivalent to M9~ with a ~y-cell
attached.
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MORSE THEORY
Proposition

Morse functions form an open dense subset of smooth functions
M — R.

Proposition

If f~[a, b] is compact and without critical points, then
M? = f~1(] — o0, a]) is diffeomorphic to M®, and M deformation
retracts onto M?.

Proposition

Suppose that p is a critical point of index -y, f(p) = q,

f~Y([qg — &, q +¢€]) is compact and contains no other critical point
than p. Then M9%¢ s homotopy equivalent to M9~¢ with a ~y-cell
attached.

Corollary

Any differentiable manifold is a CW-complex with an n-cell for
each critical point of index n.
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MORSE THEORY

Proposition (Morse inequalities)
We write c; for the number of cp of index i and b; for the i-th
Betti number. Then

Ci—C,',l—I-C,',Q—...—I-(—l)iCo > bi—bi71+b,;2—...—|—(—1)ibo
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MORSE HOMOLOGY

We suppose given
» a smooth manifold M,
» a smooth Morse function f : M — R and
» a smooth Riemannian metric on M

g  J[(ToMx T,M —R)
peM

(think of a scalar product)
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MORSE HOMOLOGY

We suppose given
» a smooth manifold M,
» a smooth Morse function f : M — R and

» a smooth Riemannian metric on M

g  J[(ToMx T,M —R)
peM

(think of a scalar product)

This defines a gradient vector field V,f on M such that
g(Vef, =) = df(-)

We write ¢s : M — M (with s € R) for the flow associated to
—V,f.

6
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MORSE HOMOLOGY
Given two critical points p, g € M, we write
M(p,q) =
du . .
{u R— M| = —ng(u),s_llr_nOo u(s) = p,s_llmoo u(s) = q}

and consider this set quotiented by translation over time.

~
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MORSE HOMOLOGY

Given two critical points p, g € M, we write

M(p,q) =

d
{u R— M| d—:I = —ng(u),s_lirfoo u(s) = p,s_lim u(s) = q}

+oo

and consider this set quotiented by translation over time.

7/24



MORSE HOMOLOGY

Given a generic (Morse-Smale) pair (f, g), we define

» Ci: the Z-module generated by critical points of index k,
> 9: G — Cee1 by 9(p) = Xgecpk-1) [M(p, q)| - q
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MORSE HOMOLOGY

Given a generic (Morse-Smale) pair (f, g), we define

» Ci: the Z-module generated by critical points of index k,
> 9: Ce— Gz by d(p) = 2 qeCP(k—1) (M(p.q)|-q

Lemma
Ok_l o Ok =0.

Proposition
The homology is equal to the singular homology of M with
coefficients in Z. In particular, it does not depend on (f, g).
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MORSE HOMOLOGY

Example

» Morse complex of a 2-sphere:

.= 0=2Z =027
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MORSE HOMOLOGY

Example

» Morse complex of a 2-sphere:
. >0—22Z—-0—-72

» Morse complex of a 1-sphere:

.= 05052%7
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MORSE HOMOLOGY

Example

» Morse complex of a 2-sphere:
.= 02Z—-0-7%
» Morse complex of a 1-sphere:
0505257
» Morse complex of a torus:
om0z 72 %y

with 91(c3) = 2(ct — cf) and do(c}) = 2co (777)
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DISCRETE MORSE THEORY

In 1998, Forman worked out a discrete analog for CW-complexes in
Morse Theory for Cell Complexes (we mainly focus on simplicial
complexes here, but it extends without much trouble).
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A discrete Morse function f : K — R should satisfy for every
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DISCRETE MORSE THEORY

Definition
A discrete Morse function f : K — R should satisfy for every
o€ Kp:
1. there is at most one 7 € K41 such that 7 > ¢ and
f(r) < f(o),

2. there is at most one v € K,_1 such that o > v and
f(v) > f(o).
Example

20— 3

3
2N
A
=1 0
not Morse Morse
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DISCRETE MORSE THEORY

Definition
A cell o € K, is critical (of index p) if

1. there is no 7 € Kp41 such that 7 > o and f(7) < f(0),
2. there is no v € K,_1 such that v < ¢ and f(v) > f(7).
Example
3 20— 3
J N
A
l—1 0

not Morse Morse
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DISCRETE MORSE THEORY

Proposition

Suppose that [a, b] is an interval which does not contain any
critical value of f, then M? is a deformation retract of MP.
Moreover, M® simplicially collapses onto M?.
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DISCRETE MORSE THEORY

Proposition

Suppose that [a, b] is an interval which does not contain any
critical value of f, then M? is a deformation retract of MP.
Moreover, M® simplicially collapses onto M?.

This provides a way to “reduce” a simplicial complex while
retaining the geometrical properties.

Proposition

A simplicial complex with a discrete Morse function is homotopy
equivalent to a CW-complex with one cell of dimension p for each
critical simplex of dimension p.

11 /24



AN EXAMPLE

Consider the simplicial complex
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AN EXAMPLE

Consider the simplicial complex

SN

9 10 2

N

» Critical cells are in red.
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AN EXAMPLE

Consider the simplicial complex

SN

9 10 2

N

» Critical cells are in red.

» The complex is therefore homotopy equivalent to the 1-sphere

8

A

0

obtained by “collapsing” all the connected black parts.
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THE DISCRETE GRADIENT VF

From the simplicial complex

6

N

9 10
4

We define a graph whose vertices are non-critical cells with an
arrow from o € K, to 7 € K,11 when 7 > ¢ and f(7) < f(o):
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From the simplicial complex

6

N

9 10
4

We define a graph whose vertices are non-critical cells with an
arrow from o € K, to 7 € K,11 when 7 > ¢ and f(7) < f(o):

/7 6
9 10 5 2——1
11 4 ——3

It's a discrete analogous of the gradient vector field.
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THE DISCRETE GRADIENT VF

From the simplicial complex

6

N

9 10
4

We define a graph whose vertices are non-critical cells with an
arrow from o € K, to 7 € K,11 when 7 > ¢ and f(7) < f(o):

It's a discrete analogous of the gradient vector field.



THE DISCRETE FLOW

We write C, = ZK),. The discrete gradient induces a map
4 : Cp — Cp+1
(with a right choice of signs).
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THE DISCRETE FLOW

We write C, = ZK),. The discrete gradient induces a map
4 : Cp — Cp+1
(with a right choice of signs).

The associated flow is ¢ : C, — C,, defined by
p=1+0V+ VO

Example

Consider V' defined by . The associated flow ¢(e

FRAAAD
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THE MORSE COMPLEX

We write C C Cp for the p-chains c such that ¢(c) = c.

Since 0¢ = @0, we get a complex C¢, called the Morse complex.
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THE MORSE COMPLEX

We write C C Cp for the p-chains c such that ¢(c) = c.

Since d¢ = ¢, we get a complex C¢, called the Morse complex.

Proposition
The homology of the Morse complex is the same as the one of M
(with coefficients in 7).

Remark
The complexes C,? can also be defined as spanned by critical
p-cells.
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Since all the information we need about the Morse function is
encoded in the discrete gradient vector field, this is what we are
going to start with in the following.
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A CHAIN COMPLEX

We start from a commutative ring R and
C. = (C,-,8,- : C,' — C,'_l)

a chain complex of R-modules.
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A CHAIN COMPLEX

We start from a commutative ring R and
C. = (C,-,8,- : C,' — C,'_l)

a chain complex of R-modules.

We write

with X; a fixed basis of C;.

Define a weighted DAG G(C,) with vertices X = U;j>0X; and edges

!
X,'BCMCIEX,',l

whenever [c: ¢'] #0.
17 /24



ACYCLIC MATCHINGS

A set M C E of G(G,) = (X, E) is an acyclic matching when
1. For each ¢ M c’in M, [c: '] in the center, invertible
2. Each vertex lies in a most one edge of M

3. The graph Gy = (X, Epq) has no directed cycle with

Ev = (E\M)U{C’Mc|c—>c'€/\/l}

y

, N
N |

t

=3 <0
~. —=>N=<—0

_—
-
/

A1

t
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ACYCLIC MATCHINGS

A set M C E of G(G,) = (X, E) is an acyclic matching when

)
1. For each ¢ M c’in M, [c: '] in the center, invertible

2. Each vertex lies in a most one edge of M
3. The graph Gy = (X, Epq) has no directed cycle with

Ev = (E\M)U{C’Mc|c—>c'€/\/l}
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ACYCLIC MATCHINGS

A set M C E of G(G,) = (X, E) is an acyclic matching when

[e:c']

1. For each ¢ —= ¢’ in M, [c: ¢/] in the center, invertible
2. Each vertex lies in a most one edge of M
3. The graph Gy = (X, Epq) has no directed cycle with

Ev = (E\M)U{c’Mc|c—>c’€M}

y
N
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A set M C E of G(G,) = (X, E) is an acyclic matching when

)
1. For each ¢ ﬂ ¢’ in M, [c: '] in the center, invertible

2. Each vertex lies in a most one edge of M
3. The graph Gy = (X, Eprq) has no directed cycle with

Ev = (E\M)U{c’Mc|c—>c’€M}
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ACYCLIC MATCHINGS

A set M C E of G(G,) = (X, E) is an acyclic matching when

)
1. For each ¢ ﬂ ¢’ in M, [c: '] in the center, invertible

2. Each vertex lies in a most one edge of M
3. The graph Gy = (X, Eprq) has no directed cycle with

Eni = (E\M)U{c’ “1/lec]

N
AN

c|c—>c’€M}

18 /24



ACYCLIC MATCHINGS

Consider G(C,) together with an acyclic matching M.

» When e — f € M, e is collapsible and f is redundant.
> A vertex ¢ € X is critical when it lies in no edge of M.
» We write XM C X; for the critical vertices.
» The weight of a path is

r—1

w(ico—ao—...>¢) = H w(ci — Cit1)
i=1

with w(c 4 c)="¢.

» We write

ed) = 3 wip)

pEpath(c,c’)
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THE MORSE COMPLEX

The Morse complex CM = (CM,9M) is defined by CM = RXM
and oM : CM — CM by

oM) = Z M(c,c')c

M
ceXMy
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The Morse complex CM = (CM,9M) is defined by CM = RXM
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THE MORSE COMPLEX

The Morse complex CM = (CM,9M) is defined by CM = RXM
and oM : CM — CM by

oM) = Z M(c,c')c

M
ceXMy

Theorem

The complex CM of free R-modules is homotopy equivalent to C,.

The maps f : Co — CM and g : CM — C, give a chain homotopy
(and thus a quasi-iso) between C, and CM:

fi(c) = Z M(c, ) gi(c) = Z M(c,c')c
c’eXM c'eX;
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THE MORSE COMPLEX

The Morse complex CM = (CM,9M) is defined by CM = RXM
and oM : CM — CM by

8,-M(c) = Z M(c,c')c

M
ceXMy

Proposition

If M is a set of edges with different source and targets, then
CM = C, iff M is an acyclic matching.

20 /24



GAUB ELIMINATION

» Fix a free chain complex

with X, = {Xl, ..

0— RXk & RXx_1 — 0 (1)
S Xm} and Xg—1 ={y1,-.-,Yn}-
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GAUB ELIMINATION

» Fix a free chain complex
0— RXk & RXx_1 — 0 (1)

with X, = {x1,...,xm} and Xek—1 = {y1,-- ., ¥n}
» We define a matrix A € R™™ with

aji = [0x;:y]

)

and suppose that a;; is invertible for some i,j € n x m.
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GAUB ELIMINATION

Fix a free chain complex
0— RXk & RXx_1 — 0 (1)

with X, = {x1,...,xm} and Xek—1 = {y1,-- ., ¥n}
We define a matrix A € R™™ with

aji = [0x;:y]

and suppose that a;; is invertible for some i,j € n x m.
By GauB elimination A is similar to

1 (10
NTAM = (0 W
with A € R(n=1)x(m=1),
Then (1) has the same homology as
0— RX, 25 RX,_, =0

with X} = X, \ {x;} and X|_; = Xi_1\ {y;}.
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GAUB ELIMINATION

For instance i
0-2257%-0

32 -1
a = (1Y)

Taking a>» as pivoting element,

32 -1
A_<01 4>

with
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For instance i
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Taking a>» as pivoting element,
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GAUB ELIMINATION

For instance i
0-2257%-0

3 2 -1
SN
Taking a> > as pivoting element,

10 0
A”<03—9>

The homology is the same as

59

072~ 570

with
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GAUB ELIMINATION

By GauB elimination A is similar to

1 0
NTTAM =
with a;; as pivoting element where
aj A aj
M = <x,-\x1— Pl |10 | xm — f""x,)
aj,i aj,i
N = (Axqlyl. 15 [yn)



By GauB elimination A is similar to
NTTAM =

with a;; as pivoting element where

M = X,"Xl—ﬂx,"...
aj7i
N = (Axi|yn|...

This is why we change

[e:c],
c—=c¢ to

GAUB ELIMINATION

[ 951 T yn)

o “Ylee),
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GAUB ELIMINATION

This is why we change

[l r —1/[e:c’]
c—=c¢ to ¢ ——>c
For instance
X1 X2 -1 X3
2
3 4
y1 y2
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GAUB ELIMINATION

This is why we change

[l r —1/[e:c’]
c—=c¢ to ¢ ——>c
For instance
X1 X2 -1 X3
2
3 4
y1 y2

We have

10 0
A”<o3—9>

and the flow from x3 to y; is =144 x (—1) x 2 = -9, etc.
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TOWARDS THE CATEGORY OF
COMPONENTS

So, if we start with a cell-complex, we can always hope to reduce it
using an acyclic Matching.

Say we start from a cubic complex. The associated category of
components is described by a subcomplex.

» Can this subcomplex be obtained by Morse reduction?

» Is there (in good situations) a notion of minimal
Morse-equivalent complex?

> etc.
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