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Optimization Problems (OPs)

A minimization problem is of the form:

where:
@ S is the feasible region

e f: S — R is the objective function

Usually S is also described using functions:

S={xeR"|g(x)>0,i=1,....m, hj(x)=0,j=1,..

P}



Optimization Problems (OPs)

A minimization problem is of the form:

min  f(x)
s.t. gi(x)>0,i=1,....m
hi(x) =0, j=1,....p

Each x € R” satisfying the constraints is called feasible

Usually we are also interested in minimizers that solve (OP), i.e.,
all feasible x* € R" that minimize f(x)



Polynomial Optimization Problems (POPs)

A minimization problem is of the form:

min  f(x)
s. t gi(X) > 07 =
hj(X) =0,/=1,

where f, g;, h; are polynomials

The feasible region

..,m (POP)

S={xeR"|g(x)>0,i=1,....m, hi(x)=0,j=1,...,p}

is called a (basic closed) semialgebraic set

v

Source: Bruce Hunt
A Gallery of Algebraic Surfaces



Why do we care, 1

Combinatorial optimization

Assign to each vertex i a value x; € {—1,1} in
such a way as to maximize

(iJ)EE(G) People care about max cut?
@ easy to state
@ it's NP-hard

@ many hard optimization
problems that arise in
practice reduce to max cut



Why do we care, 1

Combinatorial optimization

Assign to each vertex i a value x; € {—1,1} in
such a way as to maximize People care about max cut?

@ easy to state

1— xx; )

Z Wij 5 @ it's NP-hard

(i))eE(G) @ many hard optimization
problems that arise in
practice reduce to max cut

@ correlation clustering ~
machine learning for
unsupervised clustering,
computer vision,
bioinformatics (clustering
genes based on expression
data)



Why do we care, I and II

Combinatorial optimization and Physics

Assign to each vertex i a value x; € {—1,1} in  People care about max cut?

such a way as to maximize @ easy to state
1 — xx; @ it's NP-hard
Z Wij 2 @ Finding the ground state of
(iJ)€E(G)

an Ising spin system is
equivalent to solving a max

cut problem.
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Why do we care, III

Control theory — stability of dynamical systems

@ Given a system of ODEs
x(t) = f(x(t)), x(0)=x0

@ Want to prove stability, i.e., that solutions
converge to the origin for all initial conditions

@ To prove this we need an energy-like
Lyapunov function V satisfying

V(x)geqo,

) vT ' ' s 2 ;PZbIJP‘ '|5
V(X) _ (%7) f(X) 2 0 ource ablo Farrilo

@ For linear systems x = Ax, can use quadratic Lyapunov functions:
V(x) = x"Px

where
P~0, ATP+PA<0

@ In general, looking for a polynomial Lyapunov function V' is a POP



Challenges in POP

Source: Wikipedia

@ Non-convexity & too many local minima

Complexity: NP-hard

Solving large-scale problems

Exploiting structure (symmetries, sparsity, . ..)

Numerical stability



Linear programming

Linear Optimization Problem is one of the form

min  f(x)
s.t. g(x)>0,i=1,....m (LP)
hi(x)=0,j=1,....p

where the f, g;, h; are linear polynomials.

The feasible region S is a convex polyhedron.

Khachiyan (1979) showed that LPs can be solved
quickly (in polynomial time).

In practice, one can today solve LPs with
na~ma?-106.
https://tikz.net/dodecahedron/


https://tikz.net/dodecahedron/

Linearizing POP

Naively

. 2.2 2
min - X{xy + x1x2 + X3 — 2xp + 2

st 1—x2—x2x2>0



Linearizing POP

Naively

. 2.2 2
min  X{xy + x1x0 + X3 — 2x2 + 2

st 1—x2—x2x2>0



Linearizing POP

Naively

min = x2x3 + y1o + X2 — 2x0 + 2

st 1—x2—x3x3 >0



Linearizing POP

Naively

min - x2x3 + y1o + x5 — 2x0 + 2

st 1—x3—x3x3 >0



Linearizing POP

Naively

min  x{x3 + y12 + ¥ — 2% + 2

s. t. 1—y22—X12X2220



Linearizing POP

Naively

min = Xx73 + yi2 + yoo — 2x0 + 2

s. t. 1—y22—X12X2220



Linearizing POP

Naively

min  y1100 + y12 + yo2o — 2x0 + 2
st 1—yn—y1202>0



Linearizing POP

Naively

min  y1120 + y12 + yoo — 2x0 + 2
st 1—yn—y1120>0



Linearizing POP

Slightly less naively

min  y1120 + y12 + yoo — 2x0 + 2
st 1—yn—y1120>0

Add redundant obvious constraints

2 22
(a0 + a1x1 + azx2 + anxy + aexixe + anx;)” >0

1 ao
X1 a
X2 2 2 a

(20 a a an  an 322) 5 (1 X1 X2 Xi X1X2 x2) >0
X1 all
X1X2 a2

X2 a2



Linearizing POP

Slightly less naively

min  y1120 + y12 + yoo — 2x0 + 2
st 1—yn—y1120>0

Add redundant obvious constraints

2 22
(a0 + a1x1 + azx2 + anxy + aexixe + anx;)” >0

1 X1 Xo x12 X1X2 x22
2 3 2 2
X1 X1 X1X2 X1 X1 X2 X1Xo
X2 X1X2 X22 X12X2 X1X22 xg”
(ao ayT a2 a1 an 322) 2 3 2 4 3 2,2
X1 X1 X1 X2 X1 X1 X2 X1 Xo
2 2 3 2.2 3
X1X2 X1 X2 X1Xp X1 X2 X1 Xo X1Xp

Xy X1X22 X X1 Xo X1X23 Xo

do
ai
a2
ail
a2
a



Linearizing POP

Slightly less naively

min  y1122 + y12 + yo2 — 2x0 + 2

st 1—yn—y1120>0

Add redundant obvious constraints

1 X1 X2
X1 X12 X1X2
X2 X1X2 x22
X]? Xf X12 X2

X1 X2 X12 X2 X1 X22

X2 oxaxE X

X1X2
2
X1 X2
X1X2
X1 X2
X1 X2
X1Xo

X2
X1 X22
xPxg

3
X1X5
X2



Linearizing POP

Slightly less naively

min  y1120 + y12 + yoo — 2x0 + 2
st 1—yn—y1120>0

Add redundant obvious constraints and linearize

1 X1 X2 yi1 Y12 Y22
X1 Y11 Y12 Y11 Y112 Y122
X2 Y12 Y22 Y112 Y122 Y222
Y11 yinn Yz Yl Yz Y2
Y12 Y112 Y122 Y1112 Y1122 Y1222
Y22 Y122 Y222 Y1122 Y1222 Y2222



Linearizing POP

Slightly less naively

min  y1122 + y12 + yo2 — 2x0 + 2
st 1—yn—y1120>0

Add redundant obvious constraints

(ao + aixi + 32X2)2(1 — X22 — X12X22) >0



Linearizing POP

Slightly less naively

min  y1120 + y12 + yoo — 2x0 + 2
st 1—yn—y1120>0

Add redundant obvious constraints

1 ao
(ao a1 32) (1-— x22 — x12x22) X1 (1 X1 XQ) ai| >0
X2 ar



Linearizing POP

Slightly less naively

min  y1122 + y12 + yo2 — 2x0 + 2
st 1—yn—y1120>0

Add redundant obvious constraints

1 X1 X2 ao
2 2 2
(ao a 32) (1—-x —xixx) [ x X2 xix a| >0
X2 X1X2 X22 ar



Linearizing POP

Slightly less naively

min

s. t.

Y1122 + Y12 + y22 — 2x0 + 2
1—y»—y1100>0

Add redundant obvious constraints

2.2 2 2.3 2 2.3 3
1273x1x227 X5 7x%x‘1‘ — X%X% + x12 73x13x2 — x% + x2
(ag ai a2) —X5X{ — X5x1 + X1 —X5X] — X5X{ + X{ —X1 X5 — X1X; + X1X2
2 3 3 3.3 2 4 4 2
—X{ X5 — X5 + X2 —X1 X5 — X1X5; + X1X2 —X{ Xy — Xy + X5

ao
ai
az



Linearizing POP

Slightly less naively

min  y1120 + y12 + yoo — 2x0 + 2
st 1—yn—y1120>0

Add redundant obvious constraints

2,2 2 2.3 2 2.3 3
1—xix5 — x5 —X5X] — X5 X1 + X1 —XiX5 — X5 + X2
2.3 2 2 4 2,2 2 3.3 3
—X3X] —Xax1+ X1 —Xax{ —XoXi +X{  —Xx{x; —x1x3 +x1x2 | =0
2.3 3 3.3 3 2.4 4 2
—X{X5 — X5 + X2 —X{X5 — X1X5 + X1X2 —X{Xo — Xo + X5



Linearizing POP

Slightly less naively

min  y1120 + y12 + yoo — 2x0 + 2
st 1—yn—y1120>0

Add redundant obvious constraints and linearize

1—y» —yun X1 — Y122 — Y11122 X2 — Y222 — Y11222
X1 — Y122 — Y11122 Y11 — Y1122 — Y111122 Y12 — Y1222 — yiee | =0
X2 — Y220 — V11222 Y12 — Y1222 — V111222 Y22 — Y2222 — V112222



Linearizing POP

Lasserre’s hierarchy (an example)

min  y1120 + y12 + yoo — 2x0 + 2
st 1—yn—y1120>0

1 X1 X2 yi Y12 Y22
X1 Y11 Y12 yin Y12 Y122
X2 Y12 Y22 Y112 Y122 Y222 -0
Y1 Y1 Y112 Yl Yz Y1122
Y12 Y112 Y122 Y1112 Y1122 Y1222
Y22 Y122 Y222 Y1122 Y1222 Y2222

1—yn—yu» X1 — Y122 — Y11122 X2 — Y222 — Y11222
X1 — Y122 — Yi1122 Y11 — Y1122 — Y111122 Y12 — Y1222 — V111222
X2 — Y222 — V11222 Y12 — Y1222 — V111222 Y22 — Y2222 — Y112222

=0

This is a semidefinite program (SDP), a far-reaching extension of LP



POP

Some theory

° of Krivine (1964):
to each infeasible POP, using the (less naive) linearization procedure,
one can always add finitely many “redundant” inequalities such that the
resulting is infeasible.

@ Schmiidgen's (1991) and Putinar’s (1993) Positivstellensatz:

for POP with compact feasible region, optimal values of the POP and of
the resulting “infinite” coincide.

Polynomial Optimization

Functional
Analysis



Notation

o x=(x1,...,X) variables

@ products of the x; are monomials

@ [x]x will denote (a vector of) monomials of degree < k
If n=k =2, then [x]> = (1 x1 X2 XP xix X22)T

e R[x] = all polynomials

o ¥?={Y h? | hj € R[x]} convex cone of sums of squares (SOS)
o Given g = (g1,...,8m) € R[x]™ the feasible set
5(g) ={xeR"|g(x) 20, ..., gm(x) = 0}

is a (basic closed) semialgebraic set

o QM(g) = X% +X%g +--- + X?gn,
is the quadratic module (weighted SOS) generated by g = (g1, --,&m)

Observe: f € QM(g) = f>0o0n S(g)



Putinar's Positivstellensatz

Theorem (Putinar (1993))

Assume
e S(g) is bounded
® g contains a ball constraint R — ZXJQ >0 for some R € R

If f >0 on S(g), then f € QM(g)

(N >0 on 5(g) does not imply f € QM(g)



Positivstellensatze

You are only as strong as your Positivstellensatz

@ Artin's (1926) solution to Hilbert's 17th problem (1900)

f>00nR" <= fecI’R(x) < 30#qecR[x]: ¢’pecX?

@ Krivine Positivstellensatz (1964)

f>00nS(g) <— Elql,qzte\/I(Hg): gp=1+q

@ Schmiidgen Positivstellensatz (1991)
Assume S(g) is compact. Then f > 0 on S(g) implies f € QM(]] g)

@ Many further variants



Putinar's Positivstellensatz
Proof

f > 0on S(g); assume f & QM(g).

L=0 ©L:R[x]—=R,LQAM(g)) C[0,00), L(f) <0
@ e inner product (a, b) = L(ab) on R[x]
o define X; : R[x] = R[x], p— x;p
@ by compactness, )A(J are bounded, so extend

to the Hilbert space completion H of R[x]
o for p € R[x] we have

L(p) = (p.1) = (p(X)1,1)
@ by the spectral theorem (for a tuple of
commuting self-adjoint operators X), there

exists measure p supported on S(g) s.t.

L(p) = /pdu for all p

finally, 0> L(f) = [fdu>0 4



Sums of Squares (SOS)

Key lemma

Lemma
f € R[x]ax is a sum of squares iff there is G = 0 s.t. f = [x]] G[x]«.

Proof.
o If f=3,g7 € X2 then degg; < k for all i
o write gi = G."[x]«, where G, is for row vector of the coefficients of g;
e then g? = [x]] GG [x]«
e setting G := Y, G;G, we have f = [x]] G[x]«

@ For the converse, every PsD matrix G admits a Cholesky factorization
G =YI_, GG for row vectors G;

o letting g := G;"[x]x, we get f =" g?



SOS

An example
f=dxt+dax -3+ —20F +x¢ +x3 -2 +1

o Write f = [x]J G[x], for a symmetric matrix G

°
1 X1 X5 X12 X1 X0 X22
1 0 -1 814 g15 g6\ 1
0 1-2gu4 —gis -2 825 g6 | x1
G- -1 —g5 1-2g16 —gx5—-1 —g% 0 |x
814 -2 —g» — 1 4 2 a6 | X¢
&is &5 —82 2 1-2g 0 |x1x

816 82 0 846 0 0 X22



SOS

An example

f=ax] 4 4xoxi? — 43 + x3x2 — 202 + X2 + x5 — 2 + 1

o Write f = [x]J G[x], for a symmetric matrix G

o
1 0 -1 814 815 816
0 1-2gu —gs -2 &5 826
G— -1 —gi5 1-2g6 —gs5—1 —g% 0
814 -2 —g»5—1 4 2 846
815 g —82% 2 1-2g46 O

816 826 0 846 0 0



SOS

An example

f=ax] 4 4xoxi? — 43 + x3x2 — 202 + X2 + x5 — 2 + 1

o Write f = [x]J G[x], for a symmetric matrix G

o
1 0 -1 814 815 816
0 1-2gu —gs -2 &5 826
G— -1 —gi5 1-2g6 —gs5—1 —g% 0
814 -2 —g»5—1 4 2 846
815 g —82% 2 1-2g46 O

816 826 0 846 0 0



SOS

An example

f=ax] 4 4xoxi? — 43 + x3x2 — 202 + X2 + x5 — 2 + 1

o Write f = [x]J G[x], for a symmetric matrix G

o
1 0 -1 814 gs 0
0 1-2g14 —&1s5 -2 gs 0
G— -1 —gs 1 -gs—1 0 0
814 -2 —g»x—1 4

o O O

2
gis &25 0 2 1
0 0 0 0 0



SOS

An example

f=ax] 4 4xoxi? — 43 + x3x2 — 202 + X2 + x5 — 2 + 1

o Write f = [x]J G[x], for a symmetric matrix G

(]

1 0 -1 814 gis 0

0 1-—2g1 —g1s5 -2 gs 0

G— -1 —gi 1 -gx5—1 0 0

814 -2 —g5 — 1 4 2 0

gis &25 0 2 1 0

0 0 0 0 0 O

© 001 —20)-6=0
leads to

1
815 = 5814, 825 = -1



SOS

An example

f=ax] 4 4xoxi? — 43 + x3x2 — 202 + X2 + x5 — 2 + 1

o Write f = [x]J G[x], for a symmetric matrix G

1 0 -1 gu & 0

0 1-2g, -8 —2 —1 0

SO T T R 0
| g -2 0
0

0

0 4
T | 0 2
0 0 0 0



SOS

An example

f=ax] 4 4xoxi? — 43 + x3x2 — 202 + X2 + x5 — 2 + 1

o Write f = [x]J G[x], for a symmetric matrix G

1 0 -1 814 % 0
0 1-2g, -8 -2 -10
R 1 0 0 0

G:
814 -2 0 4 2 0
g 0 2 1 0
0 0 0 0 0 O

leads to



SOS

An example

4 3 3, .22 2.2 2
f=4x] +dxox7 — 4x7 + x5x7 — 2xoX{ + X7 + X5

o Write f = [x]J G[x], for a symmetric matrix G

1 o -1 0 0 O
0 1 0 -2 -1 0
G- 1 0 1 0 0 O
o -2 0 4 2 O
0o -1 0 2 1 0
o 0 o0 o0 o0 O

—2x +1



SOS

An example

f=ax] 4 4xoxi? — 43 + x3x2 — 202 + X2 + x5 — 2 + 1

o Write f = [x]J G[x], for a symmetric matrix G

1 0 -1 0 0 0 0 -1 0o -1\’
0 1 0 -2 -1 0 “1 0 -1 0
1 0 1 0 0 0 0 1 0 1
C=1lo 2 0 4 2 o/ |2 o > o | =0
0 -1 0 2 1 0 1 0 1 0
O 0 0 0 0 0 0 0 0 0
Hence

f=(—x+2¢+xx)°+(-1+x)? c2?



QM

.. meet SDP?

Checking whether a polynomial f € R[x]z2x is SOS is a SDP:

fex? < 36 >=0: f=[x]] G[x]x

Checking whether a polynomial f € R[x]2 is in QM(g) is not an SDP:
feQM(g) <= Jko,....km € NIGo,...,Gn>=0:
f = X1k Golxlko + [x]k, Gilxliy - 1 + - + X, GnlX]ky, - &m

@ there is no control on the degrees k;



QM

.. meet SDP
Let §; = deg(g;).
We define the k-th truncation of QM(g) as follows
QM(g)k = Tk + T 15 81+ + T |15, " 8m
= {Ix]& Golx]« + [X]Z—L%M Gilx]y— |15, 80+
+ [X]kaLéémJ Gm[x]kfl%(;mng | Gi,...,Gp = 0} C R[x]2k

Then
QM(g) = | QM(g)«
keN

Testing membership in QM(g) is an SDP

@ Beware, QM(g) N R[x]2x 2 QM(g)«



Lasserre hierarchy

To each POP

min  f(x)

s.t. gi(x)>0,i=1,....m

we assign the sequence of SDP

max A
s.t. f—XeQM(g)«

with optimal values Ak
Theorem (Lasserre (2001))
Assume S(g) is compact

A min f
«/ i

. Then

(Lassg)



Lasserre hierarchy
Moment-SOS hierarchy

Using standard Lagrange duality from convex optimization,
we can obtain the dual SDP to (Lassg)
min  L(f)
s.t.  L:R[x]ok = R linear (Lass})
L(QM(g)k) € Rxo, L(1) =1

with optimal values L4

Values y, = L(x*) are called pseudomoments,
and we build a Hankel matrix H(L) indexed by monomials of degree < k,

H(L)as = Lx**P) = Yars
To each constraint g; we also build the localizing Hankel matrix,
H(giL)as = L(x*g)

Lemma
L is feasible for (Lass}) iff H(L) = 0, H(giL) = 0, ..., H(gmL) > 0.



Lasserre hierarchy
Moment-SOS hierarchy

Using standard Lagrange duality from convex optimization,
we can obtain the dual SDP to (Lassg)

min  L(f)
s.t.  L:R[x]ok = R linear (Lass})
L(QM(g)k) € Rxo, L(1)=1
with optimal values A,

Lemma
L is feasible for (Lass}) iff H(L) = 0, H(giL) = 0, ..., H(gmL) > 0.

We can now rewrite (Lass} ) to make it look like an SDP:

)
min  Tr(H(L) Gf)
s.t. H(L)op = (Lass})
H(L) =0, H( 1L) =0, ..., H(gnl) = 0



Lasserre hierarchy
Moment-SOS hierarchy

Using standard Lagrange duality from convex optimization,
we can obtain the dual SDP to (Lassg)

min  L(f)
s.t.  L:R[x]okx — R linear
L(QM(g)k) € Rx>o, L(1) =1

with optimal values A,

Theorem

(Lass})

The primal-dual pair (Lassk) and (Lass)) satisfy strong duality: Kx = A\, and

K min f
«/ i



Lasserre hierarchy

Extracting optimizers

min  Tr(H(L) Gr)
s.t. H(L)oo=1 (Lassy)
H(L) =0, H(g1L) = 0, ..., H(gml) = 0

Let § = maxd;, where §; = deg(g;j).

Theorem (Curto-Fialkow (1991), Henrion-Lasserre (2003))
Assume H(L) is 0-flat (aka ), ie.,

rank H(L)x = rank H(L) 115
Then
(*] )\k = mins(g) f

o Gelfand-Naimark-Segal (GNS) construction + matrix diagonalization
extracts a minimizer x* € S(g) for f



Lasserre hierarchy

Extracting optimizers

H(L), 151 B
rank H(L)x = rank < Bk 21 C) = rank H(L)k{%ﬂ

@ Let E be the range = column space of H(L),_r157.

Index columns of H(L),_r15) by monomials x* of degree || < k — [16].
e H(L) induces a (semi-)inner product on E: (o, ) = L(x**#) = H(L)a.5
@ Xx; act on E to produce a linear map X;: E — E.

@ X;: E — E are pairwise commuting symmetric matrices, so can be
simultaneously diagonalized,

diy dpy
X1 = , el X, = .
dzs dz,

@ Then x* = (d} dl?) is a minimizer.

mnr»» =

Uses that L was a optimal solution of a step in the Lasserre hierarchy.



Lasserre hierarchy

Software

Plethora of available software options

o YALMIP (L&fberg)
https://yalmip.github.io/

o GloptiPoly 3 (Henrion, Lasserre, Lofberg)
https://homepages.laas.fr/henrion/software/gloptipoly3/

@ SOSTOOLS (Papachristodoulou, Anderson, Valmorbida, Prajna, Seiler,
Parrilo, Peet, Jagt)
https://github.com/oxfordcontrol/SOSTOOLS

@ Julia

https://julialang.org/

@ All of these will require a separate SDP solver, such as
MOSEK, SeDuMi, COSMO, SDPA, SDPT3, CSDP, SDPNAL+-, DSDP, ...


https://yalmip.github.io/
https://homepages.laas.fr/henrion/software/gloptipoly3/
https://github.com/oxfordcontrol/SOSTOOLS
https://julialang.org/

Lasserre hierarchy — Example in Julia
We solve the following POP using Lasserre moment-SOS hierarchy

minx2y2+xy+y272y+2 s. t. 17y27x2y220

using SumOfSquares
using DynamicPolynomials #Enables symbolic variables
using MosekTools #Mosek SDP solver

# Create an SOS optimization model
model = S0SModel (Mosek.Optimizer)

# Define polynomial variables x and y
@polyvar x y

# Define a decision variable t
@variable(model, t)

# Define the constraint set
S=@0set 1 - y™2-x"2 % y"2> 0

# Add the SOS relaxation constraint:
Qconstraint(model, x"2 * y"2 + x * y + y°2 - 2 x y + 2 >= ¢,
domain = S, maxdegree = 8) #maxdegree controls relaxation

# Set the objective to maximize t (tightest lower bound)
Qobjective(model, Max, t)

# Solve the SDP relaxation and Print the optimal solution
optimize! (model)
println("Solution: $(value(t))")




Lasserre hierarchy

Some up-to-date results

o Tightened Lasserre relaxations (Nie, 2013) — Lagrangian or Jacobian form
@ Finite convergence of Lasserre hierarchy holds generically (Nie, 2012)

@ Unless P=NP there does not exist a poly-time algorithm to decide
whether the Lasserre hierarchy has finite convergence (Vargas, 2024)

) S(g) (compact) error certificate reference
w/ ball constraint ~ O(1/ log(r)) QM(g) Nie, Schweighofer 2007
w/ ball constraint o(1/r) QM(g) Baldi, Mourrain, Parusinski 2022, 2023
General o(1/r%) QM(ITg) Schweighofer 2004
[-1,1]" O(1/r) QM(g) Baldi, Slot 2024
st o(1/r%) QM(g) Fang, Fawzi 2021
B" o(1/r?) QM(g) Slot 2022
A" o(1/r?) QM([1g) Slot 2022
[-1,1]" o(1/r?) QM(TTg) Laurent, Slot 2023

Table: Asymptotic error of Lasserre’s hierarchies



Lasserre hierarchy

Some up-to-date results

@ The opposite Lasserre hierarchy (Lasserre, 2011):

a sequence of upper bounds A" converging to the minimum

5(g) (compact) error measure /i reference
Geometric assumption O(1/+/7) Lebesgue de Klerk, Laurent, Sun 2017
Convex body o(1/r) Lebesgue de Klerk, Laurent 2018
Semialgebraic O(log?(r)/r?) Lebesgue Slot, Laurent 2021
with dense interior,
convex body
"1 o(1/r) uniform Doherty, Wehner 2013
st o(1/r%) uniform de Klerk, Laurent 2022
[-1,1] o(1/r?) [1;(1 — x)*dx  de Klerk, Laurent, Slot 2020, 2022
‘Round’ convex body o(1/r%) Lebesgue Slot, Laurent 2022
BN
An

Table: Asymptotic error of Lasserre's hierarchy of upper bounds



Relaxing SOS

LP based
e We say p € R[x] is diagonally-dominant-SOS (ddSOS) if
Za m? +ZB X)+mi(x))?+ Y By (mi(x) = mi(x))?,
ivj

for some monomials m;(x), m;j(x) € [x] and some «;, B B; € Rxo.

[J )
@ ddSOS,, = polynomials of degree < 2d that are ddSOS
@ A symmetric matrix A = (aj;;) is diagonally dominant (dd) if

ajj > Z |a,J\ for all /.

J#i

@ We denote the set of n x n dd matrices with DD,,.

@ (Gershgorin’s circle theorem) dd matrices are PsD



Relaxing SOS

LP based

Theorem (Ahmadi-Majumdar (2017))
p € R[x]aq is ddSOS iff it admits a representation

p(x) = [x]g Qlxla

for a dd matrix Q.

@ Can test for ddSOS using LP

Indeed, that @ be dd can be imposed, e.g., by a set of linear inequalities
Qii > Ej#i Z,‘j,VI-,
—Zjj S Q’J S z’JaVI’,hI;AJ

in variables Qj and z;.



Relaxing SOS

SOCP based

o We say p € R[x] is scaled diagonally-dominant-SOS (sddSOS) if
Z aim; +Z B mi()+B mi(x))2+ ) (B mi(x)=B; mj(x))?,
ij

for some monomials mj(x), mj(x) € [x] and some scalars

~

i, B, B, By By with a; > 0,

@ sddSOS,, = polynomials of degree < 2d that are sddSOS

@ A symmetric matrix A is scaled diagonally dominant (sdd) if there exists
a diagonal matrix D, with positive diagonal entries, such that DAD is dd.

@ We denote the set of n x n sdd matrices with SDD,,.

Q@ Gershgorin's circle theorem implies that sdd matrices are PsD



Relaxing SOS

SOCP based

Theorem (Ahmadi-Majumdar (2017))

p € R[x]2q is sddSOS iff it admits a representation
p(x) = [x]g Qlxla

for an sdd matrix Q.

@ Can test for ddSOS using SOCP

A section of the cone of 5 x 5 dd,
sdd, PsD matrices. Optimization over
these sets can respectively be done by
LP, SOCP, and SDP.

02

o1

Source: Ahmadi-Majumdar




Sparse POP

Correlative sparsity

Consider a sparse POP
min  f(x)
s.t. g(x)>0,i=1,....m (sparsePOP)

Here sparse means few links between the variables.

0 eg = xoxs+ X3Xg — Xox3 — X5X6 + x1(—X1 + X2 + X3 — Xxa + X5 + X6)
@ Assign to f the correlative sparsity pattern (csp) graph

®

©

o vertices = {1,..., n} corresponding to
the n variables

o (i,)) € edges iff x;x; appears in f




Sparse POP

Intermezzo — chordal graphs

@ chord = edge between two nonconsecutive vertices in a cycle
@ chordal graph = all cycles of length > 4 have at least one chord

@ any non-chordal graph can be extended to a chordal one by adding edges

@ chordal extension is not unique

N

minimal maximal




Sparse POP

Intermezzo — chordal graphs

@ chord = edge between two nonconsecutive vertices in a cycle
@ chordal graph = all cycles of length > 4 have at least one chord

@ any non-chordal graph can be extended to a chordal one by adding edges

@ chordal extension is not unique

9 (Gavril (1972), Vandenberghe—Andersen (2015))
The maximal cliques of a chordal graph can be enumerated



Sparse POP

Intermezzo — chordal graphs (cont'd)

Theorem (Running intersection Property (RiP) for chordal graphs (Blair—Peyton (1993))

For a chordal graph with maximal cliques I, ..., I,:
Vk<p: hyan(hU---Ul) <l forsomel < k

possibly after reordering



Sparse SDP matrices

Theorem [Griewank Toint ‘84, Agler et al. '88]

Chordal graph G with n vertices & maximal cliques I, I
Q¢ = 0 with nonzero entries corresponding to edges of G
= Qg = PlTQ1P1 + PQTQQPQ with Q. = 0 indexed by I

19—y & 1 — 2 2 — 3

1 if I(i) =i
What are P, P,? P; € RIn>n P(i,j) = (i) =]
0 otherwise

100 01 0
L =(1,2)= P = L=(23)=DP=
1=(12) 1(01())2() 2<001)

VP, TO, Py inflates a |I;| x |I;| matrix Q; into a sparse n x n matrix

Victor Magron Exploiting sparsity in polynomial optimization 10 /80



Sparse POP

Sparse Putinar

Consider (sparsePOP), where
@ each gj depends only on x(/i) for some k
o f=>", fk, where f; depends only on x(/x)
@ RiP holds for Is

@ ball constraint holds for each x(/x)

Theorem (Sparse Putinar Positivstellnsatz (Lasserre, 2006))
If f >0 on S(g), then

F=> oo+ oug
k JEI

where cji is SOS in x(Ix).



Sparse POP

Sparse Putinar — the proof

Let S(g) = {x | gj(x) > 0} be compact and f =", fi, with fi depending on
x(lx), and f >0 on X.

Sk = {x() | gi(x) =2 0Vj € I}
= the subset of S(g) which only “sees” variables indexed by /i

Lemma (Grimm et al., 2007])
If RiP holds for (/x), then:
F=> h
k
with hg depending on x(/x), and hx > 0 on Sy.

@ Lemma is proved by induction on the number of subsets /i

@ Sparse Putinar is obtained by applying original Putinar to each hy



Sparse POP

Beare: sparse SOS # SOS sparse

f= (X1 + Xo +X3)2

1 1 1 1 1 1
= §X12 + 2X22 + 2x1 %0 + §X12 + 2X32 + 2x1X3 + §x22 + §X32 + 2x0X3
fER[x1,x0] HER[x1,x3] ER[x2,x3]

But
fyéaf—&—U%—I—ag

for o1 € R[X17X2], oy € R[Xl,X3], o3 € R[XQ,X3].

O {1,2}, {1,3}, {2,3} do not satisfy RiP



Sparse POP

Beare: sparse SOS # SOS sparse
X12 —2X1Xp — 2x1 Xxo + 3x2 + 2x1 x2 2xoX3 + 18x2 X3 + 6x3 54x2x3 + 142x2 x3

@ is sparse w.r.t. {1,2}, {2,3}
@ is not SOS(x1, x2)+ SOS(x2, x3)



Outro

Take away messages

@ Polynomial Optimization (POP) is a powerful framework for solving non-convex
problems

@ Challenges in POP: Non-convexity, NP-hardness, scalability, and numerical stability

@ Lasserre’s Hierarchy: A systematic way to approximate POP using Semidefinite
Programming (SDP)

@ Applications: Used in combinatorial optimization, control theory, quantum
information, machine learning, and statistics & finance

@ Software Tools: Popular options include YALMIP, GloptiPoly, SOSTOOLS, and
Julia-based SumOfSquares.jl|

@ Key Takeaway: Lasserre’s SDP-based moment-SOS relaxations provide a tractable
way to solve hard polynomial problems.
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