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Algorithms for Reed Solomon codes

t < L%J Berlekamp-Welch [1]
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Error Correcting Pairs algorithm
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We denote the support of the error vector by

I={ie{l,...,n}| e #0}.
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Error Correcting Pairs algorithm:

e Localisation of errors: find J such that | C J;
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Let J={j1,..-,Js} C{1,...,n} and x = (x1,...,X,) € Fy.
We denote

® x;:=(Xj,--.,X;) (puncturing);

o Z(x)={ie{l,...,n} | x;=0}.
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Let J={j1,..-,Js} C{1,...,n} and x = (x1,...,X,) € Fy.
We denote

® x;:=(Xj,--.,X;) (puncturing);

o Z(x)={ie{l,...,n} | x;=0}.

Moreover, if A C Fg we will indicate

o AJ::{aJ|aEA}§F|qJ|;
o Z(A)={ie{l,...,n} |a; =0 Vaec A};
e A(J) ={a€ Ala, =0} CFy (shortening).
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Localisation of errors

We define M :={ac A|(axy,b) =0 Vb e B}.
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Localisation of errors

We define M :={ae€ A|(axy,b) =0 Vb e B}.

Proof of A(/) C M: given a € A(l), we get for all be B

(axy,b)y =(axc,b)+(axe,b)y=0.
—_——  ——
(axb,c) (0,b)

8/23



Localisation of errors

We define M :={ae€ A|(axy,b) =0 Vb e B}.

Proof of A(/) C M: given a € A(l), we get for all be B

(axy,b)y =(axc,b)+(axe,b)y=0.
—_——  ——
(axb,c) (0,b)

— we take J = Z(M). 8/23



Recovering e

Let H € M(n, m), and H' its columns. Given J C {1,...,m}, we
define
Hy = (Hy<.

Let us consider a full rank parity check matrix H for C.

9/23



Recovering e

Let H € M(n, m), and H' its columns. Given J C {1,...,m}, we
define
Hy = (Hy<.

Let us consider a full rank parity check matrix H for C.

—> WEe recover €.
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PECP for Reed-Solomon codes




Let C C g be a RS[n k] code. There exists f € Fq[x]<x such that
c=(f(x1),...,f(xn)). Let us take

A=RS[nt+1],  B*=RS[nt+Kk.
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Let C C IFj be a RS[n k] code. There exists f € Fg[x]< such that
c=(f(x1),...,f(xn)). Let us take
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Berlekamp-Welch key equations and the choice of M

We get

e (N(x1),...,N(xn)) € B+ = RS[t + K];
o (A(x1),...,\(xn)) € A(l) = RS[t + 1](/);
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We get

e (N(x1),...,N(xn)) € B+ = RS[t + K];
o (A(x1),...,A(xn)) € A(l) = RS[t + 1](/);
o (AN(x1),...,A(xn)) e{ac Al {axy,b)=0 Vbe B};.

-~

M
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Power Error Correcting Pairs algorithm with power ¢ = 2

Pellikaan, 1992:
If | is an independent t-set of error positions with respect
to B, where (A, B) is a t-error locating pair for C, then
the algorithm corrects any word with error supported at |.
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Power Error Correcting Pairs algorithm with power ¢ = 2

Pellikaan, 1992:
If | is an independent t-set of error positions with respect
to B, where (A, B) is a t-error locating pair for C, then
the algorithm corrects any word with error supported at |.

Before we used “If Ax B C C* and d(B*) > t, then A(/) = M.”
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Let us define €’ this way

y2=c"?42cxe+ e,
—_——

el
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Hence, if we consider A= RS[n,t + 1], B- = RS[n, t + k] as
before, we get

° (Nl(Xl)a ce Nl(Xn)) S Bl;
° (NQ(Xl), bo0g N2(Xn)) S Bt « C;
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Hence, if we consider A= RS[n,t + 1], B- = RS[n, t + k] as
before, we get

o (Ni(x), ..., Ni(xn)) € BY;

° (NQ(Xl), bo0g N2(Xn)) S Bt « C;

> (A(X1)7 000 7/\(Xn)) € A(’)a My N Ms.
where My and M, are defined this way

My ={ae A|(axy,b)=0 Vb€ B},
My:={ac Al (axy? v)=0 Vve (Bt+C)'}.

— we take M = My N Ms.
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PECP algorithm:

e compute M = M; N M (linear system);
e compute J = Z(M);

e solve the syndrom linear system.

This algorithm can be run on all codes with an ELP.
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PECP algorithm:

e compute M = M; N M (linear system);
e compute J = Z(M);

e solve the syndrom linear system.

This algorithm can be run on all codes with an ELP.

We look for a necessary condition to have M = A(/).
Since M(1) = A(), we get the implications:

M=A(l) < M()=M < M, ={0}.
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Given a € A, we have by definition of M
aeM, < (axy,b)=0 VbeB.

If Ax B C C, this is equivalent to a; € (e * B)7-.
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Given a € A, we have by definition of M
aeM < (axy,b)=0 VbeB.

If Ax B C C*, this is equivalent to a; € (e * B),L

In the same way, given a € A, it holds

ac M < a c(*(BH+C)h)t.
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Hence (My N My); = (e x B)f n (e * (B+ x C)4)f.
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Hence (My N My); = (e x B)f n (e * (B+ x C)4)f.
A necessary condition for (M; N M), to be the null space is

dim((e * B);-) +dim((e’ * (BX % C)1){) < t.

This inequality implies the following
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It is possible to write the algorithm for a general power /.

19/23



It is possible to write the algorithm for a general power /.

For Reed-Solomon codes, PECP has the same decoding radius as

the Power Decoding algorithm, that is tyon = 2"2_1(%@3;%“_1)
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Complexity

PECP(():
(i) find M =N M;;
(i) given J, find c.

The main cost is the one of step (i), which reduces to a linear

system of O(nf) equations in

200+ 0(£ + 1) + 2
2(0+1)

t+1=0 < > =0 (n)

unknowns. Hence we get the cost O(n3¢).
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PECP for Algebraic Geometry
codes




Let x be a smooth projective curve, P = {P1,...,P,} Cx, G a
divisor for x with supp(G) NP = () and

C=0C(xP,G).
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Future tasks:

e study of the failure cases of the Power Decoding algorithm and
the PECP algorithm for Reed-Solomon codes;

e examine the possibility to improve PECP algorithm's decoding
radius for algebraic-geometry codes;

e is it possible to design a multiplicity version of ECP algorithm?
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Thanks for your attention!
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