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Why verifiable computing: a sad story SNARKs
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▶ P has executed a complex algorithm A : x 7→ y

very proud, it wants to share y to V

V only trusts what it sees

it can’t accept y = A(x) and doesn’t want to compute it itself

P is very sad

#emotion
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SNARK means Succinct Non-interactive ARgument of Knowledge.

It turns A : x 7→ y (that runs in τ(|x|)) into

A′ : x, α 7→ y, π

input randomness output SNARK proof that “A(x) = y”

satisfying:
▶ |π| ≪ τ

▶ A′ runs in Õ(τ)

▶ there is a verifier V in poly(|π|) such that
▷ Completeness: if A(x) = y then P

α
(V(π) accepts) = 1

▷ Soundness: if A(x) ̸= y then P
α
(V(π) accepts) ⩽ s.
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▶ Proof of Transaction (Blockchains)

▶ Proof of Authenticity (Signature preservation)

▶ Proof of Emulation (Speedrun)

▶ Proof of Training (AI regulation)
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Relative Hamming distanceDefinition

Let u, v ∈ FN .
∆(u, v) := 1

N
|{i ∈ [N ] | ui ̸= vi}|

A linear error correcting code is a linear subspace of FN .

Reed-Solomon codesDefinition

Let LN ⊆ F, |LN | = N and K < N .

RS[LN , K] := {f : LN → F | f ∈ F[X]⩽K−1}

RS[LN , K] has length N , dimension K and minimal distance 1− K+1
N .
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Reduction from checking computation to testing proximity to RS[LN , K]

y = A(x) =⇒ Arithmetization(A, x, y) ∈ RS[LN , K]
y ̸= A(x) =⇒ ∆(Arithmetization(A, x, y), RS[LN , K]) > δ

Idea:
Computation = arithmetic circuit = composed polynomials→ Reed-Solomon code
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Locally-testable codeDefinition

A code C is (ℓ, δ, s)-locally-testable if there is V only ℓ accesses to u such that
▶ Completeness: if u ∈ C then P(Vu accepts) = 1
▶ Soundness: if ∆(u, C) > δ then P(Vu accepts) ⩽ s.

C has locality ℓ if C is (ℓ, δ, s)-l.-t. for s < 1.

Reed-Solomon codes are not locally-testableExample

RS[LN , K] doesn’t have locality ℓ < K + 1.

Proof.
Any K values correspond to a degree ⩽ K − 1 polynomial by interpolation.
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Non-interactive proofDefinition

Prover Verifier
w

α
v

We are doing SNARKs right?Euh ???

This is not Succinct Non-interactive.
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Sigma protocolDefinition

Prover Verifier
w
α
v

We are doing SNARKs right?Euh ???

This is not Succinct Non-interactive.
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Cryptographic hash functionDefinition

A cryptographic hash function H : {0, 1}∗ → {0, 1}|H|

▶ looks injective: P cannot find collisions
▶ looks random: P cannot find input to get desired output

Fiat-Shamir replaces V’s randomness by hash of previous messages:

P V
w
α
v

becomes P V
w

α := H(w)
v



Succinctness: Oracle access Interactive Oracle Proof of Proximity
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Oracle accessDefinition

P provides to V an oracle access to u ∈ Fn by giving black-box access to u.

In practice, P provides the root of a Merkle tree.

· · ·
u1
H

u2
H

u3
H

u4
H

un−3
H

un−2
H

un−1
H

un

H

H H H H H H H H

H H H H

Merkle root
H H



Interactive Oracle Proofs of Proximity Interactive Oracle Proof of Proximity
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u

VP

interaction

1 commit phase

randomly checks the
commits

2 query phase

▶ Completeness: if u ∈ C then P(Vu,↔P accepts) = 1

▶ Soundness: if ∆(u, C) > δ then for any P, P(Vu,↔P accepts) ⩽ s

[BCS16] Eli Ben-Sasson, Alessandro Chiesa, and Nicholas Spooner. Interactive Oracle Proofs.
In Theory of Cryptography: 14th International Conference, TCC 2016-B, Beijing, China, October 31-November 3, 2016, Proceedings, Part II 14, pages 31–60.
Springer, 2016
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Idea: Test even and odd parts f(X) =: feven(X2) + Xfodd(X2).

FoldingDefinition

Let f : LN → F and α ∈ F.

Fold[f, α](X2) := feven(X2) + αfodd(X2) = f(X) + f(−X)
2 + α

f(X)− f(−X)
2X

▶ Field restriction: LN/2 := {x2 | x,−x ∈ LN} so F must have 2N roots of unity

▶ Validity preservation: f ∈ RS[LN , K] ⇐⇒ P
α
(Fold[f, α] ∈ RS[LN/2, K/2]) > 1

|F|

▶ Local check: V computes Fold[f, α](x2) with 2 queries to f

[BBHR18] Eli Ben-Sasson, Iddo Bentov, Yinon Horesh, and Michael Riabzev. Fast Reed-Solomon Interactive Oracle Proofs of Proximity.
In 45th international colloquium on automata, languages, and programming (ICALP 2018). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik,
2018
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P V

f0 : LN → F

α0
$← F

f1 : LN/2 → F
f1 = Fold[f0, α0]

...

αr−1
$← F

fr : LN/2r → F
fr = Fold[fr−1, αr−1]

1 commit phase

x0
$← LN , x1 := x2

0

f1(x1) ?= Fold[f0, α0](x1)

...

xr := x2
r−1

fr(xr) ?= Fold[fr−1, αr−1](xr)

repeat
m

tim
es

fr
?
∈ RS[LN/2r , K/2r]

2 query phase

[BBHR18] Eli Ben-Sasson, Iddo Bentov, Yinon Horesh, and Michael Riabzev. Fast Reed-Solomon Interactive Oracle Proofs of Proximity.
In 45th international colloquium on automata, languages, and programming (ICALP 2018). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik,
2018
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FRI complexities [BBHR18]Proposition

FRI protocol for RS[LN , K] with m repetitions has following complexity:
▶ Prover complexity: < 8N (after encoding)

▶ Verifier complexity: < 2m log K

▶ Number of queries: 2m log K

▶ Number of rounds: log K

[BBHR18] Eli Ben-Sasson, Iddo Bentov, Yinon Horesh, and Michael Riabzev. Fast Reed-Solomon Interactive Oracle Proofs of Proximity.
In 45th international colloquium on automata, languages, and programming (ICALP 2018). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik,
2018
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FRI completenessProposition

If f0 ∈ RS[LN , K] then V accepts with probability 1.

FRI soundness [BCI+23]Theorem

If ∆(f0, RS[LN , K]) > δ then for any P̃ and ε > 0, V accepts with probability

⩽
K2 log K

(2ε)7|F|
+

(
1−min

(
δ, 1−

√
K/N − ε

))m

.

[BCI+23] Eli Ben-Sasson, Dan Carmon, Yuval Ishai, Swastik Kopparty, and Shubhangi Saraf. Proximity Gaps for Reed–Solomon Codes.
J. ACM, 70(5), October 2023
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Γ = (V, E) is a n-RIM:

▶ Multigraph: multiple edges and loops

Regular: same number n of edges

Indexed: edge is (v, ℓ) ∈ V × [n]
Write E(v, ℓ) ∈ V the neighbor of v by ℓ

1

23

0

0 1
3 2

5 4

6
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c 0

c1
c2

c3

c4
c5

c 6

c7
c8

c9

c10
c11

b0
b1 b2

b3
b4

b 5

b6
b7

b8

b9
b10

b 11

g0 g1
g2

g
3

g 4

g 5

g6g7

g8

g
9

g 1
0

g 11

r0

r1

r2 r 3
r 4

r5

Word f : V × [n]→ F on a graph Γ

f(0, ·)
local view

c 0

c11

b0

b9

g0

g8

r0

0

1
2 3

4

5

6

7
89

10

11

0

Code C[Γ, C0]Definition

Given Γ a n-RIM and C0 ⊆ Fn,

f ∈ C[Γ, C0] ⇐⇒ ∀v, f(v, ·) ∈ C0.

We’ll only use C0 = RS[n, k].

For 0, we must have
(c0, b0, g0, r0, g8, b9, c11) ∈ RS[7, k].
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Cut-graph Γ′ = Cut[Γ, V ′]:

Choose vertices V ′ ⊆ V

Cut the rest

Enjoy your new graph

EV ′(v, ℓ) =
{

E(v, ℓ) if E(v, ℓ) ∈ V ′

v otherwise
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Graph isomorphism & folding Folding graphs
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Graph isomorphismDefinition

A bijection φ : V ′ → V ′′ is an isomorphism Γ′ → Γ′′ if

∀(v′, ℓ) ∈ V ′ × [n], φ(E′(v′, ℓ)) = E′′(φ(v′), ℓ).

Flowering cutDefinition

With V ′′ = V \V ′, if Cut[Γ, V ′] ∼ Cut[Γ, V ′′], the cut is flowering.

The cut-word Cut[f, V ′] is the restriction f|V ′×[n].

FoldingDefinition

For α ∈ F, (v′, ℓ) ∈ V ′ × [n],

Fold[f, α](v′, ℓ) := Cut[f, V ′](v, ℓ) + αCut[f, V ′′](φ−1(v′), ℓ).
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« Vous voulez des exemples ? » Folding graphs
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Flowering protocol Flowering
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P V

f0 : V0 × [n]→ F

α0
$← F

f1 : V1 × [n]→ F
f1 = Fold[f0, α0]

...

αr−1
$← F

fr : Vr × [n]→ F
fr = Fold[fr−1, αr−1]

1 commit phase

v0
$← V0, v1 := π1(v0)

f1(v1, ·) ?= Fold[f0, α0](v1, ·)

...

vr := πr(vr−1)

fr(vr, ·) ?= Fold[fr−1, αr−1](vr, ·)

repeat
m

tim
es

fr
?
∈ RS[n, k]

2 query phase

[DMR25] Hugo Delavenne, Tanguy Medevielle, and Élina Roussel. Interactive Oracle Proofs of Proximity to Codes on Graphs, 2025.
Submitted
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Complexity comparison Flowering
3122

Hugo DelavenneFlowering graphsFlowering protocol

Flowering complexitiesProposition

Flowering with m repetitions has complexities:

(with our first graphs)

(recall FRI)

▶ Prover complexity: < 3N < 8N

▶ Verifier complexity: 4mnr

(< 4m log2 N )

< 2m log K

▶ Number of queries: ∼ 2mnr

(< 2m log2 N )

2m log K

▶ Number of rounds: r

(< log N )

log K

[BBHR18] Eli Ben-Sasson, Iddo Bentov, Yinon Horesh, and Michael Riabzev. Fast Reed-Solomon Interactive Oracle Proofs of Proximity.
In 45th international colloquium on automata, languages, and programming (ICALP 2018). Schloss Dagstuhl-Leibniz-Zentrum
fuer Informatik, 2018
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Completeness and soundness Flowering
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Flowering completenessProposition

If f ∈ C
[
Γ, RS[n, k]

]
then V accepts with probability 1.

Flowering soundnessTheorem

If ∆
(
f, C

[
Γ, RS[n, k]

])
> δ then for any P̃ and ε > 0, V accepts with probability

⩽
r

ε|F|
+ (1− δ + εr)m .

Recall FRI: K2 log K

(2ε)7q|F|
+

(
1−min

(
δ, 1−

√
K/N − ε

))m

[BCI+23] Eli Ben-Sasson, Dan Carmon, Yuval Ishai, Swastik Kopparty, and Shubhangi Saraf. Proximity Gaps for Reed–Solomon Codes.
J. ACM, 70(5), October 2023

[DMR25] Hugo Delavenne, Tanguy Medevielle, and Élina Roussel. Interactive Oracle Proofs of Proximity to Codes on Graphs, 2025.
Submitted



1 Interactive Oracle Proofs of
Proximity

2 Flowering protocol

3 Flowering graphs

▶ First graphs
▶ Expander graphs
▶ New cuts (current work)



Cayley graphs First graphs
3124
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Cayley graph Cay(G, S)Definition

Fix (G, ·). Let S ⊆ G symmetric generating. Define Γ = (G, E) where E(g, s) = g·s.

We take
▶ G = (Fr

2, +)

▶ S ⊆ G of size n

▶ Γ = Cay[G, S]

▶ C = C[Γ, RS[n, k]]

Example

With G = (F3
2, +) and S = {100, 010, 001, 111},
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[Cay78] Arthur Cayley. Desiderata and Suggestions: No. 2. The Theory of Groups: Graphical Representation.
American Journal of Mathematics, 1(2):174–176, 1878



First graphs we studied First graphs
3125
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Using S the columns of a parity check matrix of a [n, n− r, d]2 binary code

Parameters of the codeProposition

▶ N = n2r−1

▶ rate C ⩾ 2k
n − 1

▶ 1
2δ ⩽ ∆(C) ⩽ δ, with δ = 1

2r−d+1

(
1− k−1

n

)
= n2d−2

N

(
1− k−1

n

)

If d≪ r (i.e. far from MDS), δ is terrible (O(1/N)).

[DMR25] Hugo Delavenne, Tanguy Medevielle, and Élina Roussel. Interactive Oracle Proofs of Proximity to Codes on Graphs, 2025.
Submitted
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Expander graphs Expander graphs
3126
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Graph expansionDefinition

Let Γ = (V, E) a n-regular graph and A ∈ {0, 1}|V |×|V | its adjacency matrix.
Let Λ1 ⩾ Λ2 ⩾ ... ⩾ Λn ∈ R be the eigenvalues of A.

Then Γ is λ-expander if |Λi| ⩽ nλ for i ⩾ 2.

λ ∈ [0, 1] characterizes random walk propagation in Γ.
Small λ means good expansion.

Minimal distance expansion lower bound [AC88]Lemma

If Γ is λ-expander, with δ = 1− k+1
n , C[Γ, RS[n, k]] has minimal distance ⩾ δ(δ−λ).

Thus if (Γi)i∈N has constant expansion,
then (C[Γi, RS[ni, γni]])i∈N has constant minimal distance.

[AC88] Noga Alon and Fan Chung. Explicit construction of linear sized tolerant networks.
Discrete Mathematics, 72(1-3):15–19, 1988



Expander graphs Expander graphs
3126

Hugo DelavenneFlowering graphsFlowering graphs

Graph expansionDefinition

Let Γ = (V, E) a n-regular graph and A ∈ {0, 1}|V |×|V | its adjacency matrix.
Let Λ1 ⩾ Λ2 ⩾ ... ⩾ Λn ∈ R be the eigenvalues of A.

Then Γ is λ-expander if |Λi| ⩽ nλ for i ⩾ 2.

λ ∈ [0, 1] characterizes random walk propagation in Γ.
Small λ means good expansion.

Minimal distance expansion lower bound [AC88]Lemma

If Γ is λ-expander, with δ = 1− k+1
n , C[Γ, RS[n, k]] has minimal distance ⩾ δ(δ−λ).

Thus if (Γi)i∈N has constant expansion,
then (C[Γi, RS[ni, γni]])i∈N has constant minimal distance.

[AC88] Noga Alon and Fan Chung. Explicit construction of linear sized tolerant networks.
Discrete Mathematics, 72(1-3):15–19, 1988



Expander graphs Expander graphs
3126

Hugo DelavenneFlowering graphsFlowering graphs

Graph expansionDefinition

Let Γ = (V, E) a n-regular graph and A ∈ {0, 1}|V |×|V | its adjacency matrix.
Let Λ1 ⩾ Λ2 ⩾ ... ⩾ Λn ∈ R be the eigenvalues of A.

Then Γ is λ-expander if |Λi| ⩽ nλ for i ⩾ 2.

λ ∈ [0, 1] characterizes random walk propagation in Γ.
Small λ means good expansion.

Minimal distance expansion lower bound [AC88]Lemma

If Γ is λ-expander, with δ = 1− k+1
n , C[Γ, RS[n, k]] has minimal distance ⩾ δ(δ−λ).

Thus if (Γi)i∈N has constant expansion,
then (C[Γi, RS[ni, γni]])i∈N has constant minimal distance.

[AC88] Noga Alon and Fan Chung. Explicit construction of linear sized tolerant networks.
Discrete Mathematics, 72(1-3):15–19, 1988



Expander Cayley graph examples Expander graphs
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Let
▶ Gp = SL3(Fp)
▶ Sp symmetric generating
▶ Γp = Cay(Gp, Sp)
then (Γp)p has constant expansion.

We obtain Γ2 with

S2 =


1 1 0

0 1 0
0 0 1

,

0 1 0
0 0 1
1 0 0


±1 :
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Expander Cayley graph examples Expander graphs
3127

Hugo DelavenneFlowering graphsFlowering graphs

Let
▶ Gp = SL3(Fp)
▶ Sp symmetric generating
▶ Γp = Cay(Gp, Sp)
then (Γp)p has constant expansion.

We obtain Γ2 with

S2 =


1 1 0
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0 0 1

,

0 1 0
0 0 1
1 0 0


±1 :

We need
new tools
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Multiple cuts New cuts (current work)
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We can cut into m > 2 cuts

Choose m sets of vertices V0, ..., Vm−1 ⊆ V

Cut outgoing edges

Get new graphs with petals

Define the new Fold with the isomorphisms

Fold[f, α](v, ℓ) :=
m−1∑
i=0

αif(φ−1
i (v), ℓ)
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Non-paritionning cuts New cuts (current work)
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Cuts V1, ..., Vm may not be disjoint:



Cutting any Cayley graph New cuts (current work)
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Let S = {s±1
0 , s±1

2 , ..., s±1
ñ−1} and G = ⟨S⟩ be finite. Write s̃i := si mod ñ. Let

rg := min{k ∈ N | g = s̃j1
0 · · · s̃

jrg
rg }

r := max
g∈G

rg ⩽ ñ · diam Cay(G, S) = O(ñ log |G|)

The cuts are Vi,j :=
{

s̃j
i · s̃

ji+1
i+1 · · · s̃

jr
r | ji+1, ..., jk ∈ N

}
.

▶ Γi,j ∼ Γi,0 with φi,j(g) = s̃−j
i g → order(s̃i) cuts

▶ Γr,0 is a flower → O(ñ log |G|) rounds



Conclusion New cuts (current work)
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Competing parameters with FRI
▷ We have a better soundness
▷ Our complexity could be improved

New cuts, new graphs
▷ 2 disjoint cuts V ′, V ′′ → m covering cuts V1, V2, ..., Vm

▷ Compute complexity for general Cayley graphs

Make this actually useful
▷ Arithmetize circuits to graphs: colored De Bruijn
▷ Encode words on graphs into bigger flowering graphs
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