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Partition X = {x1, ..., xn} into k pairwise disjoint clusters C1 ⊂ X , ..., Ck ⊂ X : X =
⊎k
i=1 Ci

k-means: Minimize the sum of intra-cluster variances: minp1,...,pk
∑n
i=1 minkj=1 ‖xi − pj‖2

k-means is NP-hard when d > 1 and k > 1, O(n2k) when d = 1
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Interval clustering (contiguous clustering)

[x1...xl2−1]︸ ︷︷ ︸
C1

[xl2...xl3−1]︸ ︷︷ ︸
C2

... [xlk...xn]︸ ︷︷ ︸
Ck

Solve by Dynamic Programming

min ek(X ) =
⊕k
j=1 e1(Cj)

ei,m = minm≤j≤i {ej−1,m−1 ⊕ e1(Xj,i)}

Optimization: Look-up-tables or summed area tables

Cluster size constraints
ei,m = minmax{1+

∑m−1
l=1 n−l ,i+1−n+m}≤jj≤i+1−n−m

{ej−1,m−1 ⊕ e1(Xj,i)} ,

Model selection from the DP table

→ A Voronoi cell condition for DP optimality

F = {pF (x; θ) : θ ∈ Θ} an exponential family:
pF (x|θ) = exp (t(x)θ − F (θ) + k(x))

Mixture maximizing the complete
log-likelihood:

lc(X ;L,Ω) =
n∑
i=1

log(αlip(xi; θli)),

L = {li}i:hidden labels.

max lc ≡ min
θ1,...,θk

n∑
i=1

k
min
j=1

(− log p(xi; θj)−logαj).

Duality exponential family ↔ Bregman divergence


