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Product trees: principles

Imagine all p;'s have the same size 5.

P1P2P3P4 M(25)

N

P1P2 P3P4 2M(3)

SN A
P1 P2 Ps3 Pa

Product tree: 2M(3) + M(203).

Naive case: pip2 + (P1P2)Ps + (P1P2Ps)Pa = 6M(5).
~N = Y——
M(B) M(23,0) M(33,0)

Comparison: 4M(3) vs. M(23)? Equal if M(3) = 32, product tree
better if M(5) = g2, a < 2.

General principle: only the last step counts.
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With polynomials

Goal: compute Z = P; - - - Py, for polynomials P;(X).

P1P,P3P,
SN
P1P, P3P,
7N\ R

P1 P> P3 P4

Typical application: PolyFromRoots, i.e., given (X )o<i<n, build
P(X) = J[(X —x). Cost is O(M(n) logn).
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Fast multipoint evaluation

Goal: compute f(X) mod P;(X) = X — x; for all i.

Use a remainder tree, i.e.,

f(X) mod (P1P2P3P4)

/ \
f(X) mod (Plpz) f(X) mod (P3P4)
re N re N
f(X)modP;  f(X)modP,  f(X)modPs;  f(X)modP,
Key property: f(X) mod (X —x) = f(x)
Complexity: O(M(n)logn).
F. Morain — Ecole polytechnique — MPRI — cours 2-12-2 — 2009-2010 4/5



Fast resultant and discriminant

n—1 m—1

P(X) = [I(X—=an),QX) = T[(X - 4)
i=0 j=0
n—1

Res(P,Q) = [ J(ci — ) = [ Q(ew).
i i=0

Algorithm: use fast multipoint evaluation to compute all Q(«;); finish
with a product tree.

Dl&:(P) = (_1)n(n_1)/2Res(P’ P/)

= JI(ei—)?

i<j
n—1
— (_1)n(nfl)/2HP/(ai).
i=0

Rem. The resultant can be computed using Euclid’s algorithm when
the roots are not known.
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