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Preface

This book develops the proof theory of classical, intuitionistic, and linear log-
ics, and demonstrates its application to the design and usage of logic program-
ming languages. We establish a proof-theoretic foundation using Gentzen’s
sequent calculus for logic programming languages based on first-order and
higher-order classical, intuitionistic, and linear logics. This approach provides
the basis for the well-known languages Prolog (employing first-order Horn
clauses in classical logic) and AProlog (utilizing higher-order hereditary Har-
rop formulas in intuitionistic logic), as well as the linear logic programming
languages Lolli and Forum. As we will illustrate, these increasingly expressive
logic programming languages enable the logic programming paradigm to cap-
ture essential aspects of modular programming, higher-order programming,
abstract data-types, state encapsulation, and concurrency.
The book develops three primary themes.

1. Proof search: The sequent calculus offers a natural framework for
formalizing logic programming and elucidating the operational interpre-
tation of logic formulas as programs through their impact on the con-
struction of proofs. A two-stage proof construction method, based on
goal-reduction and backchaining, will be formalized using the concepts
of uniform proofs and focused proofs.

2. Proof theory: We present sequent calculus proof systems for classical,
intuitionistic, and linear logics, which include first-order and higher-
order quantification. The completeness of focused proofs is established
by providing a direct proof of a cut-elimination theorem for these proofs.

3. Logic programming: The book offers numerous examples of logic pro-
grams that leverage higher-order quantification and linear logic. We will
demonstrate how the theory of focused proofs can be employed to di-
rectly reason about such programs.

This book assumes a basic understanding of the syntactic properties of
first-order logic and the (simply typed) A-calculus as a prerequisite. While



2 PREFACE

prior experience with formal proof representations (such as natural deduc-
tion and sequent calculus) is not required, it would be beneficial. We will
occasionally include examples of logic programs, presented using the syntac-
tic conventions of AProlog, to illustrate proof-theoretic concepts. Although
familiarity with Prolog or AProlog may aid in understanding these examples,
readers without such prior knowledge should still be able to follow them, as
AProlog program elements correspond directly to formulas within the logics
being discussed.

The first part of this book, concluding with Chapter 9, details how the
sequent calculus can both design and analyze logic programming languages
based on classical, intuitionistic, and linear logics. Readers primarily inter-
ested in the design and application aspects of logic programming can safely
bypass Section 5.5 and Chapter 7, which present the formal proofs of the
key properties of focused proofs. The second part of the book, starting with
Chapter 10, explores various applications of logic programming. The chapters
within this second part are independent of each other, allowing readers un-
familiar with the application area covered in one chapter to skip it without
affecting their comprehension of the other chapters.

Many chapters include exercises designed to clarify and expand upon the
ideas presented in the main text. Exercises marked with () have partial or
complete solutions provided at the end of this book.

Given the expansive nature of computational logic and logic programming,
it is important to highlight certain topics that are not covered in this book.
One such topic is the Curry-Howard correspondence (the “proofs-as-programs”
paradigm). Relating computation to proof search offers an entirely different
dimension to the role of logic and proof in computation offered by the Curry-
Howard correspondence. Readers interested in this correspondence and its
role as a foundation for functional programming may still find much of the
underlying proof theory presented here relevant, especially in its extensions
to linear logic. Furthermore, the logic programming paradigm discussed here
can specify type checking, type inference, and the operational semantics of
functional programs. Other currently popular themes in the logic program-
ming community, such as negation-as-failure, answer-set programming, stable
models, and constraint programming, are also not explored in this text.

This book is a synthesis of decades of research conducted by the author, his
collaborators, and many others. Earlier versions of parts of this book have been
used in graduate-level (M2) courses in Paris, Copenhagen, Venice, Bertinoro,
and Pisa. I extend my gratitude to the many students who engaged with this
material, as well as to Arunava Gantait, Gopalan Nadathur, and Aarrya Saraf
for their valuable feedback on earlier drafts. I also thank my daughter, Nadia
Miller, for her cover artwork.



Chapter

Introduction

There are many ways to define computation and to reason about it. Pioneering
work by Church, Turing, Godel, Curry, and others demonstrated that several
formal specifications, such as the A-calculus, Turing machines, and recursive
equations, all describe the same set of computable functions. Similarly, nu-
merous programming languages (e.g., LISP, C, Pascal, and Ada) have been
invented, all theoretically capable of implementing this set of functions.

Given logic’s foundational role in mathematics and philosophy, it is intrigu-
ing to consider adding a computing framework that uses logical expressions as
programs to this rich landscape. The logic programming paradigm emerges
from directly addressing questions like: How can logic be used directly as
a programming language? What level of expressiveness can such languages
achieve? What advantages arise from basing program syntax and semantics
on established logical techniques and concepts?

We will delve deeper into these questions in the next chapter. Before ex-
ploring how various logics can serve as a foundation for logic-based program-
ming, the remainder of this introduction will organize some of these logics and
their associated proof concepts into the framework used throughout this book.

1.1 A spectrum of logics

The syntax for terms and formulas will be given in Chapter 2 using the frame-
work provided by Church [1940] in his Simple Theory of Types: in particular,
both terms and formulas are simply typed A-terms, and the equality of terms
and formulas is identified with the equality of such A-terms (i.e., by the equa-
tions of «, [, and 7 conversion). Terms that have a particular primitive
type—the Greek letter omicron o (following Church [1940])—are classified as
formulas. The symbols A, V, and D are written in infix to denote conjunction,
disjunction, and implication. Negation is written as the prefix operator —.
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In this book, logics are classified along two principal axes. The first axis
involves the universal V and existential 3 quantifiers. A logic without quan-
tifiers is a propositional logic. A logic with quantifiers is a quantificational
logic. Quantifiers in this book will bind typed variables (again following Church
[1940]). A logic in which the type of a quantified variable is limited to prim-
itive and non-propositional types is first-order. A higher-order logic allows
quantification at all types, including propositional and functional types.

The second axis consists of the following three logics.

1. Classical logic is a logic of truth values. For example, propositional
formulas are either true or false depending on the truth value of the
propositional variables it contains. Such a truth value can be computed
using truth tables. For example, the formulas p V —p and ((p D ¢q) D
p) D p are true no matter what truth value is given to p and q.

2. Intuitionistic logic can be seen as a logic based on a constructive ap-
proach to proof. For example, a proof that the formula Jx.B(z) is a
theorem must contain a specific term, say t, and a proof that B(t) is a
theorem. Similarly, a proof that B; V Bs is a theorem contains a spe-
cific value of ¢ € {1,2} and a proof of B;. For this reason, the formula
pV —p may not be a theorem since, without more information about p,
we might not be able to provide a proof of either p or —p. If p is a state-
ment such as 3 = 4, then we can prove p V —p since we can presumably
prove —(3 = 4). However, if we know nothing about p, we cannot prove
either of these disjuncts.

3. Linear logic, introduced by Girard [1987], can be seen as a logic of re-
sources. For example, having one occurrence of p can be different from
having two occurrences, as in p A p. As such, it is possible to model
vending machines (e.g., two 50-cent coins yield one coffee), Petri nets,
and process calculi.

Gentzen [1935] introduced the sequent calculus as a technical device to
represent proofs in both classical and intuitionistic logics. The sequent calculus
also provides an ideal setting for describing proofs for linear logic. As a result,
we adopt the sequent calculus here and stress the modular and straightforward
way it can be used to describe provability in these three logics. Our approach
here does not attempt to merge classical, intuitionistic, and linear logics into
one logic: instead, we view these logics as having different but closely related
proof systems. In fact, the proof systems will be so closely related that results
in one of these logics can often be lifted with slight modifications to provide
results in another logic.



1.2 LOGIC AND THE SPECIFICATION OF COMPUTATIONS 5

1.2 Logic and the specification of computations

Logic can be applied to the specification of computation in a few ways. We
give an overview of these roles for logic to identify the particular niche that is
our focus in this book.

In the specification of computation, logic is generally used in one of two
approaches. In the computation-as-model approach, computations are en-
coded as mathematical structures containing such items as nodes, transitions,
and states. Logic is used externally to make statements about those struc-
tures. That is, computations are used as models for logical formulas. Inten-
sional operators, such as the triples of Hoare logic or the modals of temporal
and dynamic logics, are often employed to express propositions about state
changes. This use of logic to represent and reason about computation is the
most broadly successful use of logic specifications with computation.

The computation-as-deduction approach uses pieces of logic’s syntax (such
as formulas, terms, types, and proofs) as elements of the specified computa-
tion. In this more rarefied setting, there are two different approaches to how
computation is modeled.

The proof-normalization approach views the state of a computation as a
proof term and the process of computing as normalization (known variously
as (-reduction or cut-elimination). Functional programming can be explained
using proof-normalization as its theoretical basis (following Martin-Lof [1982],
for example). Proof normalization has been used to justify the design of new
functional programming languages: see, for example, Abramsky [1993].

The proof-search approach views the state of a computation as a sequent (a
structured collection of formulas) and the process of computing as the process
of searching for a proof of a sequent: the changes that take place in sequents
capture the dynamics of computation. This perspective on computation is the
subject of this book.

Both of these programming paradigms based on deduction must accommo-
date nondeterminism in their computational mechanisms. When functional
programming languages are designed based on proof normalization, explicit
control of the order in which redexes are rewritten is usually described us-
ing either the call-by-value or call-by-name evaluation order. When logic pro-
gramming languages, such as Prolog and AProlog, are designed based on proof
search, elements of nondeterminism are often removed by imposing depth-first
search and backtracking.

The separation of proof normalization from proof search given above is in-
formal and suggestive. Such a division helps point out different sets of concerns
represented by these two broad approaches. For example, proof normalization
focuses on describing rewritings and their confluence, while proof search fo-
cuses on the nondeterminism and the reverse reading of inference rules. New
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advances in computational logic and proof theory might allow us to merge or
reorganize this classification.

1.3 Proof search and logic programming

The earliest theoretical framework for logic programming was not an anal-
ysis of proof but rather of resolution refutation (see, for example, Robinson
[1965]) and, in particular, SLD resolution. This choice of foundations for logic
programming was unfortunate for at least the following reasons.

1. Resolution is used to refute: that is, it attempts to derive a contradic-
tion. This choice is counterintuitive since logic programming seems to
be about proving a goal formula from a collection of other formulas (the
logic program).

2. Most refutation systems work with formulas that are in conjunctive nor-
mal form and Skolem normal form. Unfortunately, classical logic is the
only logic we wish to study for which restricting to such normal forms
is possible. Furthermore, these normal forms are not preserved when
higher-order predicate variables are substituted with expressions con-
taining quantifiers and connectives.

3. A key inference step in resolution is the computation of most general
unifiers. In many ways, unification is really an implementation of the
interplay between quantification and equality. It seems more natural to
understand that interplay before attempting to implement it. In this
book, the implementation technique of unification plays no central role.

It is thus appealing to find a different approach to describing logic pro-
gramming that is cast in terms of proving and in which normal forms and
unification are not required. The sequent calculus provides just such a set-
ting. Furthermore, removing unification from the abstract notion of proof
search has a couple of benefits. First, it allows interplay between universal
and existential quantifiers to be explored without forcing the use of Skolem
functions. Second, using most general unifiers within resolution means that it
cannot handle those situations where most general unifiers do not exist (which
can happen when attempting to unify simply typed A-terms).

1.4 Designing logic programming languages

A early concern in the development of Prolog focused on how best to control
search within a Prolog interpreter. For example, Kowalski [1979] proposed the
equation

Algorithm = Logic + Control,
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which makes the important point that there is a gap between logic (here,
first-order Horn clause specifications) and algorithms. For example, the naive
Horn clause specification of the Fibonacci series can yield both an exponential-
time algorithm and a linear time algorithm depending on whether a top-down
(goal-directed) or a bottom-up (program-directed) proof search is employed.
Clearly, the programmer must be able to have some control over which of
these algorithms ultimately arises from this single logic specification. Various
non-logical features have also been added to Prolog—such as the cut ! and
negation-as-failure—to allow for some explicit control of search.’

Given that the logical foundation of Prolog is rather weak (see the dis-
cussion in Section 5.12), the design of new logic programming languages has
made several additional extensions to logic, yielding an equation more like the
following.

Programming = Logic + Control + Input/Output
Higher-order programming
Data abstractions

Modules

Concurrency + . . ..

+ 4+ + +

Such extensions are generally made in an ad hoc fashion, and logic, which was
the motivation and the intriguing starting point for a language like Prolog,
was moved from center stage. With such an approach to designing a program-
ming language, the features added to address, say, higher-order programming
can interact in complex ways with features added to address, say, modules.
Describing such interaction of features can greatly complicate a programming
language’s design, implementation, and semantic specification.

An interesting project to pursue is to see how one might satisfy the equation

Programming = Logic.

If this equation is at all possible, then one will probably need to rethink what is
meant by “Programming” and by “Logic.” In this book, “Programming” will
generally be understood as high-level specifications of computations: build-
ing efficient and low-level programs will not be addressed. This book also
explores reinterpreting “Logic” by moving from first-order classical logic and
Horn clauses to intuitionistic and linear logics, possibly employing higher-order
quantification. Goal-directed control will be built into the proof systems we
ultimately employ. Chapters 10 through 13 provide several extended examples
in which specifying computation exploits these richer logics.

!We shall make no further mention of Prolog’s cut (!) operator in this book: in fact, both

the name “cut” and the “!” symbol will have entirely different meanings here.
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1.5 Why use logic to write programs?

Several benefits arise from writing programs as logic formulas and viewing
computation as the construction of proofs. We list several here.

1. Logical formulas have various operations that generally satisfy valuable
properties. For example, applying substitutions to formulas or replacing
a subformula with an equivalence subformula is logically meaningful; we
can also expect such operations to yield meaning-preserving transforma-
tions on programs.

2. There are generally multiple ways to describe central concepts in logic.
For example, the set of theorems can usually be described as both the set
of all provable formulas and all true formulas (based on some suitable
model theory). Also, provability might be characterized in strikingly
different ways: via, for example, sequent calculus proofs, natural de-
duction, resolution refutations, and tableaux. Thus, different execution
models for logic programs might be deployed while preserving the origi-
nal meaning of programs.

3. Proof theory generally comes with various kinds of abstractions, and
a suitably designed logic programming language can harness these. For
example, higher-order intuitionistic logic can provide logic programs with
abstract data types, as well as modular and higher-order programming.
Furthermore, one such abstraction will not have undefined interactions
with other abstractions.

4. The logics we consider here have universally accepted descriptions. Thus,
logic programs can be meaningful many years in the future even if no
particular compiler or interpreter used to execute them today is available
in that future time.

Such benefits from using logic as a programming language are striking and
worthy of additional exploration.

1.6 The structure of this book

This book is divided into two parts.

The first part, comprising Chapters 1-9, presents the proof-theoretic foun-
dations and designs of various logic programming languages based on classical,
intuitionistic, and linear logics over first-order and higher-order quantification.
Ultimately, all our logic programming languages (including first-order Horn
clauses and higher-order hereditary Harrop formulas) will be seen as sitting
inside higher-order linear logic. The chapters in this part build on previous
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chapters. These chapters should be read in the order presented. On first read-
ing, one might skip the proofs of various metatheory results (such as are found
in Section 5.5 and Chapter 7).

The second part, Chapters 10-13, offers applications of the logic program-
ming languages described in the first part. These chapters can be read in any
order since they do not significantly build on each other.

1.7 Bibliographic notes

The Stanford Encyclopedia of Philosophy has good overview articles on proof
theory by Rathjen and Sieg [2020], the development of proof theory by von
Plato [2018], intuitionistic logic by Moschovakis [2024], linear logic by Di
Cosmo and Miller [2019], and Church’s Simple Theory of Types by Benzmiiller
and Andrews [2019].

For more about the use of resolution and SLD resolution to describe logic
programming based on Horn clauses in first-order classical logic, see the early
papers by Apt and Emden [1982] and Emden and Kowalski [1976], as well
as textbooks by Gallier [1986] and Lloyd [1987].  The author has written
about the influences that logic programming and proof theory have had on
each other in Miller [2021] as well as a survey in Miller [2022b] of some of the
uses of proof theory as a foundation for logic programming.
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Chapter

Terms, formulas, and sequents

This book covers topics in both first-order and higher-order logic. Only first-
order quantification is used in Chapters 3 through 8, although higher-order
quantification will be used in most of the remaining chapters. This chap-
ter provides the basic syntactic definitions and operations for higher-order
quantification and higher-order substitutions: the first-order variants of quan-
tification and substitution can be seen as a natural restriction on the general
setting.

In his seminal paper, Church [1940] introduced the Simple Theory of Types.
This higher-order version of classical logic relies on the simply typed A-calculus
for its syntactic structure. Since Church’s goal was to establish a logical
foundation for mathematics, he incorporated the mathematically motivated
axioms of choice, extensionality, and infinity into his system. Removing these
axioms yields the Flementary Theory of Types, a term introduced in Andrews
[1974]. We will use this latter system as the template to formulate first- and
higher-order quantification within classical, intuitionistic, and linear logics.

2.1 Untyped M-terms

Throughout this book, we will primarily use simply typed A-terms. However,
we will briefly consider the untyped A-calculus first, as it shares the same
equality theory with simply typed terms.

We begin by assuming that there is a fixed and denumerably infinite set
of tokens (or identifiers). This section will use “token” and “variable” in-
terchangeably. Later, when we discuss different ways to declare types and
binding scopes for tokens, we will distinguish between tokens used as variables
and those used as constants.

There are three ways to build A-terms:

1. As mentioned above, tokens, acting as variables, are A-terms.
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2. Given two terms, say M and N, their application is (M N'). Application
is the infix juxtaposition operation and it associates to the left.

3. Given a term M and a token z, the abstraction of x over M is (Az.M).
Here, the token x is a bound variable with scope M. We often drop the
outermost parentheses to improve readability.

We assume familiarity with the concepts of free and bound occurrences of
variables in A-terms. Two terms are considered a-convertible if they differ
only in the names of their bound variables. We identify two terms when they
are a-convertible. A subexpression of the form (Az.M)N is a [-redex and
a subexpression of the form (Az.(Mz)), where x has no free occurrence in
M, is an n-redex. Replacing an occurrence of the f-redex ((Az.M)N) with
the capture-avoiding substitution of N for z in M, also written as M[N/x], is
called B-reduction. The converse relation is called S-expansion. A term M is 5-
convertible to a term N if there is a sequence (including the empty sequence)
of f-reductions and [-expansions steps that rewrites M to N. Replacing
an occurrence of an n-redex (Azx.(Mx)) with M is called n-reduction. The
converse relation is called n-expansion. A term M is n-convertible to a term
N if there is a sequence (including the empty sequence) of n-reductions and
n-expansions steps that rewrites M to N. A term M is Sn-convertible to N
if there is a sequence of fg-conversion and n-conversion steps that carries M
to N. When we use the terms (-conversion and pn-conversion, we always
assume the availability of a-conversion as well.

A term is B-normal if it does not contain a S-redex. Stated in a positive
way, a term is S-normal if it has the form \xy. - Axy,.(hty - - - t,,) where n,m >
0 and where h,x1,...,x, are tokens, and the terms tq,...,t, are all in -
normal form. In this case, we call the list x1,...,x, the binder, the token h
the head, and the list t1,...,t,, the arguments of the term.

Let 6 be the list of pairs (x1,t1),...,{(xn,ty), where, for all i = 1,... n,
x; is a variable and t; is a A-term. Occasionally, we will treat such a 6 as a
substitution: in particular, if s is a term (or formula), then the application of
the substitution 6 to the term s, written using the postfix notation sf, denotes
the S-normal form of [Azy. -« Azp.s]t1 -+ ty.

Exercise 2.1.(f) Not all A\-terms are [(-convertible to a B-normal term.
Of the following terms, determine which is not S-convertible to a B-normal
term and which are. In the latter case, compute that normal form.

1. (M\z.y)(Ax.x)) 4. (Az.(zx))(Ax.(zx)))
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Exercise 2.2. Church numerals are the following sequence of closed \-
terms:

AfAzx)  (AfAz.(fz)) (AfAe.(f(fz))  (AfAx.(f(f(f))))
These terms can encode the natural numbers 0,1,2,3,.... The two A-terms

S=ANIMANfAx.(Nf)(Mfx)) and P=ANIMAf x.(N(Mf))zx)

can compute the sum (using S) and product (using P) of two Church nu-
merals. Check this claim by computing the 5-normal forms of the following
two A-terms, which encode 2+ 3 and 2 X 3.

(S (Af Az (f(f2))) (AfAe(f(f(f2)))))
(P (Af 2z (f(fx)))) (AfAe(f(F(f2))))

\. J

Exercise 2.3.(f) Computing B-normal forms can cause the size of terms
to grow quickly. For example, consider the following sequence of \-terms.

Ey = (((Ag-Aee) (AeAf.(e(ef)) (AfAz.(f(fz))))
Er = (((\g-Xe.(ge)) (AeAf(e(ef)  (AfAz.(f(f2))))
By = (((Ag-re(g(ge)))  (AeAfle(ef)) AWfAz.(f(fz))))
By = (((Ag-xe-(g(g(ge))) (AeAf.e(ef)) (Af-dz.(f(fx))))

In general, the term E, is the Church numeral encoding n applied twice to
the encoding of 2. The B-normal form of Ey encodes 2 while E1 reduces to
the encoding of 4. What number is encoded by the S-normal form of E, ¢

. J

The above two exercises demonstrate the computational capabilities of A-
terms. This observation forms the basis for many functional programming
languages that rely on the A-terms for computation. Although the dynamics
of S-reduction is important for us here, we will employ those dynamics in a
more straightforward fashion: in particular, S-reduction will usually be used
to instantiate quantified expressions.

Exercise 2.4.(1) Is there an expression N such that (Ax.w)[N/w]| is equal
to A\y.y (modulo a-conversion, of course)? Phrased slightly differently, is
there an expression N such that (Aw. \x.w)N) has (Ay.y) as a B-normal
form? The expression N may or may not have free occurrences of variables.

Curry [1942] showed that mixing untyped A-terms with logical connectives
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can lead to an inconsistent logic. One way to avoid such an inconsistency is to
apply a typing discipline to the A-terms. We next introduce the types used in
the Simple Theory of Types, the logic introduced in Church [1940] and which
underlies much of what follows in this book.

7

Exercise 2.5.(f) To illustrate the paradox in Curry [19/2], we first set
Y to Mf.(Ax.f(z z)) (Ax.f(x x)). Show that if g is any untyped \-term,
then (Y g) B-converts to (g (Y g)). Thus, any expression g will have
a fized point (Y g). Let B be the term Axz.x D f, which is one way to
write negation (“implies false”). Clearly, negation should not have a fized
point! By considering the expression Y (Ax.x D f), show how to derive an

imconsistency.

2.2 Types

Let S be a fixed, nonempty set of tokens. The tokens in & will be used as
primitive types (also called sorts). The set of types is the smallest set of expres-
sions that contains the primitive types and is closed under the construction of
arrow types, denoted by the binary, infix symbol —. The Greek letters 7 and
o are used as syntactic variables ranging over types. The type constructor —
associates to the right: read 71 — 70 — 73 as 7 — (172 — 73).

These types are called simple types. Such type expressions do not contain
binders or variables; in particular, type polymorphism is not supported in the
underlying logic (although it appears in several examples we give in subsequent
chapters). These types are used as syntactic types to separate expressions of
different syntactic categories. For example, in Section 13.2, the syntax of
the m-calculus is encoded using two primitive types n (for names) and p (for
process). The type n — p is a syntactic type denoting an abstraction of a
name over a process. This type does not denote all functions from names to
processes. Of course, every abstraction of type n — p does indeed represent a
function from names to processes: for example, if M :n — p and N is a name,
then the S-normal form of (M N) is a process (the result of substituting N
for the abstracted variable of M). However, there are functions from names
to processes that do not correspond to an actual syntactic expression of type
n — p: for example, the function that maps a particular name, say a, to
the process expression P; and all other names to a different process P» is not
encoded in the syntax as an expression of type n — p.

Let 7 be the type 71 — -+ — 7, = 79 where 79 € S and n > 0. The types
Ti,...,Tn are the argument types of T while the type 19 is the target type of T.
If n =0, then 7 is 79, and the list of argument types is empty. The order of a
type 7 is defined as follows: If 7 is primitive, then 7 has order 0; otherwise, the
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order of 7 is one greater than the maximum order of its argument types. As a
recursive definition, the order of a type, written ord(7), is defined as follows.

ord(t) = 0 provided T €S
ord(mpy = 72) = max(ord(m) + 1,0rd(m2))

Note that 7 has order 0 or 1 if and only if all the argument types of 7 are
primitive types.

2.3 Signatures and typed terms

Signatures are used to formally declare that specific tokens are assigned a
certain type. In particular, a signature (over S)is a set ¥ (possibly empty) of
pairs, written as x:7, where 7 is a type and x is a token. We require signatures
to be determinate in the sense that for every token z, if z: 7 and x : o are
members of 3 then 7 and ¢ are the same type expression.

A signature Y is said to have order n if every type associated with a token
in ¥ has an order less than or equal to n. Thus, ¥ is a first-order signature if
whenever h: 7 is a member of ¥, ord(7) < 1.

A typing judgment, ¥ I t: 7, relates a signature X, a A-term ¢, and a
type 7. We consider the variables in ¥ as being bound over such a judgment.
Common inference rules for determining such typing rules are the following.

YIFt:o—>7 XlFs:o Y,x:7IFM:o
Yxerlhax:T S(ts):T YFMXz.M):T >0

The last inference rule assumes that the bound variable z does not occur in
>.. These three typing rules can be used with terms not in S-normal form.
However, we restrict the typing judgment in this book so that only S-normal
formulas are given types. Thus, we adopt the inference rules in Figure 2.1 as
the official rules for this judgment.

When the judgment ¥ I ¢ : 7 is provable, we say that t is a X-term of
type 7. Note that if a term is given a type, then that term is S-normal.
Furthermore, any term given a type is also said to be in Sn-long normal form.
This normal form can be arrived at by first computing the S-normal form
and then applying some n-expansion steps. For example, if i € S, then the
judgment ¥ |- Ax.x : (i — i) — ¢ — i is not provable, but the judgment

YIFEXzAyzy: (i —i) =i — 1,

based on the n-expanded version of the term Az.x, is provable.
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4 ™
YoX1:iTl, .., T i Th lE T 70

YIFAxy.... Azpt i — - > T — 0

Slkty:o1 - Tty :on h:ioy— =0, =T EXD
E”—(htl tn):TO

Both rules are restricted so that 7, € S and n > 0. Also, the variables
xi,..., Ty are assumed to not occur in X.

Figure 2.1: Typing judgment for X-terms of type 7.

Exercise 2.6.(f) Fix the set of sorts S and the signature ¥ over S. Prove
that if there are primitive types 7 and 7' such that X - t:7 and X It : 7/,
then T = 7. Show that this statement is not true if we allow T and 7’ to be
non-primitive.

2.4 Formulas

Most descriptions of predicate logic first present terms and then present for-
mulas as a separate structure incorporating terms. Following Church [1940],
we instead define formulas as terms of the particular type o (the Greek letter
omicron).

When defining the formulas of a given logic (e.g., first-order classical logic),
we first fix the declaration of the logical constants. That signature, which we
denote as ¥_; (the signature of the foundations), attributes to various tokens
types with target type o.

These logical constants are divided into two groups: propositional con-
stants and quantifiers. The propositional constants are given types that only
use the primitive type o and have order 0 or 1. For example, in Chapter 4,
when we introduce the formulas of classical and intuitionistic first-order logics,
the following signature is used to declare the propositional connectives used
in those formulas.

{t:o, f:0, N:to—>0—0, V:io—0—0, D:0—0— 0}

The binary symbols A, V, and D are written as infix operators. For example,
the A\-term ((A P) @) is written in the more common form (P A Q). Also,
A and V associates to the left, D associating to the right, and A has higher
priority than Vv, which has higher priority than D.

There are two classes of quantifiers we consider in this book, namely, V,,
for universal quantification for type 7, and 3., for existential quantification
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for type 7. Both V, and 3, are assigned the type (7 — 0) — o. In principle,
there are denumerably infinite many such quantifiers, one for each type 7.
The expressions V- (Az.B) and 3, (Az.B) are abbreviated as V,z.B and 3,2.B,
respectively, or as simply Vz.B and dz.B if the value of the type subscript is
not important or can easily be inferred from context. Note that the binding
mechanism used in quantification is really the binding mechanism in the A-
calculus.

After fixing the set of logical constants, we generally fix the non-logical
symbols by declaring another signature ¥g. Let c: 7 — -+ = 7, = 19 € X,
where 7¢ is a primitive type and n > 0. If 7y is o, then c is a predicate symbol
of arity n. If 19 € S\{o} (i.e., 179 is not o), then ¢ is a function symbol of
arity n. A X_; U Yg-term of type o is also called a Y _; U Xg-formula, or more
usually either a Yg-formula (since ¥_, is usually fixed) or just a formula (if
Yo is understood).

A logic is propositional if its only logical connectives are propositional
connectives (i.e., it involves no quantifiers). A logic is first-order if the only
quantifiers allowed in its formulas are contained in the set

{Vr:(t—0)—=o|TeS\{o}}U{3r: (T —0) = o|TeS\{o}}

The types in this signature are of order 2. The restriction on the type of
quantifiers, namely 7 € S\{o}, implies that in a first-order formula, the only
quantification is over primitive (and non-formula) types. A logic that provides
no restriction on the types used in quantification is a higher-order logic: we
consider such a logic starting in Chapter 9.

Assume that ¥_; declares logical connectives for a first-order logic and
that X is a first-order signature. Let 7 be a primitive type different from o.
A first-order term t of type 7 is either a token of type 7 or it is of the form

(f t1...t,) where f is a function symbol of type 71 — .-+ — 7, — 7 and,
fori=1,...,n, t; is a term of type 7;. In the latter case, f is the head, and
t1,...,t, are the arguments of this term. Similarly, a first-order formula has

either a logical symbol at its head, in which case it is said to be non-atomic,
or a non-logical symbol at its head, in which case it is atomic.

As mentioned above, formulas in both classical and intuitionistic first-order
logics make use of the same set of logical connectives, namely, A (conjunction),
V (disjunction), D (implication), t (truth), f (false), V, (universal quantifica-
tion over type 7), and 3, (existential quantification over type 7). The negation
of B, sometimes written as —B, is an abbreviation for the formula B D f.

Similarly to the way ord(7) counts the nesting of — to the left of — in

type 7 (see Section 2.2), the function order(B) counts the nestings of O to the
left of D in the formula B. This clausal order function is defined using the
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following recursion for classical and intuitionistic logic formulas.

order(A
order(By A Bs
order(B V By
order(B; D By
order(Vx.B
order(Jz.B

) = 0 provided A is atomic, t, or f

) max(order(By), order(Bz2))

) max (order(By), order(Bz2))

) = max(order(B;) + 1, order(Bs))

) order(B)

) = order(B)

Note that order(—B) = order(B) + 1. The clausal order of a finite set or
multiset of formulas is the maximum clausal order of any formula in that set
or multiset.

The polarity of a subformula occurrence within a formula is defined as
follows. If a subformula C of B occurs to the left of an even number of
occurrences of implications in B, then C' is a positive subformula occurrence
of B. On the other hand, if a subformula C' occurs to the left of an odd number
of occurrences of implication in a formula B, then C' is a negative subformula
occurrence of B. More formally:

1. B is a positive subformula occurrence of B.

2. If C' is a positive subformula occurrence of B then C' is a positive sub-
formula occurrence in BAB', BAB, BVB,B VvVB,B >B,V.x.B,
and 3,2.B; C is also a negative subformula occurrence in B D B'.

3. If C is a negative subformula occurrence of B then C is a negative
subformula occurrence in BAB', BAB, BVB', B'’VB, B’ D B, V,x.B,
and 3;2.B; C' is also a positive subformula occurrence in B D B’.

Of course, if B contains no occurrences of implications, then all subformulas
occurrences in B are positive occurrences.

2.5 Sequents

Proof and provability are generally described for a collection of formulas in-
stead of a single, isolated formula. For example, a typical way to describe the
provability of the implication B O C' is to pose the hypothetical judgment
involving two formulas: if B then C. Gentzen [1935] introduced sequents as
one way to organize the multiple formulas involved in stating a provable state-
ment. In their simplest form, sequents are a pair written I' - A, of the two
collections of formulas I' and A. When sequents are used in classical and
intuitionistic logics, the claim that the sequent I' = A is provable amounts
to the claim that one of the formulas in A is provable from the assumptions
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occurring in I'. Section 3.1 will give more intuition about sequents and logical
reasoning.

Within this book, sequents will vary somewhat in structure: we outline
some of that variability here.

The collections of formulas within sequents will be either lists, multisets,
or sets (although almost always, they will be multisets). Sequents can also be
one-sided or two-sided. One-sided sequents are usually written as + A, and
two-sided sequents are usually written as I' H A. Here, I' and A are one of
the three kinds of collections of formulas mentioned above. In the two-sided
sequent I' = A, we say that I' is this sequent’s left-hand side and that A is its
right-hand side. Sometimes, we divide left-hand and right-hand contexts into
two zones separated by a semicolon; for example, I'; T'F A; A’ and F A; A

The formulas in a sequent are typed, and the signatures that declare the
types of the tokens in those formulas must be specified. As in the previous
section, we generally assume that once we pick a particular logic (classical,
intuitionistic, or linear), we have fixed the signature ¥_,. Furthermore, a set
of non-logical constants Yy will often be fixed. Finally, Gentzen’s rules for
the treatment of quantifiers involve the introduction of eigenvariables: these
variables may appear free in the formulas of some sequents. To properly
declare those variables and their types, we prefix a sequent with a signature:
for example, X:: - A and X::T'F A. In all these cases, a formula that appears
in A or I' must be given type o using the union of the three signatures >_,,
E(), and X.

We note some issues concerning matching expressions with schematic vari-
ables. For example, let B denote a formula and let I" and I denote collections
of formulas. Consider what it means to match the expressions B,I"” and I/, T"”
to a given collection, which we assume contains n > 0 occurrences of formulas.

1. If the given collection is a list, then B,I” matches if the list is nonempty
and B is the first formula, and I"” is the remaining list. The expression
IV, T” matches if I is some prefix and I'” is the remaining suffix of that
list: there are n + 1 possible matches.

2. If the given collection is a multiset, then B,I" matches if the multiset
is nonempty and B is a formula in the multiset and I” is the multi-
set resulting from deleting one occurrence of B. The expression IV, T
matches if the multiset union of IV and I'” is I': there can be as many
as 2" possible matches since each member of I' can be placed in either
I or I.

3. If the given collection is a set, then B,I” matches if the set is nonempty
and B is a formula in the set, and I" is either the given set or the set
resulting from removing B from the set. The expression IV, I matches
if the set union of IV and I'” is T": there can be as many as 3" possible
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matches since each member of I' can be placed in either IV or I'” or in
both.

2.6 Bibliographic notes

Church’s approach to specifying terms and formulas in the Simple Theory
of Types is a popular choice in the construction of modern theorem prover
systems: for example, it is used in the HOL family of provers (see Gordon
[2000]) as well as in Isabelle (see Paulson [1994]), Abella (see Baelde et al.
[2014]), and the logic programming language AProlog (see Miller and Nadathur
[2012]). The textbooks by Andrews [1986] and Farmer [2023] treat this logic
in detail.

For a comprehensive treatment of the untyped A-calculus, see Barendregt
[1984], and of the typed A-calculus, see Krivine [1990] and Barendregt et al.
[2013]. The use of untyped A-terms here is similar to the so-called “Curry-
style” of typed A-terms: bound variables are not assumed globally to have
types but are provided a type when they are initially bound. This approach
to typing contrasts with that used by Church, where variables have types
independent of whether or not they are bound. For more about these different
approaches to types in the A-calculus, see Pfenning [2008].

Richer types than the simple types introduced in this chapter are useful
within logical formulas and logic programming. For example, the programming
language AProlog has a form of polymorphic typing (see Nadathur and Pfen-
ning [1992], Caires and Monteiro [1994], Appel and Felty [2004], and Miller
and Nadathur [2012]). The Elf logic programming language (based on the LF
logical framework of Harper et al. [1993]) uses dependently-typed A-terms (see
Pfenning [1989] and Pfenning and Schiirmann [1999]).

This book’s approach to the sequent calculus differs from Gentzen [1935]
in three ways.

1. In terms of notation, Gentzen used the symbol —> to separate the left
side from the right side instead of the F symbol. We prefer to reserve —
for specifications of computation where it is often used to denote rewrit-
ing or the evolution of computations (see, for example, Chapter 12).

2. Gentzen used lists to encode the left and right sides of sequents. We
will almost exclusively use multisets instead. Hence, no order between
formulas is maintained in the contexts in our sequents.

3. Gentzen introduced the important concept of eigenvariables into his
proof structures along with certain global conditions needed to keep their
use sound. Here, we view eigenvariables as locally bound over sequents
(see Section 3.2.3).
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The perspective that (natural deduction) proofs correspond to (depen-
dently) typed A-terms and that S-reductions correspond to (functional) com-
putation is part of the well-known Curry-Howard correspondence approach to
modeling computation (see Sgrensen and Urzyczyn [2006]). This approach to
computation is not used in this book: instead, we model computation as the
search for (cut-free) proofs.
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Chapter

Sequent calculus proof rules

A familiar form of formal proof, often attributed to Frege and Hilbert, accepts
specific formulas as azioms (e.g., (p D (¢ D p))and (pD¢gDr)D(PDgq) D
(p D r)))) and certain inference rules (e.g., from p and (p D ¢) conclude q).
A formal Frege proof is a list of formulas such that every formula occurrence
in that list is either an axiom or the result of applying an inference rule to
previous formulas in the list. Such proof structures are simple structures, and
axioms and inference rules can be picked in such a way as to provide a proof
system for classical logic or intuitionistic logic. While Frege proofs are easy
to check for correctness, they are challenging to use as the basis of automated
proof search algorithms. Figure 3.1 provides an example of a Frege proof. As
we shall see shortly, sequent calculus proofs provide a much more structured
approach to formal proofs. We will use sequent calculus proofs to provide
abstract execution models for the logic programming paradigm.

3.1 Sequent calculus and proof search

The sequent calculus makes at least two significant departures from Frege
proofs. First, while inference rules are applied to formulas in Frege proofs, they
are applied to sequents—a more complex structure—in the sequent calculus.
Second, no axioms are used within the sequent calculus proof systems we study
here: the burden of proof falls entirely on inference rules over sequents.

In Section 2.5, we presented sequents as formal, syntactic structures con-
taining one or more collections of formulas. Before formally presenting infer-
ence rules using sequents in Section 3.2, we provide an informal reading of
two-sided sequents in which the right-hand side is a collection containing ex-
actly one occurrence of a formula. Consider, for example, attempting to prove
that for every natural number n, the product n(n + 1) is even. An informal
proof of this fact can be organized as follows. To prove this is true for all
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( R
Three axiom schemas for propositional classical logic.

(Axl) XDOYDX
(Az2) (XY 22)>(XDY)D(XDZ))))
(Ax3) (X 2>f)of)DX))

One inference rule: the rule of modus ponens which allows us to conclude
B if A D B and A have already been proved.

These axioms and inference rules ensure the principle of ez falso quodli-
bet: from false, any formula follows. The following list of formulas is
a Frege proof of the formula (f D w): here, w can be any formula of
propositional classical logic.

(1) (wof)Df)Dw by (Az3)
2) (wofH)ofH)Dw)D(fD(((wDf)Df)Dw)) by (Axl)
B)fo>(((wDf)Df)Dw) by mp (1), (2)
4 fo>((wof)ydf)Dw)) D

(fFo>((wDf)Df)) D((fDw)) by (Az2)
G)f>(wdf)Df)D(fow) by mp (3), (4)
(6)f>(wDf)Df) by (Az1)
(Mfow by mp (6), (5)

Figure 3.1: An example of a Frege proof (taken from Hughes [2006]).
\_ J

natural numbers, pick some arbitrary number, say, m. Now, m is either even
or odd. If m is even, then the product m(m + 1) is even. If m is odd, then
m+ 1 is even, and, again, the produce m(m+1) is even. Hence, in either case,
this product is even.

A first step in formalizing this proof is to identify (and name) three lemmas
about natural numbers that this argument accepts as previously proved.

L Vn.(even n)V (odd n)
Ly Vn.(odd n) D (even (s n))
Lz Yn.YmJNp.((even n) V (even m)) D (times n m p) D (even p)

For these lemmas to be proper formulas as defined in the previous chapter,
we must assume that the set of sorts & contains a primitive type, say, nat
and that the signature of non-logical constants >y must contain the following
declarations:

z :nat, s:nat — nat,
even : nat — o, odd : nat — o, times : nat — nat — nat — o
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We assume that natural numbers are encoded as {z, (s z), (s (s 2)),...}, and
that the predicate (times n m p) hold precisely when p is the product n x m.
Imagine that we now take a blank sheet of paper and write at the top the
three lemmas which we accept as assumptions and write at the bottom of that
sheet the formula Vn.Vp.(times n (s n) p) D (even p). Our task is to fill in the
gap between the assumptions at the top and the conclusion at the bottom. A
sequent is essentially a representation of the status of that sheet of paper: in
this case, that sequent (named T1) is

T s L1, Lo, L3 - Vn.Vp.(times n (s n) p) D (even p).

The prefix, which is just the dot -, is meant to show that there are no eigen-
variables bound over this particular sequent. One way to make progress on
finishing a proof of this sequent is to take a new sheet of paper on which we
write the assumptions Lj, Lo, L3 and (times n (s n) p) at the top and write
the conclusion (even p) at the bottom of that sheet. Thus, we now have an ad-
ditional assumption that p is the product n(n+ 1) and the different conclusion
(even p). This new state in the construction of a formal proof is represented
by the sequent

T n,p; L1, Lo, Ls, (times n (s n) p) - (even p).

Note that the variables n and p are bound over this sequent. The next step in
building our proof uses lemma L; to add the assumption (even n) V (odd n).
That is, our sheet of paper now has five formulas at the top, and it is encoded
as the sequent

T3 n,p; L1, Lo, L3, (times n (s n) p), (even n) V (odd n) - (even p).

The case analysis induced by the disjunctive assumption leads the proof to
have two subproofs. That is, the current sheet of paper can be replaced by
two sheets that are identical, except that one of those sheets replaces that
disjunction with (even n), and the other sheet replaces it with (odd n). These
two sheets are encoded as the following two sequents.

Ty n,p; L1, Lo, L3, (times n (s n) p), (even n) F (even p)
T n,p; L1, Lo, L3, (times n (s n) p), (odd n) F (even p)

One way to represent the status of the proof’s development is to organize these
sequents into the tree
Ty T
-
T
T



26 CHAPTER 3. SEQUENT CALCULUS PROOF RULES

To complete the formal description of this proof, we need to label each hor-
izontal line by the name of an inference rule. For example, the uppermost
horizontal line is justified by the “rule of cases” (also called the VL rule in
Chapter 4). As this tree shows, the process of proving sequent 77 has reduced
it to attempting to prove the two sequent T, and T5.

This proof can be completed by appealing to lemma L3 to justify sequent
T, and appealing to lemmas Lo and L3 to justify sequent T5.

Our subsequent study of sequent calculus proofs will not be limited to
capturing natural or human-readable proofs. Instead, we focus on low-level
aspects of proof that will ultimately make it possible to automate proof search
for some fragments of logic. The analysis of sequent calculus proofs by Gentzen
also allows for the more general (albeit less intuitive) multiple-conclusion se-
quent. Thus, while the comma on the left can be viewed as a conjunction, the
comma on the right can be viewed as a disjunction. For example, the sequent
x,y : By, Ba, Bg - C1, (5 can be viewed as semantically related to the formula
VfL‘Vy[(Bl A By A Bg) D (Cl V 02)]

3.2 Inference rules

An inference rule in a sequent calculus proof system has a single sequent as
its conclusion and zero or more sequents as its premises. There are three
main categories of inference rules used in sequent calculi we study here: the
structural rules, the identity rules, and the introduction rules. We examine
each class separately below.

3.2.1 Structural rules

There are three standard structural rules, called exchange, contraction, and
weakening, and they are presented in Figure 3.2 in both left and right side
versions. All these structural rules can be used with contexts that are list
structures. The exchange rules, x. and xR, allow exchanging two adjacent
elements. These structural rules are not used when contexts are multisets or
sets. The contraction rules, cL and cR, can be used on lists and multisets
to replace two occurrences of the same formula with one occurrence: these
structural rules are not used when contexts are sets. The weakening rules, wL
and wR, can insert a formula into a context. If used with a list, these rules
insert the new formula occurrence only at the end of the context. If contexts
are sets, the only structural rules that make sense to specify are the weakening
rules.

In this book, we shall never use the exchange rules, and contexts will almost
always be multisets. We shall only use the weakening and contraction rules
in our proof systems. If we have a set of formulas that we wish to place into
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( A
Y:I,B,C,I"F A Y:T'+A B,C A
xL xR
»:I'C,B, I"F A SuT'FAC,B,A
Y:I''B,BFA Yu:I'tA,B,B
cL cR
Y:I,BFA Y»:THAB
YuT'FA YuI'FA

——— wL —— wR
Y:I',BFA Y»:THAB

Figure 3.2: Structural rules.

»:THAB B, I'EA
init cut

Yu:B+FB oD, IVEA A

Figure 3.3: The two identity rules: initial and cut.

a sequent, we shall always coerce that set into the multiset where every set
element occurs exactly once.

Exercise 3.1. Let A’ be a permutation of the list A. Show that a sequence
of xR rules can derive the sequent X = T'F A from the sequent X =T = A/,

3.2.2 Identity rules

The identity rules consist of the initial and cut rules, examples of which are
displayed in Figure 3.3. Both rules contain repeated schema variable occur-
rences: in the initial rule, the variable B is repeated in the conclusion, and
in the cut rule, the variable B is repeated in the premises. Checking if an
application of one of these rules is correct requires comparing the identity of
two formula occurrences. Although the structural rules address the structure
of the contexts used in forming sequents, the identity rules address the mean-
ing of the sequent symbol F. In particular, these two rules state that I is
reflexive and transitive. In Section 4.2, we illustrate that, in a certain sense,
these two rules describe dual aspects of .

In some textbooks, an inference rule with zero premises is called an axiom.
We shall reserve that term for a formula that is accepted as the starting point
of some forms of proofs (e.g., the Frege proofs described at the start of this
chapter). Since sequents are not formulas, we call the leaves of sequent calculus
proof trees initial sequents.
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3.2.3 Introduction rules

An inference rule in the final group of rules introduces one occurrence of a log-
ical connective into the conclusion of the inference rule. In two-sided sequent
systems, a logical connective is introduced on the left and right by different
and small collections of inference rules. Here, the term “a small collection”
means a collection of 0, 1, or 2 rules. (In the informal reading of sequents
provided in Section 3.1, a left-introduction rule describes how to reason from
a logical connective while the right-introduction rule describes how to reason
to a logical connective.) If sequents are one-sided, the left-introduction rules
for a connective are usually replaced by the right-introduction rules for that
connective’s De Morgan dual. Thus, one-sided systems are usually limited to
those logics where all connectives have De Morgan duals. The only one-sided
sequent calculus proof system in this book is a proof system for linear logic
that appears in Chapter 6.

4 N\
Yu:B,I'FA Y:C,I'FA

AL AL
YXuBANCTEA XuBANCTEA

Y:THAB YuI'FAC

AR ——— tR
YXuTFA BAC YuT'F At

Y»uIh+FA,B YiuC,T'o - Ay Y:BTHFAC
DL DR

XuBDCO T, s Ay, Ag YuI'FABDC

SlEt:T YuI,B[t/xz]F A Y,y:7 : ' A, Bly/z]
VL
Yol V. BEA »uT'FA V2B

Figure 3.4: Examples of left and right-introduction rules.
. J

Figure 3.4 presents a few examples of introduction rules for some logical
connectives. That figure provides two left-introduction rules and one right-
introduction rule for conjunction. In contrast, both implication and universal
quantification are given one left and one right-introduction rule. There is one
right-introduction rule and zero left-introduction rules for t.

The rules in Figure 3.4 also illustrate the role that the signature % plays
in specifying the quantifier introduction rules. In particular, introducing the
universal quantifier V on the left uses the signature and the judgment > IF
t: 7 to determine the range of suitable substitution terms ¢. On the other
hand, the right-introduction rule for V changes the signature from » U {y :
7} above the line to ¥ below the line. Note that if we think of signatures
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as lists of distinct typed variables, we must maintain that the variable y is
not free in any formula in the rule’s conclusion. By viewing quantifiers as
bindings in formulas and signatures as binders for sequents, the inference rule
VR essentially allows for the mobility of a binder: reading this inference rule
from premise to conclusion, the binder for y moves from a sequent-level binding
to the formula level binding for x. At no point is the binder replaced with
a free variable. Of course, this movement of the binder is only allowed if no
occurrences of the bound variable above the line are unbound below the line.
Thus, all occurrences of y in the upper sequent must appear in the displayed
occurrence of Bly/x]. Following Gentzen [1935], such sequent-level bound
variables are called eigenvariables. Note that since we identify all binding
structures that differ by only an alphabetic change of variables, the VR rule
could also be written as

Yx:t = I'FAB
YuI'FA V2B

VR.

In this form, the mobility of the binder for x is more apparent.

The premise X I ¢t:7 for the VL rule should be written as X_, UXqUX IF ¢t:7
where X_; and Xy are the signatures for the logical and non-logical constants,
respectively. Since both these signatures are global for any particular proof,
we write this condition with only one signature for convenience. Also, one has
the choice to either include this typing judgment as a part of the proof (hence,
the proof of the typing judgment is a subproof of a proof of the conclusion to
this rule) or as a side condition, namely, the requirement that that premise is
provable (in this case, the proof of that side condition is not incorporated into
the sequent proof).

3.3 Additive and multiplicative inference rules

When an inference rule has two premises, there are two natural ways to relate
the contexts in the two premises with the context in the conclusion. Such an
inference rule is multiplicative if contexts in the premises are merged to form
the context in the conclusion. The cut rule in Figure 3.3 and the DL rule
in Figure 3.4 are examples of multiplicative rules. A rule is additive if the
contexts in the premises are the same as the context in the conclusion. The
AR rule in Figure 3.4 is additive. An additive version of the cut inference rule
can be written as

Y»:THAB Y:BTEFA
Y:TI'FA

The use of the terms multiplicative and additive will be addressed when the
exponentials of linear logic are presented in Section 6.3.3 (see Exercise 6.3).
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The following is a more general definition of these terms, which can be ap-
plied to all inference rules in this book. Given an inference rule, we classify an
occurrence of a formula in its concluding sequent as either a subject occurrence
or a context occurrence. In an introduction rule, the subject occurrence is the
single formula occurrence introduced by that rule. In the initial rule, both
the formula occurrences required by that rule are the subject occurrences. Fi-
nally, if the rule is a cut rule, then no formula occurrence in the conclusion is
a subject occurrence. A context occurrence is any occurrence of a formula in
the conclusion that is not a subject occurrence.

An inference rule is additive if every occurrence of a context formula in the
concluding sequent has an occurrence in every premise sequents. An inference
rule is multiplicative if every occurrence of a context formula in the concluding
sequent has an occurrence in exactly one premise sequent. In both cases, these
occurrences in the conclusion and the premises are always on the same side of
their respective sequents. This characterization of additive and multiplicative
rules can be applied to rules that do not have two premises. For example,
the tR rule in Figure 3.4 is additive and is not multiplicative. However, the
introduction rule

Yookt

is additive and multiplicative since the conditions on context formulas are
vacuously true. (We shall sometimes use - to mark an empty part of a sequent.)
The following two introduction rules for conjunction are multiplicative
rules.
YuB,C,I'FA YuIh+FA,B Yuls b Ay, C

AL™ AR™
Y>:BACTHFA Yul1,IToF A, Ay, BAC

Exercise 3.2. (1) Show that if the structural rules of weakening and con-
traction are available, then the rules AR and NL (from Figure 3.4) can be
derived from AR™ and ANL™, and conversely.

This exercise illustrates that the structural rules allow an additive rule to
account for a multiplicative rule and vice versa. The following collection of
inference rules suggests another connection between these concepts.

————— init ——— Init
Y>:BFB Y:BFB >»:I',B,BFA
AR AL™
>22BFBAB »:T,BABFA
cut
S=T.BF A !

Thus, if we adopt AL™ and AR as the left and right-introduction rules for
conjunction, we can infer the cL rule. Similarly, if we adopt AL and AR™ as
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the left and right-introduction rules for conjunction, we can infer the following
instance of wL rule.

———— init ————— init
>:BFB YuCkrC uI'BFA
AR™ AL
>»u:B,CFBAC YuI''BACEFA
cut
YuI'B,CFA

Since we do not wish for the structural rules to enter our proof systems without
explicitly adding them, we must choose carefully how we pair left and right-
introduction rules. Gentzen’s original sequent calculus (and the ones we adopt
for classical and intuitionistic logics in Chapter 4) pairs AL with AR. When
we turn to linear logic in Chapter 6, we will allow for two conjunctions, written
as & and ®, where the right-introduction rule for & is additive and the right-
introduction rule for ® is multiplicative. The left-introduction rule for & will
be similar to AL and for ® will be similar to AL™.

Naive implementations of additive and multiplicative inference rules have
contrasting costs depending on whether we are building proofs (starting with
premises) or searching for proofs (starting with the conclusion). Additive
rules are expensive to build since we must check the equality of contexts (and
contexts can be thousands of possibly large formulas), but cheap to search for
since the premises only require sharing pointers to the conclusion’s contexts.
Conversely, multiplicative rules are cheap to use in the proof building sense
since we only need to combine pointers to the context of the premises, but
expensive to do in the proof search setting since there can be an exponential
number of possible context splittings for generating the premises.

3.4 Sequent calculus proofs

Building on the definitions of formulas and sequents in Chapter 2 and the in-
troduction of inference rules in the previous section, we formally define sequent
calculus proofs.

Assume that we have picked a particular style of sequent (e.g., one-sided or
two-sided) and let S be a sequent. A derivation for S is a tree of inference rules
such that the root is labeled with S. We also assume that every occurrence of
an inference rule in a derivation is such that its conclusion is either the root
sequent (also called the endsequent) or is the premise of another occurrence of
an inference rule in that tree. This derivation is a proof of S if every sequent
labeling leaves of the derivation is the conclusion of an inference rule with
zero premises (rules such as init in Figure 3.3 or tR in Figure 3.4). Thus,
a derivation can denote a partial proof since it may have leaves not justified
by some inference rule. When we display derivation trees, leaves with no line



32 CHAPTER 3. SEQUENT CALCULUS PROOF RULES

drawn over them are considered open or incomplete. If a line is drawn over
them, then that sequent is justified by an inference rule with no premises.

By a proof system, we mean a collection of inference rules, such as those
described in Section 3.2. Let X be such a set of rules for two-sided sequents.
We write 3 :: T' k. A to denote that the sequent X :: T' = A has a proof in
X. Shorthand notations are used: I' F, A omits the empty X, and F, A
also omits the empty I'. The same conventions apply for proof systems using
one-sided sequent except that we do not write the left-hand context (keeping
just the signature). Although the F symbol (without a subscript) indicates a
sequent, it will occasionally be used as the proposition that the same sequent
is provable in a proof system that can be inferred from context. The reader
should always be able to disambiguate between these two senses of the
symbol.

Exercise 3.3. Consider a (trivial) sequent calculus proof system containing
Just the cut and initial inference rules (see Figure 3.3). Describe what can
be proved using just those two rules. Show that every provable sequent can
be proved without the cut rule.

3.5 Permutations of inference rules

Sequent calculus inference rules can often be permuted over each other. For
example, consider the following three introduction rules.

Y»uIhFA,B YXiuC,I'g k- Ay Y»:B,I'HFAC
DL DR
YXu:BDC I, s - Ay, As Y:THFA,BDC

Y:B,T'FA YuCTHFA
YuBVCITEA

VL

Here, the left and right-hand contexts are assumed to be multisets. In the first
derivation in Figure 3.5, the right-introduction rule for implication is below
the left-introduction rule of a disjunction. The second derivation in that figure
has the same root and leaf sequents but the introduction rules are switched.
Note that the second derivation uses two occurrences of DR while the first
proof uses only one occurrence of that rule.

Sometimes inference rules can be permuted if additional structural rules
are employed. For example, consider the first derivation in Figure 3.6. It is
possible to switch the order of the two introduction rules it contains, but this
requires introducing some weakenings and a contraction, as is witnessed by the
second derivation in that figure. If these additional structural rules are not



3.5 PERMUTATIONS OF INFERENCE RULES 33

4 )
SuTyp,rks A YuT,qrks A
VL
YuI'pvgrtks A
DR
YulpVgkr>s, A
YuD,prts A Yul,q,rt s, A

DR DR
Yul,pkr>s, A YulgFrDs, A
VL
YuI'pVgkrDos, A

Figure 3.5: Two derivations that differ in the order of two inference
rules.

Yul'y,rEAqp YuT9,qF Ag,s
YTy, To,pDqrk Ay, Ags

DL

DR
E::Fl,rg,qul—Al,Ag,T oS
E:ZFl,TI_Al,p Z::FQ,qI_AQ,S
wR wL
Yul'y,rE Ay p,s Yulg,q,rF Ags
DR DR
YulhtFAy,p,rDs YXulg,qF Ag,m D s
DL

Yul',To,pDgk A1, A0, r Ds,7r D s
IR FI,FQ,quFAhAQ,TD S

cR

Figure 3.6: Two derivations that illustrate the permutation of inference

rules supported by structural rules.

permitted in a given proof system (as we shall see is the case in intuitionistic
logic), then the original two inference rules cannot be permuted.
Understanding when inference rules permute over each other makes it pos-
sible to improve the effectiveness of searching for proofs. Consider again the
derivations in Figure 3.5. Imagine attempting to find a proof of the sequent
XuT,pVghkrDs, A following the development of the first derivation in that
figure: namely, we first do an DR rule followed by the VL rule. Additionally,
assume that there is, in fact, no proof of the left premise X::T',p,r - s, A (e.g.,
an exhaustive search fails to find a proof of this sequent). If we employ a naive
proof search strategy, we might make another attempt to find a proof of the
endsequent by switching the application of the VL and the DR rules. As it
is clear from the second derivation, this other order of rule applications leads
to an attempt to prove the same left premise for which we already know no
proof exists. This second attempt at proving this endsequent does not need
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to be made.

An inference rule asserts that whenever its premises are provable, its con-
clusion is provable. The converse—that is, if the conclusion is provable, then
all the premises are provable—does not always hold. If this converse does hold
for an inference rule, we say that that rule is invertible. From the point of view
of searching for a proof, whenever invertible introduction rules are available
to prove a given sequent, they can be applied in any order and without con-
sidering any other order of applying them. One way to show that an inference
rule is invertible is to show that for every pair of inference rules for which the
rule in question appears above another inference rule, the order of that pair
of rules can be switched.

3.6 Focused and unfocused proof systems

The sequent calculus proof systems described in this chapter and used in
the next chapter are not well suited to support the computation-as-proof-
search paradigm. Consider, for example, the following situation. Let I' be a
multiset containing 1000 non-atomic formulas and let A be an atomic formula.
Attempting to find a proof of the sequent I', By V By, Cq A Cy F A by using
an introduction rule requires selecting which of the 1002 occurrences of non-
atomic formulas will get its top-level connective introduced. Of course, the
premises that result from applying that rule will likely have about 1000 non-
atomic formulas on their left-hand side. For example,

I,By,C,CoF A [,By,C1,CoF A
AL™ AL™
I''B,CiANCo A I',By,C1 NCo A
VL
I''BiVBy,CtNCyF A

is one of about a million choices. Also, the choice to do the VL below the AL™
is a choice that is not important since permuting the AL™ below VL will yield
the same premises.

As we shall see in Chapter 5, there are occasions when it is possible to
organize sequent proofs into two alternating phases. One of these phases is the
goal-reduction phase in which only right-introduction rules are attempted when
trying to prove a sequent with a non-atomic right-hand side. The other phase is
the backchaining phase where a focused application of left-introduction rules
are attempted. This two-phased description of proof construction was first
formalized using the technical notion of uniform proofs described in Miller
et al. [1987, 1991]. Soon after Girard introduced linear logic in [1987], Andreoli
[1992] designed a similar, two-phase structure for proofs in linear logic. Since
his proof system was based on linear logic, Andreoli’s proof system was able
to move from using phases based on the left vs right distinction central to
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the notion of uniform proof to using phases based on the more foundational
invertible vs non-invertible distinction of inference rules (see Section 4.3.4).

We sometimes refer to Gentzen-style sequent calculus proof systems as
unfocused. We will eventually introduce explicitly focused proof systems in
Section 5.4: all such proof systems will employ the down-arrow symbol |} to
designate the focus of a sequent. In particular, we use sequents of the form
uI'} DF A in Section 5.4 and ¥ W; A || DFI'; Y in Section 6.7. In both
of these sequents, the formula occurrence D is the focus of that sequent.

3.7 Cut-elimination and its consequences

In the construction of proofs in mathematics, discovering useful lemmas is a
key activity. Consider again the example from Section 3.1 where we considered
proving that the product n(n + 1) is even for all natural numbers n. The part
of the proof of this theorem illustrated was straightforward since we employed
the three lemmas L1, Lo, and Lg. Of course, these three lemmas needed
to be discovered and proved. The cut inference rule in Figure 3.3 formally
allows lemmas to be proved and used in a proof. For example, assume that
L1, Ly, and L3 have sequent calculus proofs =1, Zo, and =3, respectively.!
The following derivation injects those lemmas into the proof of our original
theorem, (Vn.Vp.(times n (s n) p) D (even p)), which we abbreviate as the
formula G.

-, Ly iLila sk G
=, - Ly cu Ly, Lo G
cuoF Ly oI HFG
e

cut

cut

cut

Thus, these instances of the cut rule allow us to move from searching for a
proof of G to searching for a proof of G using L1, Ly, and Ls.

For all of the sequent calculus proof systems we consider in this book,
the cut-elimination theorem holds: that is, a sequent has a proof if and only
if it has a cut-free proof (a proof with no occurrences of the cut rule). In
subsequent chapters, we shall prove two cut-elimination theorems: Section 5.5
provides one for intuitionistic logic, and Chapter 7 presents one for linear logic.
This important theorem has several consequences, some of which we describe
below.

The consistency of a logic is usually a simple consequence of cut-elimina-
tion. For example, if a formula B and its negation B D f are provable, then

'These three lemmas can be proved in a proof system that formalizes the induction rule.
In this book, we shall not present such proof systems.
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the sequents - = B and - = B D f are provable. Since the rule for introducing
implication on the right is invertible (as we shall see in Section 4.3.4), it must
be the case that the sequent B F f is provable. Applying the cut inference rule
to proofs of the two sequents - - B and B F f yields a proof of - - f. By the
cut-elimination theorem, however, the sequent - - f has a proof without cuts.
Thus, the last inference rule of this proof must be either an introduction rule
or a structural rule. Generally, there is no introduction rule for f on the right.
Also, the structural rules will not yield a provable sequent either. Thus, there
can be no cut-free proof of - - f: hence, a formula and its negation cannot
both be provable.

The success of proving the cut-elimination theorem also signals that certain
aspects of the logic’s proof system were well designed. For example, logical
connectives generally have left and right-introduction rules when using two-
sided sequents. If we think of a sequent as describing a sheet of paper with the
assumptions listed at the top of the page and the conclusion at the bottom,
then the left and right-introduction rules yield two senses to how connectives
are used within a proof. In particular, the left-introduction rules describe how
we argue from formulas, while the right-introduction rules describe how we
argue to formulas. For example, the DR rule in Figure 3.4 describes how one
uses hypothetical reasoning to prove the formula B D C while the DL rule
shows that we use B D C as an assumption by attempting a proof of B and
by attempting the original sequent again, but this time with the additional
assumption C' added to the set of hypotheses. Of course, if we consider the
model-theoretic semantics of the connectives, they usually have only one sense:
for example, BAC is true if and only if B and C are true. The cut-elimination
theorem implies that the two senses attributed to a logical connective work
together to define one logical connective. We return to this aspect of cut
elimination in Sections 4.2 and 5.6.

When formulas do not involve higher-order quantification, a formula occur-
ring in a sequent in a cut-free proof is always a subformula of some formula of
the endsequent. This invariant is the so-called subformula property of cut-free
proofs. When searching for a proof, one needs only to choose how to rear-
range subformulas of the endsequent: of course, instantiations of a quantified
formula must also be considered to be subformulas of that quantified formula.
In the first-order setting, all proper subformulas of a given formula have fewer
occurrences of logical connectives. Thus, having proofs restricted to arrange-
ments of subformulas is an interesting and powerful restriction. In contrast,
cut elimination in the higher-order setting does not guarantee the subformula
property since instantiating a predicate variable can result in formulas with
more occurrences of logical connectives than the formula into which the predi-
cate variables were instantiated. This aspect of higher-order logic is illustrated
in Section 9.1.
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Note that the Frege proof of f D w in Figure 3.1 does not satisfy the
subformula property: in particular, none of the formulas appearing in that list
of formulas is a subformula of f D w except for the conclusion of that proof.

When one attempts to use the sequent calculus to formalize proofs of math-
ematically interesting theorems, one discovers that the cut rule is one of the
most frequently used inference rules. Eliminating cuts in such proofs would
yield huge, low-level proofs where all lemmas are “in-lined” and reproved at
every instance of their use. Cut-free proofs can thus be huge objects. For
example, suppose one uses the number of sequents in a proof to measure its
size. In some cases, cut-free proofs are hyperexponentially bigger than proofs
allowing cut (see Exercise 2.3 for a similarly explosive growth). Thus, sequents
with proofs of relatively small size can have cut-free proofs that require more
inference rules than the number of sub-atomic particles in the universe. If
a cut-free proof is actually computed and stored in some computer memory,
the theorem that that proof proves is likely to be mathematically uninter-
esting. This observation does not disturb us here since we are interested in
cut-free proofs as tools for describing computation. Cut-free proofs are nei-
ther illuminating nor readable; instead, they are structures more akin to the
classic notion of Turing machine configurations. They provide a low-level and
detailed computation trace.

Encoding a computation as a cut-free proof can be superior to encoding
it via Turing machine configurations since there are several profound ways to
reason with actual proof structures. For example, assume that we have a cut-
free proof of the two-sided sequent P G for some logic, say, X. As we shall
see, in many approaches to proof search, it is natural to identify the left-hand
context P with a (logic) program and G as the goal or query to be established.
A cut-free proof of such a sequent is then a trace establishing this goal from
this program. Now assume that we can prove P’ =T P where P’ is some other
logic program and F7 is provability in X, which is some strengthening of X
in which, say, induction principles are added (as well as cut). If the stronger
logic satisfies cut elimination, P’ + G has a cut-free proof in the stronger
logic X*. If things have been organized well, it can then become a simple
matter to see that cut-free proofs of such sequents do not make use of the
stronger proof principles and, hence, P’ = G has a cut-free proof in X'. Thus,
using cut-elimination, we have been able to move from a formal proof about
programs P and P’ immediately to the conclusion that whatever goals can
be established for P can be established for P’. The ability to do such direct,
logically principled reasoning about programs and computations is a valuable
feature of the proof search paradigm.
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3.8 Bibliographic notes

In this chapter, we have presented a broad overview of sequent calculus proof
systems. In subsequent chapters, we will present specific sequent calculus
proof systems for classical, intuitionistic, and linear logics.

Kleene [1952] presents a detailed analysis of the permutability of inference
rules for classical and intuitionistic sequent calculus proof systems.

Statman [1978] showed that there exists a sequence Hy, Hi, Ho,... of
theorems of first-order classical logic such that the size of H,, and the size of
a sequent calculus proof (with cut) of H,, are linear in n, while the size of the
shortest cut-free proof of H,, is hyperexponential in n. Here, the hypererpo-
nential function can be defined as h(0) = 1 and h(n + 1) = 2",

The main proof systems presented in this book will have a cut-elimination
theorem. We shall prove the cut-elimination theorem for these proof systems
using the nonstandard technique of proving them for focused instead of un-
focused proof systems. Several good references exists for the more standard
approach of proving the cut-elimination theorem of unfocused proof systems.
The original proof in Gentzen [1935] is a good place to read about proving this
result for classical and intuitionistic logics. The textbooks by Gallier [1986],
Girard et al. [1989], Negri and von Plato [2001], and Bimbdé [2015] provide
more modern presentations. Still more novel and metalevel approaches to
proving cut-elimination can be found in Pfenning [2000], Miller and Pimentel
[2004], and Miller and Pimentel [2013].



Chapter

Classical and intuitionistic
logics

Classical and intuitionistic logics provide the foundation to many logic-based
computational tools, such as interactive and automatic theorem provers, logic
programs, model checkers, and programming language type systems. There
are several ways to describe the difference between these two logics, including
the following.

1. Intuitionistic logic results from admitting only those proofs that can
be seen as providing constructive evidence of what is proved. Classical
logic admits these proofs and others that need not be constructive. For
example, classical logic admits the axiom of the excluded middle as a
proof principle, even though there might not be a constructive way to
tell whether a formula or its negation holds.

2. The semantics of intuitionistic logic can be based on possible world se-
mantics or Kripke models (see Kripke [1965] and Troelstra and van Dalen
[1988]). In such models, standard classical models are called worlds.
These worlds are arranged in a tree structure. A path in such a tree
represents a possible evolution of truth in those worlds. In such models,
an implication is true in a given world if it is true in all worlds to which
it evolves.

Gentzen provided an entirely different characterization of the differences
between classical and intuitionistic logic that involved the role of structural
inference rules within the sequent calculus. This characterization plays an
essential role in this book. A careful reading of Gentzen’s characterization
will help us motivate the introduction of linear logic in Chapter 6.

This chapter presents sequent calculus proof systems for classical and in-
tuitionistic logics that are small variations of the LK and LJ proof systems in
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Gentzen [1935]. After presenting some basic properties of those proof systems,
we highlight some issues that arise when systematically searching for proofs
in those proof systems.

Exercise 4.1.(f) Prove that there are irrational numbers, a and b, such
that a® is rational. An easy, non-constructive proof starts with the observa-

tion that ﬂﬁ is either rational or irrational (an instance of the excluded
middle). Complete that proof. Can you provide a constructive proof of this
statement?

4.1 Classical and intuitionistic inference rules

Both intuitionistic and classical logics will use the same connectives: in par-
ticular, the signature of logical connectives, >._;, for both of these logics is

{f:o,t:0,A:0—>0—0,V:io—0—0,D:0—0—0}U
{V::(t—0) —0,3:: (1 —>0) = o|TeS\{o}}

Here, the set of primitive types S is assumed to be fixed and to contain the
type o. This signature is a first-order signature over the sorts S\{o} (see
Section 2.3). If we use {o} for S, then this signature does not contain any
quantifiers and is, therefore, the signature for a propositional logic.

Our proof systems for provability in classical and intuitionistic logics use
sequents of the form X:I' - A, where both I' and A are multisets of X-formulas.
The introduction, identity, and structural rules for this proof system are given
in Figure 4.1, 4.2, and 4.3, respectively. Of the four inference rules with two
premises, DL and cut are multiplicative, while AR and VL are additive.

The left and right-introduction rules for t and f can be derived from the
binary connective for which they are the unit. In particular, the AR has two
premises for the binary connective. The n-ary generalization of the AR will
have n premises. Since t is the unit for A, we can interpret it as the 0-ary
conjunction. Thus, the tR rule has zero premises. Furthermore, the n-ary
version of the AL rule has n instances, one for each of its n conjuncts. Thus,
there is no left-introduction rule for t since it is the 0-ary version of A. The
dual argument illustrates how to derive the introduction rules for f from the
rules for V.

Provability in classical logic is given using the notion of a C-proof, which
is any proof using inference rules in Figure 4.1, Figure 4.2, and Figure 4.3.
Provability in intuitionistic logic is given using I-proofs, which are C-proofs
in which the right-hand side of all sequents in a given proof contains exactly
one formula: i.e., they are single-conclusion sequents. A proof system that
can only use such restricted sequents is called a single-conclusion proof system.
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Y:B,I'FA Y:uC,THA
AL AL — tR
uBANCTEHA Yu:BANCTFEA YuTHEAt

YuB,I'FA Y:C,'FA YuTI'FAB YuT'FAC

VL AR
Y:BVCOTHEA S:THA BAC
Yu:T'FAB YuT'FAC
—— fL VR VR
YuILfFA »:THABVC »u:THA BVC
YlEt:T YuT,B[t/z] F A Y,y:7:TF A Bly/z]
VL
YuILW.z.BEA uTHAV,z.B
Y,y:7:I,Bly/z] F A SlHt:T YT HFA, B[t/z]
L JR
YuId,xa BFA Yu:THFA 32 B
»uIh+HA,B XiuC,T'o bk Ay Y:B,T'HFAC

DL DR
YuBDC T, I'sF Ay, As Yu:I'FA,BDC

Figure 4.1: Introduction rules.

Y»:I'hM+A,B YiuB,ToF Ay
———— init cut
Y:BFHB ZZ:Fl,FQI_Al,AQ

Figure 4.2: Identity rules.
uTHFA YuTHA
———— wL —————— wR
Y:I,BFA Y»:THAB
»:I',B,BFA Y»:THFAB,B
L
S«T.BFA © S:T+A B

cR

Figure 4.3: Structural rules: contraction and weakening.
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When no such restriction is imposed on sequents (as in C-proofs), such a proof
system is called a multiple-conclusion proof system.

Let 3 be a given first-order signature over the primitive types in S, let A
and I' be finite multisets of ¥-formulas, and let B be a Y-formula. We write
3 Ak T if the sequent X :: A T has a C-proof. We write X :: A B if the

sequent X :: A F B has an I-proof.

The restriction on I-proofs (that all sequents in the proof have singleton
right-hand sides) implies that I-proofs do not contain occurrences of structural
rules on the right (i.e., no occurrences of cR and wR) and that every occurrence
of the DL rule and the cut rule are instances of the following two inference
rules.

Y»:In+B YuCIZHE Y:Ih"+B YuBIYyyHE
DL cut
»:BO>CTI, I E Yo', ILZFE

That is, the formula on the right-hand side of the conclusion must move to
the right premise and not to the left premise. These observations can give an
alternative characterization of I-proofs.

Proposition 4.2. Let = be a C-proof of ¥ =1+ B. Then Z is an I-
proof if and only if 2 contains no occurrences of either cR or wR and, in
every occurrence in = of an DL and a cut rule, the right-hand side of the
conclusion is the same as the right-hand side of the right premise.

Proof. The forward direction is immediate. Thus, assume that the C-proof
= of ¥ :: ' - B satisfies the two conditions of the converse. We proceed by
induction on the structure of proofs. Consider the last inference rule of Z.
If that rule is an instance of the init, tR, or fL rules, the conclusion is im-
mediate. Otherwise, if that last inference rule is an instance of either DL or
cut, then, given the inductive restrictions, the premises have proofs satisfying
the same restrictions, namely that the two premises are single-conclusion se-
quents. Thus, by the inductive assumption, the proofs of the premises must
be I-proofs. The inductive argument holds trivially if the last rule of = is any
other inference rule (the wR and cR rules are not possible). O

This alternative characterization of I-proofs as restricted C-proofs prefig-
ures two important features of linear logic (Chapter 6). The first condition
(on the absence of wR and cR) means that the contexts used to describe intu-
itionistic logic are hybrid: the left-hand-side of sequents allows structural rules
while the right-hand-side of sequents does not. This hybrid use of contexts
will be exploited in richer ways in linear logic. The second condition means
that something special is hidden in the intuitionistic implication and, as we
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4 A
init
B+-B
—— wR
Bt B, f
—— DR
-B,BOf
VR
FB,BV(BDf)
FBvV(BD>f),BV(BD>f)
FBV(BDI)

VR
cR

Figure 4.4: A C-proof of the excluded middle.

shall see in Section 6.2, that special feature is captured by the ! exponential
of linear logic.

Gentzen’s formulation of sequent calculus treated negation as a logical
connective. However, when we write the negation of a formula, =B, we shall
mean B D f. We return to these two different treatments of negation in
Section 4.5.

A formula of the form BV —B is an example of the excluded middle: in
terms of truth values, B is either true or false, and there is no third possibility.
Figure 4.4 contains a C-proof of this formula.

A slight variation of this proof yields a C-proof of BV (B D C) for any
formulas B and C.

Exercise 4.3. (%) Provide proofs for each of the following sequents. If an
I-proof exists, present that proof. Assume that the signature for non-logical
constants is Yo ={p:0, q:0, r:i— o0, $:1—1—0, a:i, b:i}.

1. (pA(PD @ A(PAgDT)) DT 5. (P29 >p)Dp

2. (p D q) D(—q D -p) 6. (ranrb>q)D3Ix.(rxDq)
3. (m¢D-p)D(pDQq) 7. yNe.(rzDry)
4. pV(pDaq) 8. VaxNy.(s x y) DVz.(s z z)

Exercise 4.4.(1) Take the formulas in Ezercise /.3 which have C-proofs but
no I-proofs and reorganize them into I-proofs in which appropriate instances
of the excluded middle are added to the left-hand context. For example, give
an I-proof of the sequent ¥ ::r aV —r at (raAr bDq)D3z.(rxDq).
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Exercise 4.5.(1) Let A be an atomic formula. Describe all pairs of for-
mulas (B, C) where B and C' are different members of the set

{A, —|A’ ﬁﬂA, —\ﬁ—\A}

such that B = C has a C-proof. Make the same list such that B - C has
an I-proof.

\. J

g )

Exercise 4.6. The multiplicative version of AR is the inference rule

YuThF B, A Yulo b C, Ay
Yul,I'oF BAC, A1, Ay

Show that a sequent has a C-proof (resp. I-proof) if and only if it has one in
the proof system that results from replacing AR with the multiplicative ver-
sion. Stmilarly, consider the multiplicative version of the VL rule, namely,
ZZ:B,F1|—A1 EI:C,FQFAQ
YuBVC T, I'sF A, Ay

Show that a sequent has a C-proof if and only if it has a C-proof where the
additive VL is replaced with this multiplicative rule.

\

The notion of provability based on sequents given in this section differs
slightly from common presentations of classical and intuitionistic logic found
in, say, Gentzen [1935], Prawitz [1965], Fitting [1969], and Troelstra [1973].
Those presentations do not make the eigenvariable signatures explicit, and
substitution terms (the terms used in VL and JR) are not constrained to
be built from such signatures. The following example illustrates the main
difference. Let S be the set {i,0} of two sorts and let Xy, the signature of
non-logical constants, be just {p:i — o}. Now consider the sequent

-u Vi (p x) B 3z (p ).

This sequent has no proof even though 3,z (p =) follows from V;x (p x) in the
traditional presentations of classical and intuitionistic logics. This difference
is because there are no {p:i — o}-terms of type i: that is, the type i is
empty in this signature. Thus, we need the following additional definition.
The signature > inhabits the set of primitive types S if, for every 7 € S
different than o, there is a Y-term of type 7. When X inhabits S, the notion
of provability defined above coincides with the more traditional presentations.
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The sequent calculus proof systems for classical and intuitionistic logics
will be used as the standard by which we shall judge other proof systems.
This comparison is broken into two parts called soundness and completeness.
In particular, assume we have a sequent proof system called ). We say that )
is sound for classical logic if every sequent I' = B provable in ) is also provable
in classical logic (i.e., I' - B has a C-proof). Conversely, ) is complete for clas-
sical logic if every sequent I' = B with a C-proof also has a ) proof. Soundness
and completeness for intuitionistic logic are stated similarly by using I-proofs
instead of C-proofs. For example, Gentzen’s theorem (Theorem 4.13) about
eliminating the cut rule can be seen as a completeness theorem for the proof
system that results from removing the cut rule from the rules for C-proofs. It
is worth noting that since p V (p D ¢) has a C-proof but no I-proof, it is the
case that I-proofs are not complete for C-proofs and that C-proofs are not
sound for I-proofs.

Exercise 4.7.(1) Assume that the set of sorts S contains the two tokens i
and j and that the only non-logical constant is f:1 — j. In particular, as-
sume that no constants of type i are declared in the non-logical signature. Is
there an I-proof of (3;x t)V(V;y3;x t)? Under the same assumption, does the
formula (32 t)V (Vix f) have a C-proof? An I-proof? What comparison can
you draw between proving this formula and the formula in Ezxercise 4.3(4)?

\. J

As we noted at the beginning of this chapter, there are many ways to
describe the difference between classical and intuitionistic logics. The following
exercise contains yet another way to present this difference.

7

Exercise 4.8.(f) Consider adding the rule (taken from Gabbay [1985])

:T'+B
————— restart

Yul'FC

to I-proofs. This rule has the proviso that on the path from the occurrence
of this rule to the root of the proof, there is a sequent with B as its rTight-
hand side. The spirit of this rule is that during the search for a proof of
single-conclusion sequents, one can ignore the right-hand side of a sequent
(here, C') and restart an attempt to prove a previous right-hand side (here,
B). Prove that a formula has a C-proof if and only if it has an I-proof with
the restart rule added.
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4.2 The identity rules and their elimination

As it turns out, almost all forms of the identity rules can be eliminated from
proofs without losing completeness in both classical and intuitionistic logics.
In particular, all initial rules involving non-atomic formulas and all cut rules
can be eliminated.

An occurrence of the initial rule of the form X :: B -+ B is an atomic initial
rule if B is an atomic formula. A proof is atomically closed if every occurrence
of the initial rule in it is an atomic initial rule. In classical and intuitionistic
logics, we can restrict the initial rule to be atomic initial rules.

Theorem 4.9. If a sequent has a C-proof (resp, an I-proof) then it has
a C-proof (resp, an I-proof) in which all occurrence of the init rule are
atomic initial rules.

Proof. We need to prove that every sequent of the form B - B has a proof
containing only atomic initial rules. We proceed by induction on the structure
of B. Consider the cases where B is of the form B; D By and of the form
V,x.Bx and consider the following two derivations.

B+ B By F By Yy:17: Byl By

DL

Bl,BlDBQFBQ E,y:T:ZVT.%'.BLL‘FBy
DR

B DBy By D By YuVyx.Br V. x.Bx

VL
VR

Clearly, in these two cases, one instance of an initial rule can be replaced by
other instances of the initial rule involving smaller formulas. Applying the
inductive hypothesis on the premises of these derivations completes the proof
for these cases. We leave the remaining cases to the reader to complete. [

The fact that the initial rules involving non-atomic formulas can be re-
placed by introduction rules and initial rules on subformulas is an important
and desirable property of a proof system. However, atomic initial rules cannot
be removed from proofs. Atoms are built from non-logical constants, such as
predicates and function systems, and their meaning comes from outside logic.
In particular, we shall eventually introduce logic programs to provide methods
for proving atomic formulas that specify how to sort lists and represent tran-
sition systems. Although the logical constants have a fixed meaning given by
proof systems, the non-logical constants that form atoms (predicate symbols)
are the plugs for programmers to impact the development of proofs (we turn
our attention to logic programs in the next chapter).

The cut rule can also be restricted to atomic formulas, although it is more
complex to prove that restriction. For example, consider the following occur-
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rence of the cut rule.

=1 =9
YuIhE B, AT YuT9, BFE A,
PINS Fl,rg H Al,AQ

cut

To argue that this cut can be eliminated, we need to consider the many cases
that might arise when examining the last inference rule in both the Z; and
=9 subproofs. Ultimately, we hope to rewrite the proof displayed above into
another proof of the same endsequent in which the last inference rule is no
longer the cut rule. We highlight only those cases where the last inference rule
in = is the right-introduction rule for B and =3 is the left-introduction rule
for B.

Consider a proof that contains the following cut with a conjunctive formula
in which the two occurrences of that conjunction are immediately introduced
in the two subproofs to cut.

=1 E =3
E::Fll—Al,Al E::Fll—Ag,Al EZZFQ,Ai}—AQ

AR AL
YulhH AL ANAs, Aq Yulg, A1 ANAg Ay

E::Fl,FQ'_Al,AQ

cut

Here, ¢ is either 1 or 2. This derivation can be rewritten to

—_ —_
= =3

E::Fll—Ai,Al 2::F27AZ'|_A2
IR Fl,rg H Al,Ag

cut.

In the process of reorganizing the proof in this manner, either =y or =5 is
discarded, and the new occurrence of cut is on a strict subformula of A1 A As.
Consider a proof that contains the following cut on an implicational for-
mula and where the two occurrences of that implication are immediately in-

troduced in the two premises of the cut.

=i E2 E3
Z::Fl,All—AQ,Al E::FQI—Al,AQ Elirg,Agl—Ag
DR
YT A D Ag, Aq YTy, I's, A1 D As - Ag, Ag
Yl T, T Ay, Ag, Ag

DL

cut

This derivation can be rewritten to
o =1
Yulob A1, Ay XN uTq, A1 Ag, Ay ot =
Yul, ok A, Ag, As Y3, As b+ Ag
Yy, I, I'sH Ay, Ag, Ag

cut
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In the process of reorganizing the proof in this manner, the cut on A; D A, is
replaced by two instances of cut, one on A; and the other one As.

Consider a proof that contains the following cut with V in which the two
occurrences of that quantifier are immediately introduced in the two subproofs
to cut. Recall that the formula VYz.Bz is an abbreviation for (V(Azx.Bx)),
which, in turn, is n-convertible to just VB. Hence, an instance of this quantifier
can be written as (Bt).

El E2
Z,x::I‘ll—Bx,Al E::FQ,BtI—AQ
VR VL
YuI'y FVa.Bx, Ay Yul'y,Ve.Bx b Ay

2 I Fl,rg F Al, AQ

cut

Here, t is a X-term. By Exercise 4.20, the proof Zy of ¥,z :: 'y F Bx, Ay can
be transformed into a proof Z of ¥ ::T'; F Bt, A; (notice that  is not free in
any formula of I'; and A nor in the abstraction B). The above instance of
cut can now be rewritten as

=/ —_
—1 =2

Z::Fll_Bt,Al ZZ:FQ,Btl—AQ
IR Fl,FQ H Al,AQ

cut.

Exercise 4.10. Repeat the above rewriting of cut inference rules when the
cut formula is f, a disjunction, or an existential quantifier.

Consider a proof that contains the following cut with t in which the left
premise is proved with the tR.

—_
—

E::Fll—t,Al Eltrg,tl—AQ
PIR Fl,FQ F Al,AQ

cut

Since there is no matching left-introduction rule for t, the elimination of this
cut is different from those proceeding. This proof can be changed to remove
this cut occurrence entirely as follows. First, the proof = of ¥ :: 'y, t = Ay can
be rewritten to the proof Z’ of ¥ ::T'y = Ay by removing the occurrence of t in
the endsequent and, hence, all the other occurrences of t that can be traced
to that occurrence. (See Exercise 4.19.) Furthermore, = can be transformed
to a proof 27 of ¥ :: T'1,I's F Ay, Ay by simply adding weakening rules to it.

" contains one fewer instances of the cut-rule than the original

The proof =
displayed proof above.
The above rewriting of cut rules suggests that each of the logical connec-

tives, in isolation, has been given the appropriate left and right-introduction
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rules. As mentioned in Section 3.7, each logical connective is given two senses:
a small collection of right-introduction rules provides the means to prove a
logical connective and a small collection of left-introduction rules provides
the means to argue from a logical connective as an assumption. The cut-
elimination procedure (partially described above) and the non-atomic-initial-
sequent elimination procedure provide some justification that these two senses
belong to the same connective.

Exercise 4.11.(%) Define a new binary logical connective, written <, giving
it the left-introduction rules for A but the right-introduction rules for V.
Can cut be eliminated from proofs involving ©¢ Can init be restricted to
only atomic formulas? Prior [1960] called this connective “tonk.”

Sometimes, cuts can be permuted locally, although they cannot be elimi-
nated globally. Consider adding to the C-proof system a definition mechanism
for propositional formulas (the restriction to propositional formulas is only to
simplify the presentation). Specifically, let D be a finite set of definitions which
are pairs A := B of a propositional symbol A and a propositional formula B.
Also, add to the proof system in Section 4.1 the following two introduction
rules for defined atoms (assuming the definition A := B is a member of D).

T,BFA T'-A,B

e, ———d
T AFA TN e

Note that locally, the cut rule interacts well with these two introduction rules.
For example, if the cut formulas in the premise of a cut rule are immediately
introduced by these definition rules, we can have the following derivation.

Ih+-A,B 'y, BE Ag
——  defR ——  defL
I'EALA 'y, A Ay
cut
[',Ta A A

The cut rule can be applied to the premises of defR and defL as follows.

I'h+A,B 'y, BE Ay
I, Ta = Ay Ay

cut

In this case, one instance of cut on the atomic formula A is replaced by another
instance of cut on the possibly larger formula B. Without further restrictions
on the class of formulas allowed in definitions, cuts cannot be eliminated.
The following exercise illustrates that a logic extended with definitions can be
inconsistent.
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Exercise 4.12.(f) Let p be a non-logical constant of type o. Let D contain
Just the definition p := (p D f). Show how it is possible to write proofs
without the cut rule for both p = f and & p. [Hint: the cR rule is needed.]
As a consequence, there is a proof with a cut of + f. Describe what happens
when one attempts to eliminate the cut in this proof of f.

4.3 Cut elimination and its consequences

A proof is a cut-free proof if it contains no occurrences of the cut rule. The
main theorem in Gentzen [1935] is the following.

Theorem 4.13 (Cut-elimination). If a sequent has a C-proof (respectively,
I-proof) then it has a cut-free C-proof (respectively, I-proof).

We will eventually prove cut-elimination theorems for focused versions of
sequent calculi: Theorem 5.28 proves this result for a fragment of intuition-
istic logic, and Theorem 7.15 proves it for linear logic. A consequence of
those theorems is cut-elimination theorem for unfocused proof systems: see
Theorems 5.30 and 7.19.

4.3.1 The duality of cut and initial

We mentioned in Section 3.2.2 that the initial and cut rules express dual
aspects of . To illustrate that, let ¥ be some signature and T be the set
of formulas B O B such that B is a X-formula. The init rule can prove all
members of 7. On the other hand, the cut rule can be seen as using members
of this set as an assumption. In particular, a cut-inference rule can be replaced
with an DL rule as follows.

Y:THAB B, IVEA Y:THA,B B, IVEFA

. / / cut . ; ; DL
YuIIVFAA X:BO>BII'FAA

Thus a proof of ¥ :: '+ A can be converted to a cut-free proof of ¥ :: 7', T
A, where T’ is a finite subset of 7. Thus, init provides (cut-free) proofs
of members of T, and cut provides cut-free proofs using members of T as
assumptions.

4.3.2 Eliminating cuts can cause a size explosion

The following example illustrates that a proof without cuts can be much larger
than a proof with cuts of the same sequent. Fix the non-logical signature to be
{a:i, f:1 — i,p:i — o}. The notation (f™ t) denotes the term that result from
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n applications of f to the term ¢: i.e., (f (f ... (ft)...)), where there are n
occurrences of f applied to ¢t. Let P be the multiset {p a,Vz.(p x D p (f z))}.
Clearly, the sequent P F p(f™a) is provable for all n > 0. For example, the
following cut-free proof proves that p(f(f(f a))) is a consequence of P.

Ptpa  P,p(fa)kF p(fa)
P,pa D p(fa)F p(fa)

P+ p(fa) P,p(f*a) - p(f?a)
P,p(fa) D p(f?a) - p(f*a)
P+ p(f%a) P,p(f3a) - p(fa)
P,p(f?a) D p(fPa) - p(fia) ;
P+ p(fia)

The key inference steps in this proof, marked with { involve cL and VL. This
style of proof could be generalized so that proving p(f™a) involves n instances
of this combination of rules.

~ w

Exercise 4.14. Show that the shortest cut-free I-proof of P & p(f"a) has
height that is linear in n. Here, the height of a proof is the mazimum
number of occurrences of inference rules on a path from an initial rule to
the endsequent.

\

7

Exercise 4.15.(1) Show that it is possible to have proofs with cut of p(f?"a)
from P whose height is linear in n instead of in 2™ (as in the cut-free proofs
mentioned in Ezercise j.1/). Do this by proving a series of lemmas when
constructing that proof.

\. J

A consequence of these two exercises is that moving from a proof with cuts
to a proof without cuts can make proofs grow (at least) exponentially bigger.

4.3.3 Logical equivalence

Another consequence of the cut-elimination theorem is that it justifies the com-
mon practice of manipulating formulas by replacing subformulas with equiva-
lent ones.

The expression B = C' is an abbreviation for (B D C) A (C D B). Two
Y-formulas B and C' are equivalent in classical (resp., intuitionistic) logic if the
sequent ¥ :: - = B = C is provable in classical (resp., intuitionistic). Clearly,
if two formulas are equivalent in intuitionistic logic, they are equivalent in
classical logic. The converse is, however, not true. For example, pV (p D q) is
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4 )

YuO=<xE Y:DXxF YuCOCxE Y:DXFE

Y:CxxC Y:CAND<EANF Y:CVD~<xEVF
YulCxxE Y:DxF z:7,5:CxD z:7,n:CxD
YX:COD<EDF YuVer.CxVex. D Yo3,z.Cirxdz.D
1
Y Af < BO

The variables C, D, E, and F' are quantified per inference rule. Also,
A and B are fixed S-formulas for which we have proved ¥ + A = B.
The proviso t requires that 6 is a substitution of the variables in 3 with
>.-terms.

Figure 4.5: The inductive definition for replacing some occurrences of
A with B within a formula.

classically equivalent to (p D p)Vg, but these are not equivalent in intuitionistic
logic.

Equivalences can rewrite one logical formula to another logical formula so
that equivalence is maintained. Thus, algebraic-style reasoning can be done on
formulas. Sequences of rewritings provide a flexible way to prove equivalences
without the explicit need to use the sequent calculus.

A common way to define the replacement of a subformula occurrence within
a formula is to introduce a syntax such as C[A] and to think of C[(J] as a formula
with possibly several occurrences of the hole [. In that setting, if the formulas
C and D can be written as C[A] and C[B], respectively, then we say that D
results from replacing zero or more occurrences of the subformula A in C with
B in D. Another definition is available via the inductive definition given by
the proof system in Figure 4.5. Let C' and D be Y-formulas. We say that
D arises from replacing zero or more subformula occurrences of A in C' with
the formula B if ¥ :: C' > D is provable. Note that we use X as a binding
mechanism for variables in the same style as we used ¥ to bind eigenvariables
in sequents.

Proposition 4.16. Let A and B be S-formulas such that £ -+ A= B is
provable in classical (resp., intuitionistic) logic. If ¥ :: C >1 D is provable
using the rules in Figure 4.5, then ¥ - = C = D is provable in classical
(resp., intuitionistic) logic.
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Proof. Let A and B be $-formulas and assume that A = B is provable in, say,
intuitionistic logic. Hence both S:AF Band X BF A have I-proofs. Also,
assume that > :: C > D is provable using the inference rules in Figure 4.5.
The proof of this proposition follows from a straightforward induction on the
structure of such proofs. We illustrate one case. Assume that the last rule
involved implications: thus, C'is ¢/ D C” and D is D’ D D" and we know
that ¥ :: €' >1 D’ and X :: C” < D”. The proof that X:C' D C" = D' > D" is
built with the following derivation

S:D'FC X:C"F D"
YzC'>C", D'+ D"
Y>:C'>C"+D' > D"

DL
DR

and with the proofs that are guaranteed by the inductive hypothesis applied
to the proofs of X::C’ 1 D’ and ¥::C” <t D”. This style argument also applies
to the other connectives. There are two base case, one of which is immediate
and the other is 3 :: A0 1 Bf. In that case, we use the result in Exercise 4.20
to transform I-proofs of S:AFBand $:BF A, into I-proofs of 1:: A0 + Bo
and X :: B - Af. If we substitute classical for intuitionistic provability, this
argument remains the same. O

Although we occasionally use such reasoning by logical equivalence, we
shall not incorporate equivalences into any inference rules within sequent cal-
culus proof systems.

4.3.4 Invertible introduction rules

The cut-elimination theorem can prove that certain inference rules are invert-
ible. As defined in Section 3.5, an inference rule is invertible if, whenever its
conclusion is provable, all of its premises are provable.

Proposition 4.17. The inference rules tR, VL, AR, fL, VR, L, and DR
from Figure /.1 are invertible.

Proof. The invertibility of tR and fL is immediate. To show that the DR rule
is invertible, let = be a C-proof of I' F B D C, A and consider the following
proof involving =.

init init
_ B+B ckHC
= DL
I'EB>C,A BBO>CFHC
cut

I''BF-C,A
— DR
'-B>CA
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If we apply the cut-elimination procedure to this proof, only inference rules
above the cut are affected: in particular, the result of eliminating the cut will
yield a proof that ends with the introduction of B O C. In this way, we have
used cut-elimination to transform = into a proof that immediately introduces
an occurrence of D, thereby proving the invertibility of DR O

Exercise 4.18. (1) Repeat the argument above to prove the invertibility of
VL, AR, VR, and 3L.

4.4 Derivable and admissible rules

Let us call the inference rules used to present a proof system the primitive
rules of the system: for example, the primitive rules for C-proofs are given in
Figures 4.1, 4.2, and 4.3. A derivable rule is an inference rule that can be seen
as being built from possibly several primitive rules. For example, the inference
rule

YuI'B; - A

YuD,BiANBsA---ANB,FA

is derivable from C-proof primitive rules for any values of n > 2 and 1 <
i <n. (Recall from Section 2.4 that we assume that A associates to the left.)
Eventually, in Section 5.7, we introduce the concept of synthetic inference
rules. These rules are derived from primitive rules by leveraging the structure
of focused proof systems.

An inference rule is admissible if adding it to the collection of primitive
inference rules does not change the collection of provable sequents. In all the
cases we encounter here, we prove that a given inference rule, say

S, .- S,
So

)

where n > 0 and Sp,...,S, are sequents, is admissible by describing how to
take proofs of S1,...,.5, and produce a proof of Sy. Clearly, a derivable infer-
ence rule is an admissible inference rule. However, showing the admissibility of
an inference rule is generally more involved than simply assembling primitive
inference rules.

Cut elimination can be rephrased using the notion of admissibility. In
particular, let C~ be the same as the C proof system except that the cut rule
is dropped. Theorem 4.13 implies that the cut rule is admissible in the C™
proof system.

The following two exercises illustrate two additional examples of admis-
sible inference rules for C-proof and I-proof systems. The structural rule of
weakening allows for adding a formula into the left or right side of sequents
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(reading the inference rule from premise to conclusion). A strengthening rule
is an inference rule that allows for deleting a formula from either the left or
right side of a sequent. In general, strengthening is not an admissible rule. The
following exercise provides a trivial instance of when strengthening is possible.

Exercise 4.19. Show that if there is a C-proof (resp., an I-proof) of ¥ ::
I, t+ A then there is a C-proof (an I-proof) of ¥ =T F A.

The following inference rule resembles the cut rule but at the level of terms.

YlFt:T Yx:T:ART
Y Aft/z] FT[t/x]

instan

The following exercise states that this rule is admissible.

~ a

Exercise 4.20. Let = be a C-proof (resp., I-proof) of ¥,z :7:TF A and
let t be a X-term. The result of substituting t for the bound variable x in
this sequent and the bound variables corresponding to x in all other sequents
in 2 yields a C-proof (resp., I-proof) Z' of the sequent ¥ : T[t/z] = Alt/x].

/

The arrangement of inference rules in = and in =’ are the same.

4.5 Negation, false, and minimal logic

Our formalization of classical and intuitionistic provability using C-proofs and
I-proofs is essentially the same as Gentzen’s formulation of these logics using
the LK and LJ proof systems. One difference between these proof systems
is that Gentzen did not include the units t and f within his sequent calculi,
while he did include negation as a logical connective. Thus, his proof systems
included left and right-introduction rules for negation: in particular, both LK
and LJ contained the rules

't B,A I,BFA

— =L and e
-B,TFA T -B,A

R.

These inference rules cannot be added directly to I-proofs since the =L rule
cannot work with the requirement that exactly one formula is on the right-
hand side. Gentzen’s intuitionistic proof system LJ is defined as a restriction
on LK in which all sequents have at most one formula on the right. With that
restriction, an occurrence of the =L rule is restricted, so its conclusion has an
empty right-hand side. Instances of wR can also appear in Gentzen’s version
of LJ proofs.
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Exercise 4.21. Minimal logic is sometimes defined as intuitionistic logic
without the ex falso quodlibet rule: from false, anything follows. Formally,
we define an M-proof as an I-proof in which the fL rule does not appear.
Since fL is the only inference rule for fin Figure 4.1, f is not treated as a
logical connective within M-proofs. In particular, let B be a formula and
let g be a non-logical symbol of type o that does not occur in B. Let B’ be
the result of replacing all occurrences of f in B with q. Show that B has an
M-proof if and only if B’ has an I-proof.

. J

The following lemma shows that the ex falso quodlibet inference rule is
admissible in I-proofs.

Lemma 4.22. If = is an I-proof of ¥ :: T' - f then for any X-formula B,
there is an I-proof Z' that has the same structure as = but which proves
»uT'+ B.

Proof. The proof is by induction on the structure of =. Essentially, some
occurrences of f on the right of sequents are changed to B. Ultimately, an
occurrence of a leaf sequent of the form IV, f F f is converted to I'V,f + B.
Another way to view this transformation of = to Z’ is to consider permuting
the following cut up into the left premise.

—_
—

—

—— fL
r-f frB

I'=B

cut
]

We can now show that Gentzen’s original LJ proof system, in which nega-
tion is a logical connective and where wR can appear, can be emulated directly
by I-proofs. Formally, define a G-proof to be a C-proof in which the rules
for negation above are allowed and where the right-hand side of sequents are
restricted to have at most one formula. We now show that every G-proof can
be directly translated to an I-proof in which negation is replaced by “implies
false.” To this end, define the mapping (B)° that replaces every occurrence
of =C' in B with C' D f. Similarly, we extend this function to multisets of
formulas: (I')° = {(B)° | B € I'}. Finally, we further extend this mapping to
work on sequents, as follows:

o [ (I)°F(A)° if Ais not empty
(THA) = { (T Hf if A is empty

Clearly, the image of a sequent in a G-proof is a sequent with exactly one
formula on the right-hand side.
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Proposition 4.23. FEvery G-proof of the sequent X2::I' = A can be converted
to an I-proof of the sequent ¥ = (I')° - (A)°.

Proof. All identity and introduction rules other than those for negation trans-
late immediately from G-proofs to I-proofs. The case for negation rules is
simple as well:

I'B — fL
— <L — [D{)°H(B)° fHf
-B,I'- DL

(B)° D f,(I)°Ff

T,Bt - (T)°, (B)° I-
T'+-B (T)° - (B)° > f

The only non-trivial change in proofs results when the G-proof ends with wR.
In that case, the G-proof inference rule

'k

—— wR

'-B

would allow us to conclude that the translation of the upper sequent, i.e.,
(T')° I f has an I-proof. By Lemma 4.22, we can conclude that (I')° F (B)°
has an I-proof. O

Thus, we can translate away Gentzen’s use of negation in such a way that
the role of wR in his LJ system can be absorbed into the fL rule. As a
result, we have a proof system—namely, I-proofs—for intuitionistic logic that
has neither weakening nor contraction on the right. Thus, I-proofs will have
the ex falso quodlibet rule while not having wR: the G-proof system, on the
contrary, has both the ex falso quodlibet rule and the wR rule.

Exercise 4.24.(1) Consider the following two inference rules.

I'B T'F-B IBF-C T,-BFC

explode excluded middle
Ir'+cC r=cC

(The names of these inference rules can be found in Kamide [2024].) Show
that the first of these rules is derivable using I-proofs (meaning that if
its two premises have I-proofs then its conclusion must have an I-proof).
Similarly, show that the second inference rule is derivable using C-proofs.
Of course, the negation =B is translated as B D f.
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4.6 Choices to consider during the search for proofs

Although Gentzen’s original calculus provides an excellent framework for prov-
ing that the cut rule can be eliminated, its direct application to computational
tasks presents several challenges. A primary hurdle is that when we consider
proof search as a computational model, Gentzen’s sequent calculus requires us
to explore numerous options at each step of proof construction. These multiple
choices arise in proof search in the following ways.

1. It is possible to use the cut rule to attempt a proof of any sequent.

2. The structural rules of contractions and weakening can always be applied
to make additional copies of a formula or to remove formulas.

3. A sequent may contain many non-atomic formulas, and we can generally
apply an introduction rule to each one.

4. One can also check if a given sequent is initial.

Some of these choices produce sub-choices. For example, choosing the cut rule
requires inventing a cut formula; choosing VR requires selecting a disjunct;
choosing AL requires selecting a conjunct; choosing VL or 3R requires choosing
a term t to instantiate a quantifier, and using the DL or cut rules require
splitting the surrounding multiset contexts into pairs (for which there can be
exponentially many splits).

However, all this freedom in searching for proofs is not needed, and greatly
reducing the sets of choices can still result in complete proof procedures. Most
of the choices above can be addressed as follows.

1. Given the cut-elimination theorem, we do not need to consider the cut
rule and the sub-problem of selecting a cut formula. Such a choice forces
us to move into a domain where proofs are more like computation traces
than witnesses of mathematical arguments (see the discussion in Sec-
tion 3.7). However, since our goal here is the specification of computa-
tion, we shall generally live with this choice.

2. Structural rules can often be built into inference rules. For example,
weakening can be delayed until the leaves of a proof, and it can be built
into the init rule. Also, instead of attempting to split the contexts when
applying the DL rule, we can use the contraction rule to duplicate all
the formulas and then place one copy on the left branch and one on the
right branch.

3. The problem of determining appropriate substitution terms in the VL
and dJR rules is a serious problem whose solution falls outside our inves-
tigations here. When systems based on proof search are implemented,
they generally use techniques such as employing logic variables and unifi-
cation to determine instantiation terms lazily. Although such techniques
are entirely standard, we shall not discuss them here.
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4. Although there is significant nondeterminism involved in choosing among
many possible introduction rules, that nondeterminism can be classified
as either don’t-know nondeterminism, where choices might need to be
undone in order to find a proof, and don’t-care nondeterminism, where
choices do not need to be undone.

An example of don’t-care nondeterminism is the choice of what order to
use invertible rules (as defined in Section 3.5): these rules can be used in any
order without losing completeness. Although non-invertible introduction rules
represent genuine choices (i.e., don’t-know nondeterminism) in the search for
proofs, we will also provide some structure to those choices in the next chapter.

4.7 Bibliographic notes

Natural deduction was introduced in Gentzen [1935]. Gentzen’s plan in that
paper was to use natural deduction to show that proofs in intuitionistic and
classical logics can be analytic, i.e., that they can be free of lemmas. Although
it seems clear that Gentzen knew how to use natural deduction to prove this
result for intuitionistic logic (see von Plato and Gentzen [2008]), he did not
see how to use natural deduction to prove this same result for classical logic.
Gentzen then invented the sequent calculus, and, in that setting, he provided
a single procedure that transforms any proof to a proof without lemmas, and
this procedure (called cut elimination) worked for both logics. From what we
have illustrated in this chapter, it is not surprising that natural deduction has
not served as a unifying framework for these two logics since (1) an essential
difference between sequent calculus proofs for classical and intuitionistic logics
is the presence or absence of contraction and weakening on the right, and (2)
natural deduction does not support those structural rules since the conclusion
of a natural deduction proof is always a single formula (even when applied to
classical logic).

There are many well-known proofs for cut-elimination for proof systems re-
sembling C-proofs and I-proofs. For the detailed proofs of such cut-elimination
theorems, see Gentzen [1935] as well as more modern treatments available in
Gallier [1986], Girard et al. [1989], Negri and von Plato [2001], and Bimbé
[2015].

Girard et al. [1989] points out that the initial rule (recall Figure 4.2) implies
that the left occurrence of B is stronger than the right occurrence of B. In
contrast, the meaning of the cut rule is the opposite: a right occurrence of B is
stronger than the left occurrence of B. This duality is also apparent in other
presentations of these inference rules, such as in the Calculus of Structures
(see Guglielmi [2007]) and uses of linear logic as a metalogic for the sequent
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calculus (see Section 8.7 and Miller and Pimentel [2004, 2013]).

As was mentioned in Section 4.2, logic programs will be viewed in this
book as theories that attribute meaning to programmer-supplied non-logical
symbols. For example, we may want to specify how to sort a list of numbers. In
that case, we introduce a binary predicate, say, sort, to denote the relationship
between lists of numbers and sorted lists of numbers. The logic program
that describes how to compute this sort predicate is, in fact, a theory (a
collection of assumptions). (See Figure 5.6 for an explicit presentation of
a logic program for specifying sorting.) Different proof-theoretic approaches
to logic programming are available that do not use non-logical symbols in
this way. For example, Hallnds and Schroeder-Heister [1991] encodes logic
programs as definitions (which are given left and right-introduction rules, as
in Section 4.2). The proof theory of Horn clause logic programs has a rather
direct and elegant encoding in proof-theoretic approaches to fixed points, as
shown in Baelde et al. [2010].

Although Gentzen did not classify inference rules as invertible or not, Ke-
tonen [1944] (translated in Ketonen [2022]) explicitly identified some rules as
being invertible. He also exploited invertibility to design decision algorithms
for classical propositional logic. The proof in Section 4.3.4 that certain infer-
ence rules are invertible follows the style of proof used by Ketonen.

Church [1936] proved that first-order classical logic is undecidable. Since
provability of first-order intuitionistic logic can be encoded into first-order
classical logic (using techniques such as negative translations [Godel, 1932]),
provability for first-order intuitionistic logic is also undecidable. If we restrict
to only the propositional fragment, then provability of classical proposition
logic is co-NP complete [Cook and Reckhow, 1979], while for intuitionistic
propositional logic it is PSPACE complete [Statman, 1979].



Chapter

Two abstract logic
programming languages

We now apply the C and I proof systems to describe logic programming in a
high-level and implementation-independent fashion.

5.1 Goal-directed proof search

One approach to modeling logic programming is to view logic programs as as-
sumptions, goals as queries to make against a logic program, and computation
as the process of attempting to prove a goal from a program. The state of an
idealized interpreter can be represented as the two-sided sequent X :: P F G,
where Y is the signature that declares a set of eigenvariables, P is a collection
of Y-formulas denoting a program, and G is a >-formula denoting the goal we
wish to prove from P.

It is compelling to view computation in logic programming as being based
on the following restricted form of proof search. If G is not atomic, then its
top-level logical connective should determine which inference rules should be
used to prove X :: P F G. In particular, a right-introduction rule must be
attempted. Thus, the search semantics for a logical connective at the head of
a goal is fixed by the proof system and is independent of the program. Only
when the goal is atomic (i.e., when its top-level symbol is non-logical) is the
program P consulted: the program is available to provide meaning for the
non-logical predicate constants at the head of atomic formulas.

If we instantiate the above view of computation using the introduction
rules given in Figure 4.1, we derive the following set of proof search strategies.

1. Reduce an attempt to prove % :: P I By A Bs to the attempts to prove
the two sequents ¥ :: P+ By and ¥ :: P+ Bs.
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2. Reduce an attempt to prove X :: P F By V By to an attempt to prove
either X :: P+ By or X :PF Bs.

3. Reduce an attempt to prove X = P + d.x.B to an attempt to prove
Y =P+ Blt/z], for some ¥-term ¢ of type 7.

4. Reduce an attempt to prove X :: P = By D By to an attempt to prove
Y:uP,B1+F Bs.

5. Reduce an attempt to prove X :: P + V,z.B to an attempt to prove
Y,y:7:PF Bly/z], where c is a token not in X.

6. Attempting to prove X :: P I t yields an immediate success.

These strategies suggest the following technical definition to formalize the
notion of goal-directed proof search: a cut-free I-proof = is a uniform proof
if every occurrence of a sequent in = that has a non-atomic right-hand side
is the conclusion of a right-introduction rule. Searching for uniform proofs
means applying right-introduction rules when the right-hand side has a logical
connective. No left-introduction, identity, or structural rules can be considered
when the right-hand side is a non-atomic formula. The definition of uniform
proofs provides no guidance for proof search when the right-hand side of a
sequent is atomic. Such guidance will, however, soon appear.

[Exercise 5.1. Show that uniform proofs are always atomically closed. ]

There are provable sequents for which no uniform proof exists. For exam-
ple, let the non-logical constants be ¥g ={p:o0,q:0,7:i— 0,a:1,b:i} and
let ¥ be a signature. The sequents

Yu(raArb)DgkJiz(rxzDdq) and Xu-FpV(pDyg)

have C-proofs but no I-proofs (see Exercise 4.3), so clearly, they have no
uniform proofs. The two sequents

YupVqglFqVp and Yudz.razbkdx.ora

have I-proofs but no uniform proofs.

One high-level way to define logic programming is to consider those col-
lections of programs and goals for which uniform proofs are, in fact, complete
(in the sense described in Section 4.1). An abstract logic programming lan-
guage is a triple (D, G,F) such that for all signatures 3, for all finite sets P
of Y-formulas from D, and all ¥-formulas G from G, we have X : P k. G if

and only if ¥ :: P F G has a uniform proof. Here, I, is the provability relation
associated with some particular logic, say, first-order classical or intuitionistic
logic.
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Both the definitions of uniform proof and abstract logic programming lan-
guage are restricted to I-proofs. We shall refer to this as the single-conclusion
version of these notions. After introducing linear logic, we will present, in
Section 6.7, a generalization of uniform proofs to multiple-conclusion proof
systems.

Let A be a finite multiset of formulas. This multiset satisfies the disjunc-
tion property if the provability of ¥ :: A + B Vv C implies the provability of
either ¥ :: A+ Bor ¥ : AF C. Similarly, this multiset satisfies the existence
property if the provability of X :: A - J.2. B implies the existence of a Y-term
t of type 7 such that ¥ :: A - B[t/z] is provable. Whenever uniform proofs are
complete, both the disjunction and existence properties hold.

5.2 Horn clauses

Early characterizations of the computational nature of logic programs did not
employ a proof procedure. Instead, they employed a refutation procedure,
specifically the resolution refutation framework pioneered by Robinson [1965].
The decision to focus on refutation rather than proving led to defining first-
order Horn clauses as the universal closure of disjunctions of literals (atomic
formulas or their negation) that contain at most one positive literal (an atomic
formula). That is, a Horn clause is a closed formula of the form

Vl’l....vxn[.—\Al\/---\/—\Am\/Bl\/-'-\/Bp],

where Ay,..., Ay, B1,..., B, are atomic formulas, n,m,p > 0, and p < 1. If
n = 0, then the quantifier prefix is not written, and if m = p = 0, then the
body of the clause is considered to be f. If the clause contains exactly one
positive literal (p = 1), it is a positive Horn clause. It is a negative Horn clause
if it contains no positive literal (p = 0),

When we shift from the search for refutations to the search for sequent
calculus proofs, it is natural to change the presentation of Horn clauses to one
of the following. Let 7 be a syntactic variable that ranges over S\{o} (i.e.,
primitive types other than the type of formulas), and let A be a syntactic
variable over atomic formulas. Consider the following recursive definitions of
the two syntactic categories of program clauses (definite clauses), given by the
syntactic variable D, and goals, given by the syntactic variable G.

G = A|lGANG
D:= A|GD>A|V:zD. (5.1)

Program clauses using this presentation are of the form

Vq.-- Vl’n(Al A NA, D Ao),
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where we adopt the convention that if m = 0 then the implication is not
written. A second, richer definition of these syntactic classes is the following.

Gu= t|A|GAG|GVG]|3aG
D:u= t|A|G>D|DAD|VY,2D. (5.2)

Finally, a compact presentation of program clauses and goals is possible using
only implication and universal quantification.

G = A
D:= A|ADD|V;z. D. (5.3)

This last definition describes a program clause as a formula built from impli-
cations and universals such that there are no occurrences of logical connectives
to the left of an implication. Program clauses using this presentation are of
the form

V(Z‘l(Al D VEQ(AQ DD V:Em(Am D) Vi‘vo) .. )),

where Zo, ..., Z,, are (possibly empty) lists of variables.

We use the symbol fohc to refer informally to the logic programming lan-
guages based on one of these three descriptions of first-order Horn clauses.
Definition (5.1) above corresponds closely to the definition of Horn clauses
given using disjunction of literals. In this case, positive clauses correspond to
the D-formulas, and the negation of G-formulas would all be negative clauses.
Let D; be the set of D-formulas and G; be the set of G-formulas satisfying the
recursion (5.2).

Exercise 5.2. Show that the clausal order (see Section 2.J) of a formula
in Gy is 0 and of a formula in Dy is 0 or 1.

The following formulas, sometimes called the curry/uncurry equivalences,
are provable in intuitionistic logic.

1.tOFE=F
2. (BNC)DE=(BD>CDE)
3. (BVC)DE=(BD>E)AN(CDE)

4. (3z.B) D E=Vx.(BDE)

They can be used (in part) to prove the following exercise.



5.2 HORN CLAUSES 65

Exercise 5.3. Let D be a Horn clause using (5.2). Show that there is a set
P of Horn clauses using description (5.1) or (5.3) (your pick) such that D
is equivalent to the conjunction of formulas in P. Show that this rewriting
might make the resulting conjunction exponentially larger than the original
clause. (Take as the measure of a formula the number of occurrences of
logical connectives it contains.)

\. J

Exercise 5.4. Let % be a signature, let P be a multiset of X-formulas
in D1, and let G be a X-formula in G1. Let = be a cut-free C-proof of
Y P+ G. Show that every sequent in = is of the form ¥ = P’ = A such
that P’ is a multiset of formulas in D1 and A is a multiset of formulas in
G1. Show also that the only introduction rules that can appear in = are ¥V L,
AL, DL, AR, VR, 3R, and tR.

\. J

The following proposition demonstrates that although classical logic can
prove more sequents than intuitionistic logic, if we limit our attention to the
Horn clause setting, both logics prove precisely the same (restricted) sequents.

Proposition 5.5. Let X2 be a signature, let P be a multiset of X-formulas
in Dy, and let G be a X-formula in G1. If ¥ =P+ G has a C-proof then it
has an I-proof.

Proof. We show the following stronger result: if A is a multiset of G-formulas
and X :: P F A has a cut-free C-proof then there is a G € A such that
> P F G has an I-proof. We prove this by induction on the structure of a
cut-free C-proof = for X : P+ A.

There are three base cases for Z: fL is not possible since f is not a member
of P, and the two other cases of tR and init are immediate.

If the last inference rule in = is a structural rule, the proof is straightfor-
ward again. For example, suppose the last inference rule in Z is a cR. In that
case, this proof is of the form

YuPHG,G A
YuPEG,A

cR

By the inductive hypothesis, there is an H in the multiset G, G, A such that
3Pk H has an I-proof: clearly, H is also a member of the multiset G, A.
The case when the last inference rule in = is wR is treated similarly. The cases
for wL and cL are similarly straightforward.

Now consider all possible introduction rules that might be the last inference
rule of = (see Exercise 5.4). If that last rule is DL, then the proof has the
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form

Z:Z’Pl}—AhG Z:ZD,'PQFAQ
YXuGEDD, P, Py E A Ay

DL .

By the inductive assumption, there is a formula H; € A; U {G} for which
::P1 B Hy has an I-proof and a formula Hy € As for which X:: D, Py - Hs has
an I-proof. In the case that H; € A1, the I-proof of the sequent X::P; - Hy can
be extended with a series of wL rules to yield a proof of X::G D D, Py, Py - Hj.
On the other hand, if H; = G, we build an I-proof using the following instance
of an inference rule

YuPFEG YD, Py Hy .
D)
X>:GDD,P, Py Hy

and the two promised I-proofs of the premises.
If that last rule is AR, then the proof has the form

YuPkEG,A YuPkEGy A
YuPkEG NGy A

AR.

By the inductive assumption, there is a formula H; € A U {G;} for which
Y ::PF Hp has an I-proof and a formula Hy € AU{G2} for which ¥:: P+ Ho
has an I-proof. In the case that H; € A, the I-proof of the sequent % ::P + H;
is the required proof. In the case that Hs € A, the I-proof of the sequent
> P Hy is the required proof. The only remaining case occurs when Hj is
G1 and Hs is Go. In that case, the required I-proof results from applying the
inference rule AL to the two subproofs provided by the inductive assumptions.

All the remaining cases of introduction rules can be treated similarly. [

Exercise 5.6. (1) Prove that Horn clause programs are always consistent
by proving that for any signature > and any finite multiset of Horn clauses
P, the sequent 3 :: P\ f is not provable.

Exercise 5.7. Show that a cut-free I-proof of ¥ =P F G, where P is a
finite multiset of formulas in Dy and G € Gy, is also an M-proof.

\.

e )

Exercise 5.8.(1) Assume that the X-formulas Dy, ..., Dy, (n > 0) are Horn
clauses using description (5.3). Prove that if the sequent ¥ :: Dy, ..., D, F
Dqg has a C-proof then it has an I-proof.

We can now conclude that (Dj, Gy, Fy) is an abstract logic programming
language if k. is taken to be ., F, or k.
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If we use the (5.2) presentation of Horn clauses, then it is only atoms or
conjunctions of atoms (including the empty conjunction t) that are both goals
and program clauses. All the other connectives are either dismissed (such as f)
or are restricted to just half their “meaning:” when a disjunction and existen-
tial quantifier is encountered in proof search, only its right-introduction rule is
needed, and when an implication and a universal quantification is encountered,
only its left-introduction rule is needed.

Exercise 5.9.(1) Let Z be the set of formulas using only implications and
atomic formulas that are provable classically but have no uniform proofs.
Peirce’s formula ((p D q) D p) D p is a member of Z. Prove that the fewest
number of occurrences of implications in a formula in L is 3.

Readers unfamiliar with specifying computations using Horn clauses might
want to read Section 5.9 now to see examples of such specifications.

5.3 Hereditary Harrop formulas

A natural extension to Horn clauses called the first-order hereditary Harrop
formulas allows implications and universal quantifiers in goals (and, thus, in
the body of program clauses). Whereas cut-free proofs involving Horn clauses
contain left-introduction rules for implications and universal quantifiers, proofs
involving this extended set of formulas can also contain right-introduction rules
for implications and universal quantifiers. Parallel to the three presentations
of fohc in Section 5.2, the following three presentations of goals and program
clauses describe first-order hereditary Harrop formulas.

G:= A|GANG|DDG|Vz.G
D := A|GDA|Yz.D (5.4)

The definitions of G- and D-formulas are mutually recursive. Note that a neg-
ative (resp, positive) subformula of a G-formula is a D-formula (G-formula),
and that a negative (positive) subformula of a D-formula is a G-formula (D-
formula). A richer formulation is given by

Gu= t|A|GAG|GVG|32.G|D>G|V2.G
D= A|GD>D|DAD|Va.D (5.5)

When referring to first-order hereditary Harrop formulas and goals, we assume
this formula definition. We use D5 to denote the set of all such D-formulas
and Gs for the set of all G-formulas.
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A completely symmetric presentation can be given as

G:= t|A|DDG|GAG|V2.G
D:= t|A|G>D|DAD|Va.D (5.6)

In this presentation, D and G formulas range over the same set of formu-
las. There is no need for a definition that allows for mutual recursion. In
Section 5.5, these formulas—which are generated from the set of connectives
{t, A\, D,V}— will be called Ly-formulas.

We use the name fohh to denote first-order hereditary Harrop formulas.
This name will refer to one of the presentations above. If the text does not
explicitly state the presentation used, we will assume the second one. We shall
also use fohh to denote, in particular, the corresponding D-formulas since
the associated G-formulas are uniquely determined by being the negatively
occurring subformulas of D-formulas. The same comment also applies to our
use of the term fohc.

Exercise 5.10. Let D € Dy. Show that D is a Horn clause (using defini-
tion (5.2)) if and only if order(D) < 2.

We shall use the term clause not just for Horn clauses but for any formula,
especially any formula that can be used as part of a logic program. Thus, for
example, we often refer to hereditary Harrop formulas as clauses.

The following proposition shows that identifying the right-hand side of
sequents with goals and the left-hand side with logic programs is maintained
within cut-free I-proofs.

Proposition 5.11. Let X be signature of first-order variables, P be a finite
multiset of X-formulas in Do, G be a X-formula in Go, and = be a cut-free
I-proof of L =P F G. If ¥ =P+ B is a sequent in Z, then P’ is a multiset
of ¥'-formulas in Dy, and B is a X'-formula in Gs.

This proposition is proved by a simple induction of the structure of cut-free
I-proofs.

The triple (Ds, Ga, ) is not an abstract logic programming language. For
example, the formulas numbered 4, 5, 6, and 7 in Exercise 4.3 are members
of Go that have classical proofs but no uniform proof. We shall use the name
fohh to also refer to the triple (Dj, Ga,t;). Before we prove that fohh is an
abstract logic programming language, we prove the following lemma.
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Lemma 5.12. Let G € Gy be a non-atomic Y-formula, and let P be a finite
multiset whose members are %-formulas in Dy. Assume that X ::P = G has
an I-proof in which the last inference rule is not a right-introduction rule,
and all premise sequents are proved by uniform proofs. There is a uniform

proof of ¥ =P F G.

Proof. Let = be a proof of P F G satisfying the assumptions of this lemma.
(For readability, we suppress explicitly writing the signature of a sequent.)
The last inference rule of this proof is either one of two structural rules (cL or
wL) or one of three left-introduction rules (AL, VL, DL). In every case, the
proof of the premises must be uniform proofs, and, as a result, at least one
premise must be proved by one of five right-introduction rules (AR, VR, VR,
JR, DR). We proceed by induction on the structure of the uniform proof of
the right-most premise of this inference rule. All possible left rules occurring
below a right-introduction rule must be considered.

Consider when an implication-left rule is applied and the right-hand side
is a conjunction.

—_ —_
=1 =2

= D, Py -Gy D, Py F Go
=0 AR
PG D, Py G NGy
oL

G D D,P1,P2=G1 AGa

These rules can be permuted to form the following proof.

o = o =

PiEG D, Pk Gy PiEG D, Pt Gy

SL SL

G DD, P, Pk G GOD.PLPF G
A

G DD, P, Pa =G ANGo

If this proof is not uniform, apply the inductive assumption to the two sub-
proofs with DL as their last rule. That induction returns a uniform proof for
both G > D, P1,P, - Gy and G D D, Py, Ps - Ga, and a uniform proof for
the end-sequent comes from applying AR to those uniform proofs.

For another case, assume that DL is applied to a sequent with an implica-
tion on the right-hand side.

=P
- D' D, PG
—1 SR
Pll—G D,PQFD/DG/
DL
GDOD,P,Po =D DG
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These rules can be permuted to form the following proof.
=1 o
PG D,D', Py -G
GD>D,D P, PG
GD>D,P,Po D" > G

DL
DR

If this proof is not uniform, then apply the inductive hypothesis to the right
premise of the DR rule.

All other cases can be proved similarly: permute a left rule up over a
right-introduction rule and invoke the inductive hypothesis. O

Proposition 5.13. Let X be a signature, let P be a finite multiset of -
formulas in Dy, and let G be a X-formula in Go. If 3P+ G has a cut-free
I-proof then X :: P = G has a uniform proof.

Proof. Assume that X :: P+ G has a cut-free I-proof =. By Theorem 4.9, we
can also assume that = is an atomically closed I-proof. If = is not uniform, then
there must be occurrences of left rules (either left-introduction rules or left-
structural rules) in = whose conclusion is a sequent with a non-atomic right-
hand side. Pick one of these occurrences so that the subproofs of its premises
do not have other such occurrences. Thus, the premises of this inference
rule occurrence are uniform. By Lemma 5.12, we can replace the subproof
determined by this left rule with a uniform proof. In this way, we can continue
to replace non-uniform subproofs with uniform proofs until such rewriting
yields a uniform proof. O

This proposition formally establishes fohh as an abstract logic program-
ming language.
Consider the following class of first-order formulas given by

H:A‘BDH|V$H‘H1/\H2

Here, A ranges over atomic formulas and B over arbitrary first-order formulas.
These H-formulas are known as Harrop formulas. Clearly, hereditary Harrop
formulas are Harrop formulas.

s a

Exercise 5.14.(f) Consider the sequent ¥ = I' = B where I' is a multiset
of Harrop formulas, and B is an arbitrary formula. Show that Harrop
formulas are “uniform at the root;” that is, if B is non-atomic and this
sequent is intuitionistically provable, then it has an I-proof that ends in a
right-introduction rule. Are uniform proofs complete for such sequents?
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Finally, note that since hereditary Harrop formulas do not have occurrences
of f in them, the triple (Ds, Ga, ) describes essentially the same abstract logic
programming language as fohh.

Readers wishing to see examples of logic programs in fohh before reading
more about their proof theory can find some examples in Section 5.11.

5.4 Backchaining as focused rule application

The restriction to uniform proofs provides some information on how to struc-
ture proofs: in the bottom-up search for proofs, right-introduction rules are
attempted whenever the right-hand side is non-atomic, and left rules are at-
tempted when the right-hand side is atomic. We now present a restriction on
the application of left rules, and we will eventually show that that restriction
on proofs does not result in the loss of completeness.

To better structure the rules on the left, we first make two simple changes
to the proof system for I-proofs. Although wL can be applied at any point in
the search for a uniform proof, it is also possible to delay applications of that
rule until just before applying the init rule. This delay suggests that we can
fold weakening into the init rule, yielding the derived inference rule

S:T,BFB

Adding another restriction on the use of a structural rule on the left can
improve the complexity of the DL rule when searching for a proof. As we
mentioned in Section 3.3, performing proof search with a multiplicative in-
ference rule can be expensive since there can be an exponential number of
ways to split the contexts of the conclusion for use among the premises. The
only multiplicative left-introduction rule is DL. Since contraction and weak-
ening are available on the left (but not the right), the following variant of that
inference rule is easily proved to be admissible (see Section 3.3).

Yu:I'HA,B YuC,T'F Ag
YuBDCOTFALA

Here, the cL rule can double the I' context before splitting the left context. In
this rule, the left context is treated additively, and the right context is treated
multiplicatively. Given that we are speaking of I-proofs here, this rule can be
simplified even further since the single formula on the right of the concluding
sequent must move to the right of the right premise. Thus, we can rewrite
this rule as

»:TFB »:C,I'HE

YuBDOCTFE
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Now consider refining this last version of the left introduction of implication
in the setting of uniform proofs. That is, consider the derivation

YuPEFG YuD,PFHA
>2GDOD,PFA
YuPEFA

cL

where A is atomic and where G D D is a member of the multiset P. Thus,
to employ G O D in building a proof, we first use cL to make a copy of it
and then apply DL. Thus, we have reduced an attempt to prove the atomic
formula A from program P to an attempt to prove two things, one of which
is still an attempt to prove A but this time from the larger multiset P U {D}.
It would seem natural to expect these inference rules to be used because this
new instance of D is directly helpful in proving A. For example, D could itself
be A, or some sequence of additional left rules applied to D might reduce it
to an occurrence of A.

We can formalize a proof system where left-introduction rules are used in
such a direct or focused fashion by introducing a new style of sequent, namely,
Pl DFE A. Although provability of this sequent will imply provability of
the sequent X :: P, D F A, the formula between the || and the F, called the
focus of this sequent, is the only formula on which left-introduction rules can
be applied. The sequents ¥ :: P+ G and ¥ :: P |} D F A have |} fohh-proofs if
they have proofs using the |l fohh-proof system in Figure 5.1. This new proof
system is an example of a focused proof system: we shall see two more such
focused proof systems when we introduce linear logic in Chapter 6.

All |} fohh-proofs are composed of two phases. A right-introduction phase
is a derivation composed of only right-introduction rules, and where all open
premises are sequents with atomic formulas on their right-hand sides. Such
a phase captures the notion of goal reduction. The right-introduction phase
for ¥ :: P F G is empty (i.e., contains no inference rules) if and only if G
is an atomic formula. A left-introduction phase is a derivation composed of
left-introduction rules as well as the init and decide rules (see Figure 5.1) and
where all open premises are sequents without the {}. A left-introduction phase
for X T" | BF A can never be empty since it always contains an instance of
the decide rule). This phase captures the notion of backchaining.

The proof system in Figure 5.1 is different from the original proof systems
of Gentzen in that there is control over the application of introduction rules.
In particular, the only way to prove a sequent that does not contain | is to
perform a right-introduction rule or the decide rule. If a sequent contains the
|, then that sequent must be the conclusion of a left-introduction rule or the
init rule. Furthermore, contraction and weakening are not separate rules but
are built into other rules.
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4 )
Y PEFHG YuPkGy
—— tR AR
YioPEt YuPEG NGy
y:7,2:PF Gly/z] Y:D,PFG

VR DR
PV G Y:P+FDDG
YuPEG YuPkGy
VR V
Yu:PEGV Gy YuPEGLVGy

R

Shkt:T Y PGtz

JR
YuPrHdz G
YSuPIIDEFA
——————— decide —————— init
YuPEA YuPUJAFA
EPU,Dll—A EP»UDQ"A
AL AL
Yu:PUDiADyE A YuPUDiADyE A
Yu:PHG 2:PUDEFA YFt:r ZzPID[t/z]FA
DL VL
XuPJIGDODFA YuPyVe.DEFA

In the decide rule, D is a member of P. In all these rules, A is atomic.

Figure 5.1: The |} fohh proof system.

The preceding sections in this chapter present various theorems about the
unfocused proof systems I and C and their relationship with Horn clauses and
hereditary Harrop formulas. The focused proof system is much more useful
than those unfocused proof systems for our purposes here. Once we have
proved the soundness and completeness of the focused proof system | fohh,
most of the results in the previous sections can be reproved immediately using
those theorems.

The following proposition states that whatever is provable using |} fohh-
proofs is also provable in intuitionistic proofs.

Proposition 5.15 (Soundness of |} fohh-proofs). Let ¥ be a signature, P
be a multiset of X-formulas in Da, and G be a %-formula in Go. If the
sequent X2 :: P = G has a || fohh-proof then it has an I-proof.

Proof. This is proved by a simple induction on the structure of |} fohh-proofs.
In that induction, the sequents X :: P+ G and 3 ::P | D F A in |} fohh-proofs
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are mapped to the sequents X :: P+ G and ¥ :: P, D F A, respectively, in the
I-proof system. O

It is important to point out that the search for focused proofs is not justi-
fied as being the most efficient strategy or yielding the smallest proofs. The
following exercise reveals that sometimes focused proofs can be much larger
than other proofs.

Exercise 5.16. () Let ag,ay,...,a, be atomic (propositional) formulas
(n > 0). Define the sequence of propositional Horn clauses

D,=ayD - Dap-1Da, (n>0).

For example, Dy is ag, D1 is ag D a1, and D2 is ag D a1 D ag. For a given
n > 0, there are many uniform proofs of the sequent Dy,..., D, F ay.
Among these, consider those in which the left premise of the DL rule is
trivial (proved by the initial rule). Those proofs use the formulas D; in a
forward-chaining manner. How do such proofs differ in size from proofs
based only on backchaining, i.e., |} fohh-proofs?

5.5 Completeness of focused proofs

In order to prove the completeness of the | fohh proof system for hereditary
Harrop formulas in intuitionistic logic (see Proposition 5.38), we shall first
develop some key proof-theoretic insights into focused proofs. In particular,
it is interesting to ask whether or not the rules

Y:T'+B Y:BI'FE
Y:B+B and YuI'TVFE

are admissible in |} fohh. However, just stating the unrestricted forms of the
initial and cut rules for |} fohh-proofs requires us to limit our attention to
those formulas B that are both goal formulas and definite clauses since these
are the only formulas that can appear on the left and the right of the sequent
turnstile.

To address this issue, let £y be the set of connectives {t,A,D,V} and
let an Ly-formula be any first-order formula, all of whose logical connectives
come from Ly.! In particular, such formulas do not contain occurrences of
disjunctions and existential quantifiers. Note that the connectives in £y have
invertible right-introduction rules, while their left-introduction rules are not

n the next chapter, we introduce two additional sets of connectives £1 and Ls.
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invertible. Until we return to the issue of dealing with disjunctions and ex-
istential quantifiers in Section 5.8, we restrict our attention to Lg-formulas,
which are also the same as fohh using definition (5.6).

Since Lop-formulas have no occurrences of f, provability in intuitionistic
and minimal logics coincide (see Section 4.5). Thus, for most of this chapter,
we could replace references to intuitionistic logic with minimal logic when
discussing the properties of |} fohh-proofs. In addition, we emphasize the role
of Lo-formulas in this section by using the name | Lo-proof system for the
proof system that results from removing the right-introduction rules for 4 and
V from the || fohh-proof system.

In the || £y proof system, we have the following relationship between the
two phases and nondeterminism. Let ¥ be a signature and P U {G} be Ly-
formulas over Y. There always exists a right-introduction phase that ends
in ¥ P F G, and that phase is unique up to the change of names of the
eigenvariables. Thus, a right-introduction phase can be seen as a function
that takes the endsequent 3 :: P F G as input and returns the unique multiset
of sequents of the form ¥’ :: P’ - A (where A is an atomic formula) that are
the premises of that right-introduction phase. On the other hand, the left-
introduction phase yields a nondeterministic relation between its endsequent,
say, X :: P | DF A, and the multiset of sequents of the form ¥ :: P + G that
are the premises of a left-introduction phase.

Let B be an Ly-formula. The paths in B are those formulas P for which
the following two-place relation B 1 P is provable (here, A denotes an atomic
formula).

B+ P CtP c+P B+ P
AtA BACtP BACHP B>C1B>P V2.B1V,z.P

A formula that is a path has the form
VZ1.(G1 D VZ2.(Gy D ... DVZ,.(Gy D VZp.A)...)),

where n > 0, A is an atomic formula, G1,...,Gy, is a list of Ly-formulas,
and where for each i such that 0 < i < n, Z; is a list of variables. The
formula A is the target of this path, the formulas G4, ..., G, are the arguments
of this path, and the result of concatenating the lists Zg,...,Z, is the list
of bound variables of this path. (We assume that all these bound variables
are distinct.) We shall also present such a path using an associated sequent,
namely, Zg,...,ZTy = G1,...,Gn = A. Note that the formula t has no paths.

For example, the paths in (a Ab) D (cAd) are (a Ab) D cand (aAb) D d.
Similarly, the formula

Va.p(z) O ((Vy.q(z,y) O (r(z,y) Ar(y, x))) Ap(x))
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(where p, g, and r are predicates) has the following three paths (displayed
with their associated sequents):

Va.p(x) D Vy.q(x,y) D r(z,y) x,y = plx),qlz,y) Friz,y)
Vo.p(z) D Vy.q(z,y) Dr(y,z)  x,y:p(e),q@,y) b riyz)

Vap(z) Dp(x)  :p(z) - pl2).

7

Exercise 5.17. Show that if the formula B contains no occurrences of t
and N\ then B has exactly one path which is B itself.

\. J

7

Exercise 5.18. Let D be a hereditary Harrop formula defined using (5.4).
Prove that D has exactly one path, which is D.

\

Given that the following equivalences are provable in intuitionistic logic

B D (BQ A Bg) = (Bl D BQ) N (Bl D Bg)
V. (B1 A By) = (V. By) A (V. Bs),

it is easy to prove the intuitionistic equivalence

B= /\ P.
BTP

We can state the following two much stronger relationships between B and
the conjunction of all paths in B.

1. The right-introduction phase that has endsequent Y :: I' - B and the
right-introduction phase that has endsequent ¥ : I" - /\BTP P have ex-

actly the same premises (modulo the order in which the premises are
listed and modulo alphabetic changes in the names of eigenvariables).

2. The multiset of left-introduction phases with endsequent X =:T" || B+ A
can be put in one-to-one correspondence with left-introduction phases
with endsequent ¥ :: T" |} /\BTP P A in such a way that corresponding

premises are equal (modulo the order in which the premises are listed
and modulo alphabetic changes in the names of eigenvariables).

These observations are stated more formally in the following two propositions.
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Proposition 5.19. Let = be a || Lo-proof of the sequent X = T'+ B. The
right-introduction phase at the bottom of = has a set of premises that are in
one-to-one correspondence with paths in B such that the path P corresponds
to the premise X, X =:T", B+ A, where the sequent associated to P is Y :: B+
A. (The variables in X' are chosen to be disjoint from X.)

Proof. We prove this proposition by induction on the structure of the Lg
formula B. In the case that B is t, the set of paths in B is empty, and the set
of premises of the right-introduction phase is also empty. If B is atomic, the
end-sequent of the right-introduction phase is the same as its unique premise,
corresponding to adding no bound variables and no argument formulas (this
phase is empty). If B is By A Bs, then the right-introduction phase ends with

YuI'EBy YX:TF By
YuI'F By ABsy

The premises of this phase are divided into those which are premises of the
right-introduction phase with endsequent . :: I' = By and the premises of the
right-introduction phase with endsequent X ::T' = Bs. Since the paths in P are
either paths in B; or in Bs, the inductive hypothesis immediately yields the
required correspondence. If B is By D By then the right-introduction phase
ends with

YuI',Bi F By
YuI'F By D By

The premises of this phase are also premises of the right-introduction phase
with endsequent X :: T, By F Bs. By the inductive hypothesis, a path P’ in By
correspond to the premise X, ¥/ =T, By, B+ A, where ¥/ : B+ A is the sequent
associated to P’. By the definition of paths, the only difference between the
path P and P’ is that the former has By as an additional argument. Thus,
the correspondence is satisfied. The case where B is Vz.B’ is similar to the
previous case. O

The proposition above states that an attempt to prove ¥ = T' - B in |} £y
leads to an attempt to prove a series of sequents, one for each path in B.
Thus, paths can describe the right-introduction phase. The structure of the
left-introduction phases can also be described using paths in a dual sense, as
described in the following proposition.
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Proposition 5.20. Let = be a || Lo-proof of the sequent ¥ ::T || B - A.
The left-introduction phase at the bottom of = has premises

Yu:T'+G,..., 2:THG, (n>0)

if and only if there is a path P in B with target A’, arguments B, ..., B,
and bound variables Y, and a substitution 0 that maps the variables in Y’
to X-terms such that A'0 = A and such that G1 = B10,...,G,, = B,0.

Proof. We prove this proposition by induction on the structure of the Lg
formula B. The case that B is t is impossible since there is no left-introduction
rule for t. If B is atomic, then B and A are equal since we assume that
YT | BF A is the endsequent of a left-introduction phase (and the set of
arguments of B is the empty set).

If B is B1 A Bg, we first assume that there is a left-introduction phase
ending in ¥ ::I" || By A Bo - A. Thus, there is a left-introduction phase ending
inX¥X:I'| B; - A, where i = 1 or i = 2. By the inductive assumption, there
is a path in B; with target A’, arguments B, and bound variables ¥’, and
a substitution 6 that maps the variables in ¥’ to Y-terms such that A’6 is
equal to A and such that every premise of that left-introduction phase can be
written as X :: I' = GO for each G € B. That same path is also a path in B,
which completes this case. The converse is proved similarly.

If B is By D Bs, we first assume that there is a left-introduction phase
that ends with ¥ = T" || By D By - A and the inference rule

>uI'EBy YT ByHA
YuT'y By DByFHA

By the inductive hypothesis, there is a path in By with target A’, arguments
B, bound variables ¥/, and a substitution # that maps the variables in Y’ to
Y-terms such that A’6 is equal to A and such that every premise of that left-
introduction phase can be written as X :: I' b G0 for each G € B. If we add
to that path the argument Bj, then that path satisfies the required condition
for a path in B. The converse is proved similarly.

Finally, assume that B is V,z.B’. First, assume that there is a left-
introduction phase ending in V,z.B’. Thus, there is a left-introduction phase
ending in ¥ : ' | B'[t/z] F A and inference rule

YT | Bt/z]FA
S =T | Va.B F A

for some -term t. By the inductive assumption, there is a path in B’[t/z]
with target A’, arguments B, and bound variables ¥/, and a substitution 6
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that maps the variables in ¥’ to X-terms such that A’6 is equal to A and such
that every premise of that left-introduction phase can be written as >%:T' - G6
for each G € B. The required path through Vx.B’ is the same as for B'[t/z]
except that the required substitution is 8 extended with the mapping of x to
t. The converse can be proved similarly. O

Note the dual use of paths: all paths of B are used to describe the right-
introduction phase with endsequent ¥ :: I' - B, while some path of B is used
to describe the left-introduction phase with endsequent ¥ :: T || B+ A.

7

Exercise 5.21. Prove that if the sequent X =T, B + G has a || Ly-proof
= in which no occurrence of decide picks the formula B as its focus, then
there is a |} Lo-proof Z' of X : T & G that has the same inference rules as
=Z: the only difference is the sequents labeling those inference rules do not
contain B. This operation of removing an assumption in a sequent is called
strengthening.

We are now able to prove the three main theorems related to || Lo-proofs:
the admissibility of the (non-atomic) init rule, the admissibility of cut, and
the completeness of || Lo-proofs with respect to intuitionistic provability.

Theorem 5.22 (Admissibility of initial). Let I be a multiset of Ly -
formulas. If B €T then X =T F B has a | Lo-proof.

Proof. We describe how to build a || Lg-proof of ¥ =: T" F B by induction on
the structure of the Lo-formula B. We first consider the right-introduction
phase with the endsequent > :: I' = B. By Proposition 5.19, for every path P
in B, there is a premise sequent of that right-introduction phase of the form
¥, =T, BF A, where A, B, and ¥/ are, respectively, the target, arguments,
and bound variables of P. Now consider the premise corresponding to P
and use the decide rule to select B € I' to initiate a left-introduction phase.
By Proposition 5.20, there is a left-introduction phase that corresponds to
P. By setting 0 to the identity substitution on the variables in ¥/, we have
A = A0 and where the left-introduction phase has the premises (where, B =
{Bi,...,Bn})

2, :T,BFBy ..., XY :T,B-B, (n>0).

We can conclude now by using the inductive hypotheses on each of these
premises. O

In order to prove the cut-elimination theorem for || Lo-proofs, we introduce
the two additional inference rules in Figure 5.2. The cut rule involves three
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( )

»uT'FB »uI',BFC »u:T'HB Yu:T|JBFA
cut cuty
YuI'+C YuT'HA

The cut-formula B in these rules is restricted to be an Ly-formula.

Figure 5.2: The cut inference rules used in |*Ly-proofs.

sequents, none containing the |}. In order to describe the elimination of cut
from proofs, we use a second inference rule called the key cut, which contains
one premise with a |}. The formula B in both rules is the cut formula for that
rule. The proof system that combines these two inference rules with the rules
for the |} Lo-proof system is called the "Ly proof system, and proofs in that
system are called {|Lo-proofs. A |["Lg-proof is said to be cut-free if it contains
no occurrences of these new rules; hence, a cut-free proof is a || Lo-proof.

The following proposition can be proved by induction on the structure of
ITLo-proofs.

Proposition 5.23 (Weakening |["Lo-proofs). Let ¥ and ¥ be signatures
such that ¥ C Y and let T and I' be two multisets of Lo-formulas such that
L CIV. If S =T+ B has a J"Lo-proof then X' =T + B has a | "Lo-proof.

An occurrence of either cut or cuty is said to be topmost if the subproofs
of both of its premises are cut-free.

Lemma 5.24 (Replace cut with cuty). Consider the following topmost
occurrence of the cut rule (i.e., Z; and Z, are (cut-free) || Lo-proofs).

—_ —_
=l —=r

»uTI'FB Y»uI'BEC
Yul'FC

cut.

This proof can be transformed into a proof of the same sequent with no
occurrences of the cut rule, but there may be several occurrences of the cuty,
rule, all of which have cut-formula B.

Proof. We first convert =, to a new proof Z/. also of ¥::T', B F C by replacing
every occurrence of the decide rule applied to the cut formula B within =,
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such as _
=0

I By BFA
I, B A

decide

(where ¥ C 3 and I" C I), with the following occurrence of the cuty rule

~
—_

=1 =0

I+ B YuIY.ByBFA
I, B- A

cutyg.

Here, =; results from weakening Z; (Proposition 5.23). The resulting proof =/
has no occurrences of decide on B but may have several occurrences of cuty
with the cut formula B. Although Z! is a proof of ¥ :: T, B F C, since there
are no occurrences of decide on B in Z/., we can strengthen =/ to get a proof
Es of X uT'F C (see Exercise 5.21). As a result, we can replace the original

proof of ¥ :: ' - C with the proof Z;. ]

The following proposition can be proved by induction on the structure of
UTLo-proofs.

Proposition 5.25 (Substitution into |[*£¢-proofs). Let ¥ be a signature,
x a variable not declared in 3, and T a primitive type. If X, x:7: '+ B
has a \"Lo-proof and t is a Y-term of type T then ¥ :: U[t/x] - B[t/x] has
a ILo-proof.

The size of a formula B, written as |B|, is the number of occurrences of
logical connectives in B. The size of a formula is zero if and only if that
formula is atomic.

Lemma 5.26 (Replace cuty with cut). Consider the following topmost
occurrence of the cuty rule, where Z; and =, are (cut-free) |} Lo-proofs.

- —_
= =
= o

>»:T'FB YTy BFC
»u:Ir+=C

cutg.

We can transform this proof into a proof of ¥ ::T'F C with no occurrences
of cuty, but with possibly several instances of the cut rule, all of which have
cut-formulas with measure strictly smaller than |B|.

Proof. Consider a topmost occurrence of the cuty rule as displayed above. If
B is atomic, then B and C' are equal, and the result of eliminating this cuty is
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=;. In the case that B is not atomic, =Z; ends in a nonempty, right-introduction
phase, and =, ends in a left-introduction phase. By Proposition 5.20, there
is a path P in B with associated sequent Y :: By,..., B, - A’ such that the
premises and subproofs of that left-introduction phase are

—

-
=1 "

Yul'EBo, ... ,X=TFB,O (n>0)

and where A’ is A, for some substitution #. By Proposition 5.19, there is a
premise in the right-introduction phase that corresponds to path P and is the
sequent X, ¥ =T, By,..., B, = A’ with subproof Zy. By repeated application
of Proposition 5.25, we know that the sequent X ::T', B16,..., B,0 - A’0 has a
| Lo-proof, say, Zgf. We can arrange these various |} Lo-proofs as the following
n occurrences of the cut rule (remembering that A equals A’6).

=1 =00
YuI'+ B0 YuI'B6,...,B,0+H A

YuI',Byo,...,B,0+ A

cut

Y:T'+ B,0 YuI''B,0F A
Y:T'HA

cut

Note that the size of each of the cut formulas B16, ..., B,0 is strictly less than
the size of the original cut formula B. O

Thus, Lemma 5.24 describes how one occurrence of cut on B can be re-
placed with several occurrences of cuty on B, and Lemma 5.26 describes how
an occurrence of cuti on B can be replaced by several occurrences of cut on
strictly smaller formulas than B.

Lemma 5.27. A |y proof that ends with a cut rule in which both
premises have a cut-free proof can be replaced with a cut-free proof of the
same endsequent.

Proof. Consider the following topmost occurrence of the cut inference rule
= Er
:I'+B »uI',B-C
»uTeC

cut,

in which Z; and Z, are (cut-free) |} Lo-proofs. We will show that the sequent
YT+ C has a cut-free |} Lo-proof by induction on the size of the cut formula
B. First, apply Lemma 5.24 to conclude that there is a proof Z’ of X :: '+ C
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that contains no occurrences of cut but which might have several instances
of the cut; rule with cut formula B. We can now do a second induction
on the number of occurrences of cut, in Z'. If that number is 0, then =’
is the desired cut-free proof. Otherwise, assume that there is at least one
occurrence of cuty on B in Z'. Now, we pick a topmost occurrence of cuty and
apply Lemma 5.26. In that case, we can convert that occurrence of cuty to
several occurrences of cut on strictly smaller formulas than B. Applying the
inductive assumption can eliminate all of these occurrences of cut. We have
now replaced one occurrence of the cuty rule with a cut-free proof, and hence,

we have completed our proof. O

We can combine these lemmas to prove the main cut-elimination theorem
for {*Lo proofs.

Theorem 5.28 (Elimination of cuts). If the sequent ¥ = T' F G has a
WTLo-proof then it has a || Lo-proof.

Proof. We proceed using induction on the number of occurrences of the cut
inference rules in a proof. In particular, pick an occurrence of the cut rule,
which is the endsequent of a subproof in which both premises have cut-free
proofs. By applying Lemma 5.27 to that occurrence of cut, we can replace
it with a cut-free proof of the same sequent. The proof now follows from the
inductive assumption. ]

A consequence of the cut-elimination theorem for ||*£g proofs is the com-
pleteness of || Lo-proofs with respect of I-proofs (when all formulas are re-
stricted to Ly).

Theorem 5.29 (Completeness of |} Lo-proofs for Lo-formulas). If the se-
quent X I'F G has a cut-free I-proof then it has a |} Lo-proof.

For convenience, we use the notation ¥ :: P b, G to denote the proposition
that the sequent 3 :: P G has a || Lo-proof.

Proof. We prove this by showing that the inference rules of the intuitionis-
tic proof system I are admissible in the |} Lo-proof system. Since the right-
introduction rules of I are the same as those in || Lo, these rules are triv-
ially admissible. The admissibility of the init rule for I follows immediately
from Proposition 5.22. The admissibility of the wL rule follows from Propo-
sition 5.23. The admissibility of the cL rule is easily argued as follows. In
a |} Lo-proof of ¥ :: ', B, B F A, the decide rule may have been used on the
two different occurrences of B. By changing all those decide rules to use the
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same occurrence of B and then deleting the other occurrence of B, we obtain
a || Lo-proof of X :: ', B+ A.

All that remains to show is that the left-introduction rules for the Lg
connectives A, D, and V are admissible.

Admissibility of AL.  Assume that B; A Bg is an Ly Y-formula. By
Proposition 5.22, we have ¥ :: By A Bo by, By A Ba. An || Lg-proof of that
sequent has immediate subproofs that yield both ¥ = By A By +y B; and
By ANBy ky Bs. In order to prove that AL is admissible, assume that
¥ B1,I'H E. Using cut-admissibility (Theorem 5.28) with this sequent and
the sequent X :: By A By by By, we conclude that ¥:: By A By, I' by E. A similar
argument also concludes that if ¥ :: By, I' by E, then ¥ :: By A Bo,I' iy E.
Hence, both AL rules in I are admissible.

Admissibility of DL. Assume that By D Bs is an Ly Y-formula. By
Proposition 5.22, we have ¥ :: By D By by, By D Ba. A | Ly-proof of that
sequent has an immediate subproof that proves ¥ :: B1,B; D Bs b Ba. In
order to prove that DL is admissible, assume that both ¥ : I'y i, B; and
3 By, I'yg iy E. Using the Proposition 5.23, we have ¥ :: I';,I's i, B; and
Y By, I'1,T9 by E. Using cut-admissibility (Theorem 5.28), we conclude that
ul'1,I'9,B1 D Ba by By and ¥ :: By D By, I'1,I'y iy E. Hence, the DL rule
in I is admissible.

Admissibility of YL. Assume that V,.z.B is an Ly X-formula and that
T is a primitive type. By Proposition 5.22, we have ¥ = V,2.B k V,z.B.
A |} Lo-proof of that sequent has an immediate subproof that proves 3,y :
7:Vz.B by Bly/x], for a variable y not present in ¥. By Proposition 5.25,
we have ¥ :: Va.B b, B[t/z], for any Y-term ¢t. In order to prove that VL
is admissible, assume that ¥ :: B[t/z|,I' = E has a | Lo-proof. Then using
cut elimination (Theorem 5.28), we can conclude that ¥ :: Vz.B,I' - E has a
| Lo-proof. Hence, the VL rule in I is admissible. ]

Another simple consequence of proving cut elimination for | "£o-proofs is
the admissibility of cut for I-proofs when restricted to Lg-formulas.

Theorem 5.30 (Admissibility of cut for I-proofs restricted to £y formulas).
The cut rule for I-proofs (Figure 4.2) is admissible for cut-free I-proofs
when restricted to Ly-formulas.

Proof. We wish to prove that the single-conclusion version of the cut rule from
Figure 4.2, namely,

Y:In+B YuBIYyHE
Z::Fl,FQ}_E

cut

is admissible in the cut-free I-proof system. Thus, assume that ¥ = T'y F B
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and X :: B,I's - E have (cut-free) I-proofs. By Theorem 5.29, ¥ :: 'y - B and
Y B, 'y - F have || Lo-proofs. Using Proposition 5.23, both ¥ = T';,I'x - B
and ¥ :: B,I'1,I's F E have || Lo-proofs. Given the cut-elimination result
(Theorem 5.28), we know that ¥ = T';,I's = E has a |} Lo-proof. Using the
soundness of |} Lo-proofs (Proposition 5.15), we conclude that ¥ :: '), 'y - E
has an I-proof. O

The inference rule (where all formulas are Lo-formulas)

Y-t Yox:7m =I'HB
Y uTt/z] F Blt/x]

instan

is similar to the cut rule: the instan rule instantiates an eigenvariable while
the cut rule instantiates a hypothesis. The following theorem shows that the
instan rule is admissible for I-proofs. The proof of this theorem follows directly
from Proposition 5.25.

Theorem 5.31 (Admissibility of instan for I-proofs restricted to Ly for-
mulas). The instan rule for I-proofs (Figure 4.2) is admissible for cut-free
I-proofs when restricted to Lo-formulas.

5.6 A canonical Kripke model

Most textbooks on symbolic logic introduce, alongside of proofs, a notion
of truth formalized using models. Models are mathematical structures con-
structed using various sets and functions: we give an example of such a struc-
ture below. Generally, models are infinite objects (especially models for quan-
tificational logics), and there are usually an infinite number of such models. In
those settings where models and proofs are both present, the terms soundness
and completeness are usually used as follows (in contrast to the way these
terms are used in Section 4.1).

Soundness: If a formula is provable, it is true in every model.
Completeness: If a formula is true in every model, it is provable.

In this section, we briefly consider a particular kind of model that is known
as a Kripke model. Presentations of such models are known to be sound and
complete for intuitionistic logic. We show here, however, that in the setting of
I-proofs involving only Ly formulas, it is possible to build one such model, a
canonical Kripke model, so that the completeness theorem can be strengthened
to be: if a formula is true in this one canonical Kripke model, then it has an
I-proof.
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A world is a pair (X,P) where ¥ is a (finite) signature and P is a (finite)
set of Ly X-formulas. The order relation on worlds (X, P) < (X', P’) is defined
to hold whenever ¥ C ¥/ and P C P'. A Kripke model is a pair, (W, I),
where W is a (possibly infinite) set of worlds and I is a function, called an
interpretation, that maps the worlds in W to sets of atomic formulas in such
a way that I((X,P)) is a set of atomic X-formulas. The mapping I must also
be order-preserving: that is, for all w,w’ € W, if w < w’ then I(w) C I(w’).

Let the pair (W, I) be a Kripke model, let (X,P) € W, and let B be an
Ly X-formula. The three-place satisfaction relation I, (X, P) |- B is defined
by induction on the structure of B as follows.

1. I,(X,P) - B if B is atomic and B € I((X,P)).
2. I, wi-BAB if I,wi- B and I,wl B’

3. I,wl- B D B’ if for every w' € W such that w < w’ and I,w’ |+ B then
Iw'lF B

4. I,(X,P) I V.z.B if for every (X',P’) € W such that (X,P) < (X', P/)
and for every Y'-term ¢ of type 7, the relation I, (¥, P’) I B[t/z] holds.

Let (X,P) be a world. The canonical model for (X, P) is defined as the
Kripke model with the set of worlds {(¥,P’) | (X,P) < (¥,P)} and the
interpretation I defined so that I((X',P’)) is the set of all atomic ¥'-formulas
A such that ¥ :: P’ - A has a cut-free I-proof. Note that the canonical Kripke
model is an infinite structure in the sense that it contains countably many
worlds.

Note the difference in the treatment of provability and satisfaction for an
implicational formula. In order to prove the formula B; O By in the world
(3,P) (i.e., that the sequent ¥ :: P+ By D By is provable), we need to move
to a single new world (X,PU{B;}) and try to prove Bs. In contrast, to show
that By D By is true in the world (X, P), we need to examine all extensions to
that world and check that Bs is true in that world if Bj is true in that world.

As we mentioned in Section 3.7, sequent calculus inference rules provide
logical connectives with two senses within a proof: there are different infer-
ence rules for introducing a given logical connective on the left and right of
a sequent. On the other hand, in the model-theoretic setting, logical connec-
tives are given meaning in only one sense: there is only one clause defining the
satisfiability of a given logical connective. The following lemma shows how
the cut-admissibility result allows us to relate these approaches to providing
meaning to logical connectives.
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Lemma 5.32. The cut rule (Figure 5.2) and the instan rule (defined at
the end of Section 5.5) are admissible for cut-free I-proofs if and only if
the following holds: For every world (3,P) and every %-formula B, it is
the case that ¥ :: P+ B has a cut-free I-proof if and only if I, (%, P) - B,
where I is the canonical model for (¥, P).

In other words, the admissibility of cut and instan is equivalent to the
coincidence of truth in the canonical model with provability.

Proof. To prove the forward direction, assume that both the cut and instan
rules are admissible for I-proofs. We now prove by induction on the structure
of B that ¥ :: Pk B if and only if I, (3, P) |- B.

Case: B is atomic. The equivalence is immediate.

Case: B is By A By. This case is simple and immediate.

Case: B is B; D By. Assume first that ¥ :: P By D Be. Hence, ¥ :P,B1 H
By (using the invertibility of DR.). To show I,(X,P) - By D B, assume
that (X', P’) € W is such that (X,P) < (¥',P’) and I, (X', P’) IF By. By the
inductive hypothesis, ¥’ :: P’ i, By and by cut admissibility, ¥’ :: P’ b By. By
induction again, we have I, (X, P’) I By. Thus, I, (X, P) - By D Bs. For the
converse, assume I, (X, P) I By D By. Since ¥ :: P, B; b B, the inductive
hypothesis yields I, (X, P U {By}) I B;. By the definition of satisfaction
of implication, we must have I,(X,P U {B1}) I B2. Using the inductive
hypothesis again, ¥ :: P, B1 By, and ¥ =P H By D Bo.
Case: B is V;x.Bi. Assume first that ¥ :: P b V,x.B; and, hence, ¥,d :
7Pt Bi[d/x] for any variable d not in ¥. To show that I, (3, P) IV, z.B,
let (X,P') € W be such that (X,P) < (¥,P') and ¢t be a ¥'-term of type
7. By the admissibility of the instan rule, we have ¥/ :: P’ b Bi[t/z]. By
induction we have I, (X', P’) = Bq[t/z]. Thus, I,(X,P) I V.xB;. For the
converse, assume [, (X, P) |- V.xB;. Let d be a variable not a member of
Y. Since d is a ¥ U {d}-term, I, (X U {d}, P) |- Bi[d/x] by the definition of
satisfaction of universal quantification. But by the inductive hypothesis again,
Y,d:7:Phk Bi[d/x] and ¥ =Pt VrzB;.

We now show the converse by assuming the equivalence: for every world
(3, P) and every X-formula B,

Y :PH Bifand only if I, (X, P) I- B,

where I is the canonical model for (¥,P). We now show that any sequent
that can be proved using occurrences of the cut and instan rules can be proved
without such rules. In particular, we claim that if (3, P) < (3, P’) then each
of the following holds.
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1. fY 2P H Band X:P,BH C then ¥ :: P H C.

2. If t is a Y'-term of type 7 and X,z : 7:: P b B then X' :: P/ H B[t/z] (of
course, x does not occur in X).

To prove the first claim, assume that ¥':: P’ B and ¥ :: P, B+ C. Thus,
Y. = PH B D C. By the assumed equivalence, I, (X, P') I B and I, (X, P) I+
B D C. By the definition of satisfaction for implication, I, (¥, P’) - C. By
the assumed equivalence again, this yields X' :: P’ I C.

To prove the second claim above, assume that ¢ is a X'-term of type 7 and
that X,z : 7P+ C. Thus, ¥ :: P V,z.B. By the assumed equivalence,
I, (X, P) IV, 2x.B. By the definition of satisfaction for universal quantification,

we have I, (X,P') I+ B[t/x]. By the assumed equivalence again, this yields
¥ Pk Blt/x]. O

Given Theorems 5.28 and 5.31, this lemma provides an immediate proof
of the following theorem.

Theorem 5.33. Let (X,P) be a world and let I be the canonical model
for (,P). For all ¥-formulas B, ¥ =P B if and only if I I B. In
particular, for every B € P, I'l- B.

The following simple argument supports our use of the term canonical
model. Although we have not given a general definition of Kripke models (i.e., a
notion of model that is not built from formulas and terms), whatever definition
is used, it needs to be sound: if i B, then B is true in every generalized Kripke
model. Thus, if the £y ¥-formula B is true in the canonical model for (X, ()
then ¥ :: - B and, hence, B is true in every generalized Kripke model.

5.7 Synthetic inference rules

The left-introduction phase in || £y can be described as a single inference rule
via the following generalized notion of backchaining. Let ¥ be a signature and
let I' be a finite set of ¥-formulas. Define |I'|s; to be the smallest set of pairs
(A, D), where A is a multiset of formulas and D is a formula, such that

—_

if D €T then (0, D) € |Tx,

if (A, Dy A D) € [T'|y. then (A, Dy) € |I'|y and (A, D) € Iy,

if (A,G D D) € |I'|y then (AU{G}, D) € |I'|s, and

if (A,V,x D) € |I'lsx and ¢ is a X-term of type 7 then (A, D[t/x]) € |T'|s.

-~ W N
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The backchaining inference rule is now defined as
{E:TFHG | Ge A}
»uT'HA

BC, provided A is atomic and (A, A) € |T'|s.

If A is empty, then this rule has no premises. Let the | £{-proof system contain
the right-introduction rules in Figure 4.1 and the BC rule. Straightforward
inductive arguments prove the following two lemmas and proposition.

Lemma 5.34. If P is a path in D (i.e., D T P holds), and 0 is a substi-
tution, then PO is a path in D6.

Lemma 5.35. Let ¥ be an eigenvariable signature, let A be a multiset of
Y-formulas, and let A and D be a X-formulas, where A is atomic. Then
(A, A) € [{D}|s if and only if there is a path in D with bound variables T,
arguments G1,...,Gy, (n >0), and target A’ and there is a substitution 0
mapping the variables T to X-terms such that A and {G10,...,G,0} are
equal and A and A0 are equal.

Proposition 5.36. Let X be a signature, let P be a multiset of Ly X-

formulas and G be a X-formula. The sequent ¥ :: P = G has a || L{-proof
if and only if it has an I-proof.

The two-phase |} Lo-proof system can justify replacing program clauses
with inference rules. For example, let P be the multiset containing the clauses
Va.Vy. [adj  y D path z y| and Vz.Vy.Vz.[adj  y A path y z D path z z].
Here, we assume the two predicates adj and path have type i — ¢ — o. Using
the decide rule on the second of these formulas leads to an attempt to prove
the sequent X :: T, P I path s t with the following derivation.

I''Pladjsu I'SPFkpathut
AL
I'PFadj suApathut I'Pl path stk path st

init

DL
Lx3

decide

[P | (adj s u Apath ut D path s t) - path st

[P VaVyVz.(adj x y Apath y z D path = z) b path s ¢
I''PFpath st

(We suppressed the signatures associated with sequents for readability). If we
ignore the seven inference rules within this derivation, we have the inference
rule

Yul'yPlFadjsu YulPrpathut

YuI'yPtFpathst
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Similarly, deciding to use the first of these two formulas results in the inference
rule

YulyPladjst
YuIl'Pkpathst

These two derived inference rules are rather appealing since they do not men-
tion any logical constants. Instead, they describe how an attempt to prove one
atomic formula can lead to an attempt to prove one or two additional atomic
formulas. Given this observation, we can remove these two Horn clauses from
the logic program (assumptions on the left-hand side) and insert in the I-proof
system the synthetic inference rules

YuT'Fadjst YuT'Fadjsu Yul'Fpathut
d .
YuI'Fpathst o YuI'Fpathst

If we are using only Horn clauses, then it is possible to replace all program
clauses in the left-hand context with synthetic inference rules that mention
only atomic formulas.

More formally, we say that a sequent of the form X =:T'F A, where A is an
atomic formula, is a border sequent since such sequents appear at the border
between a right-introduction phase (on the bottom) and a left-introduction
phase (on the top). A synthetic inference rule is the inference rule that re-
sults from moving from a border sequent upwards through a decide rule and
then through the resulting left-introduction phase, and then, if any sequents
remain, through the right-introduction phases. Any open sequents remaining
after both phases are complete will be border sequents, and these will be the
premises of the associate synthetic inference rule. In other words, a synthetic
inference rule combines backchaining and goal reduction into one rule.

Although focusing on Horn clauses yields synthetic inference rules that
only mention atoms, focusing on formulas of higher clause order leads to syn-
thetic rules that contain logical connectives. For example, focusing on the
propositional formula ((p D ¢) D r) D s would justify the synthetic inference
rule

I,pDgkr
I'ks

Exercise 5.37. Show that the synthetic inference rules that result from
deciding on an Lo-formula of clausal order at most 2 involve only atomic
formulas in its conclusion and premises.
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5.8 Disjunctive and existential goals

Now that we have addressed the soundness and completeness of |} Ly-proofs
for Lo-formulas, we return to considering allowing disjunctions and existential
quantifiers into formulas in the restricted setting of definition (5.5) of fohh.
With this definition, I-proofs can have disjunctions and existential introduc-
tion rules on the right but not the left of its sequents. It turns out that we can
capture the right-hand side proof-search behavior of these logical constants
using non-logical constants as follows. Let V be a non-logical constant of type
0— 0— oand 3, be a non-logical constant of type (7 — 0) — o for every
type 7. Consider the (infinite) set C of formulas that contains the two clauses

VP V,Q [P (PUQ)]  VYePY.Q Q> (PVQ)
and, for every type 7, the clause
VrooB VYt [(Bt) D (3, B)]

The members of C are Horn clauses, but they are not first-order Horn clauses
since they contain quantifiers that are not of first-order type (since that type
contains the type o). Such clauses are studied in more detail in Chapter 9
where we present higher-order Horn clauses. The clauses above correspond to
the following synthetic inference rules.

YuP,CHP XuP.CHQ uP,CFBt
Y:P,CHFPVQ L:P,CHPVQ X:P.Ct3I.B

Note that these rules exactly correspond to the VR and dR rules. Given this
observation, we can now prove the following completeness theorem.

Proposition 5.38 (Completeness of |} fohh-proofs for fohh). Let T' be a
fohh logic program and G a fohh goal. If the sequent ¥ :: ' = G has an
I-proof then it has a |} fohh-proof.

Proof. Assume that ¥ :: I' = G has an I-proof =. Let C(E) be the smallest
set of clauses such that the following holds. (When we write VX', we mean a
string of universal quantifiers, one for each variable in ¥'.)

1. If E contains the inference rule
%I+ B;
N, =T+ By V By

VR

then C(Z) contains the clause VX/[B; D (By V Bs)].
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2. If = contains the inference rule
.Yt ¥, = T"F B[t/x]
2,1+ 3,2.B

JR

~

then C(Z) contains the clause VX'[B[t/z] D (3r2.B)].

The set C(Z) is a set of essentially first-order Horn clauses: the only reason
that they are not exactly members of fohc is that they can contain atomic
formulas that might contain logical connectives (such atomic formulas have
top-level symbols V and él) Otherwise, only first-order quantification is used
within these clauses. We shall assume here that this mild extension to fohc
does not affect the proof theory results that we have already established for
them. Chapter 9 will formally justify this assumption.

Let I' and G be the result of replacing all occurrences of V with V and of
3, with 3,. It is now straightforward to convert the I-proof Z of X = T'F G

into an I-proof of ¥ :: C(E),T" + G. This conversion takes the rule

2, =T+ By
VR
S, %I+ BV Bs

and rewrites it into

. A — ————— Init
E,E/::C(E),Fl—Bi ¥, ByVBytk BV By
DL

E,E/ZIC(E),f,Bi:)Bl\A/Bgl—Bl\A/Bg
- - ———— VL
E,E/ i C(E),VE/[BZ D) (Bl \Y BQ)],F, F BV By
- —— c
=5 C(E), ' F B V By

A similar conversion must also be done with the JR inference rule. Thus, the
original proof can be converted into an I-proof involving only Ly-formulas.
By Theorem 5.29, we know that the sequent ¥ :: C(Z), ['F G also has a | Lo-
proof. Given that V and 3 cannot be top-level connectives of fohh program
clauses, the left-hand context I’ will never get additional assumptions with
target atoms containing V or 3 as their predicate symbol. This | Lg-proof
can then be converted directly into a |} Lo-proof of 3 :: ' By V By by noting
that the only times a decide rule is used with a formula from C(Z) occurs
when we emulate either an VR or dR rule. The conversion of the proof is
completed by replacing such decide rules and the phase above them with the
right-introduction rule they are emulating. O

5.9 Examples of fohc logic programs
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4 )
kind nat type.
type z nat.
type s nat -> nat.
type sum nat -> mnat -> mnat -> o.
type leq, greater nat -> nat -> o.

sum z N N.

sum (s N) M (s P) :- sum N M P.
leq z N.

leq (s N) (s M) - leq N M.
greater N M :- leq (s M) N.

The type o denotes o, the type of formulas (see Section 2.4).

Figure 5.3: The fohc specification of three relations on natural numbers.
\_ _J

Figure 5.3 presents some examples of Horn clauses and two kinds of dec-
larations. The syntax there follows the AProlog conventions. The kind dec-
laration is used to declare members of the set of sorts .S. In particular, the
kind declaration in Figure 5.3 declares that the token nat is to be used as a
primitive type. The expressions

type tok <type expression>.

declares that the non-logical signature should contain the declaration of tok
at the associated type expression. Logic program clauses are the remaining
entries. In those entries, the infix symbol :- denotes the converse of D, a
semicolon denotes a disjunction, a comma (which binds tighter than :- and the
semicolon) denotes a conjunction of G-formulas, and & denotes a conjunction
of D-formulas. (In our current setting, both the comma and & denote the
same logical connective A. When we move to linear logic, these tokens will be
mapped to different linear logic conjunctions: see Section 6.5.) Tokens with
initial capital letters are universally quantified with scope around individual
clauses (which are terminated by a period).

In Figure 5.3, after the symbol nat is declared a primitive type, both z and
s are declared as constructors for natural numbers denoting zero and successor.
The symbol sum is declared to be a relation of three natural numbers, while the
two symbols leq and greater are declared to be binary relations on natural
numbers. The remaining lines in that figure provide the logic programming
specification of these three predicates. For example, if the sum predicate holds
for the triple M, N, and P then N + M = P: this relation is described
recursively using the fact that 0+ N = N and if N+ M = P then (N+1)+M =
(P +1). Similarly, relations describing N < M and N > M are also specified.
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Figure 5.4 introduces the type for lists and two constructors for lists: the empty
list constructor nil and the nonempty list constructor, the infix symbol ::.
Here we are using the AProlog notation for polymorphic typing of lists, even
though the formal theory of terms and types used in this book are simple types
without type variables. The keyword infixr is used to declare that a given
token should be used as an infix operator that associates to the right (with a
certain priority).

Also, in Figure 5.4, the binary predicate sumup relates a list of natural
numbers with the sum of those numbers. The binary predicate max relates a
non-empty list of numbers with the largest number in that list and the empty
list with the number 0. The predicate maxx is an auxiliary predicate used to
help compute the max relation.

Exercise 5.39. Informally describe the predicates specified by the clauses
in Figures 5.5 and 5.6.

\. J

7

Exercise 5.40. Take a standard definition of a Turing machine and show
how to define an interpreter for a Turing machine in fohc. The specification
should encode the fact that a given machine accepts a given word if and only
if some atomic formula is provable.

\

5.10 Dynamics of proof search for fohc

Let P be a fohc program and G a fohc goal such that ¥ :: P + G has an
I-proof. By the completeness of |} fohh-proofs (Theorem 5.38), this sequent
must have a |} fohh-proof, say, =Z. Since there are no occurrences of DR or VR
in =, every sequent occurring in = has ¥ as its signature and P as its left-hand
side. Thus, if a program clause is ever needed (via the decide rule) during the
search for a proof, it must be present at the beginning of that computation,
along with all other clauses that might be needed during the computation.
Thus, the logic of fohc does not directly support hierarchical programming
in which certain program clauses are meant to be local within a particular
scope. Similarly, data structures are first-order terms built from a non-logical
signature. Since signatures do not change during the search for proofs using
first-order Horn clauses, all the constructors for data structures that need to
be built during proof search must be available globally. In other words, fohc
does not directly support hiding the internal details of data structures, an
abstraction mechanism available in many programming languages via abstract
data types.

If we only look at border sequents in |} Lg-proofs in fohc, the only parts of
sequents that change when moving from border to border are the atomic right-
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kind list type -> type.

type nil list A.

type A -> 1list A -> 1list A.

infixr :: 5.

type sumup, max list nat -> nat -> o.

type maxx list nat -> mnat -> nat -> o.

sumup nil z.

sumup (N::L) S - sumup L T, sum N T S.

max L M :- maxx L z M.

maxx nil A A.

maxx (X::L) A M :- leq X A, maxx L A M.

maxx (X::L) A M :- greater X A, maxx L X M.

Figure 5.4: Some

relations between natural numbers and lists.

kind node type.
type a, b, ¢, d, e, £ node.
type adj, path node -> node -> o.

adj a b & adj b ¢ & adj ¢ d & adj a ¢ & adj e f.

path X X.
path X Z :- adj X Y, path Y Z.
Figure 5.5: Encoding a directed graph.

type memb A -> list A -> o.
type append list A -> list A -> list nat -> o.
type sort list nat -> list nat -> o.
type split nat -> list nat ->

list nat -> list nat -> o.
memb X (X::L).
memb X (Y::L) :- memb X L.
append nil L L.
append (X::L) K (X::M) :- append L K M.
split X nil nil nil.
split X (A::L) (A::S) B :- leq A X, split X L S B.
split X (A::L) S (A::B) :- greater A X, split X L S B.
sort nil nil.
sort (X::L) S :- split X L Sm Bg, sort Sm SmS,

sort Bg BgS, append SmS (X::BgS) S.

Figure 5.6: More examples of Horn clause programs.




96 CHAPTER 5. TWO ABSTRACT LOGIC PROGRAMMING LANGUAGES

4 )
kind jar, bacterium type.
type j jar.
type sterile, heated jar -> o.
type dead bacterium -> o.
type in bacterium -> jar -> o.
sterile X :- pi y\ in y X => dead y.
dead X :— heated Y, in X Y.
heated j.
Figure 5.7: Heating a jar makes it sterile.

\_ _J

hand sides. Given that we allow first-order terms (which can encode structures
such as natural numbers, lists, trees, and Turing machine tapes), it is easy to
see that proof search in fohc has sufficient dynamics to encode general compu-
tation. Unfortunately, all of that dynamics occurs within non-logical contexts,
namely, within atomic formulas. As a result, logical techniques for analyzing
computation via proof theory have limited impact on what can be said directly
about non-logical contexts. Thus, reasoning about specific Horn clause pro-
grams will benefit little from proof-theoretic analysis; most reasoning about
Horn clause programs will be based on induction. Chapter 11 provides an
exception in which a static analysis of Horn clauses relies entirely on struc-
tural proof theory instead of reducing Horn clause provability to inductive
reasoning.

5.11 Examples of fohh logic programs

McCarthy [1989] presented the challenge of formally defining a sterile jar as
one containing only dead bacteria. Consider proving that if a jar j is heated,
then that jar is sterile (given that heating a jar kills all bacteria in that jar).
The fohh specification of this problem is given in Figure 5.7. The expression
pi x\ denotes the universal quantification of the variable x with a scope that
extends as far to the right as consistent with parentheses or the end of the
expression. The first of the clauses above can be written as

Va.(Vy.(in y D dead y) D sterile z).
The synthetic inference rule associated with this clause is

y : bacterium, :: P, in y x - dead y

Y Pk sterile z
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Note that no constructors for type bacterium are provided in Figure 5.7, and
no explicit assumptions about the binary predicate in are given.

Exercise 5.41. Construct the || Lo-proof of the goal formula sterile j
from the logic program in Figure 5.7.

Another way to prove that a jar is sterile would be to use a microscope
and search out every bacterium in the jar and confirm that they are dead.
Unfortunately, this style of proof is not available in fohh (see Exercise 5.45),
although such proof strategies are possible in the stronger setting of model
checking: see Heath and Miller [2019] for a proof-theoretic treatment of some
aspects of model checking.

A specification for the binary predicate that relates a list with the reverse
of that list can be given in fohc using the following program clauses.

reverse L K :- rev L nil K.
rev nil L L.
rev (X::M) N L :- rev M (X::N) L.

Here, reverse is a binary relation on lists, and the auxiliary predicate rev
is a ternary relation on lists. By moving to fohh, it is possible to write the
following specification instead.

reverse L K :- rv nil K => rv L nil.
rv (X::M) N :-= rv M (X::N).

Here, the auxiliary predicate rv is also a binary predicate on lists. With this
second specification, the use of non-logical contexts is slightly reduced in the
sense that the atomic formula (rev M K L) in the first specification is encoded
using the logical formula (rv nil L => rv M K) in the second specification.
Note that the definition of reverse above has clausal order 2. It is possible to
specify reverse with a single clause of order 3 as follows.

reverse L K :-
(pi X\ pi M\ pi N\ rv (X::M) N :- rv M (X::N)) =>
rv nil K => rv L nil.

Here, both the base case for rv and the recursive case are assumed in the
body of reverse. Given this encoding of reverse, no other program clauses
can access either of these two clauses for rv: they are only available during a
proof of reverse.
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Exercise 5.42. Reversing a pile of papers can informally be described as:
start by allocating an additional empty pile and then systematically moving
the original pile’s top member to the top of the newly allocated pile. When
the original pile is empty, the other pile contains the reverse. Using the
last specification of reverse above, show where this informal computation
takes place in the construction of a proof of the reverse relation.

\. J

Note that fohh allows for a simple notion of modular logic programming.
For example, let classify, scanner, and misc name (possibly large) con-
junctions of program clauses that have some specific role within a larger pro-
gramming task: for example, scanner might contain code to convert a list
of characters into a list of tokens before parsing. Consider the following goal
formula.

misc D ((classify D G1) A (scanner D G2) A G3)

Attempting a proof of this goal will cause attempts of the three goals G,
G2, and G3 with respect to different programs: misc and classify are used
to prove (G1; misc and scanner are used to prove Go; and misc is used to
prove (Gs3. Thus, implicational goals can be used to structure the runtime
environment of a program. For example, the code in classify is unavailable
during the proof attempt of Gs.

What it means to accumulate clauses from two different sources is worth
noting. For example, assume that the predicate aux is described by two sets
of clauses in misc and scanner, respectively. The description of aux in the
accumulation of misc and scanner is given by mixing the clauses in these two
separate sources. The resulting description of aux might not have a simple
relationship to its descriptions in misc and scanner separately.

Classical logic does not support this discipline for the scoping of clauses.
For example, the three-goal formulas

D> (Gl V GQ), (D D Gl) VGe, and GV (D D) Gg)

all provide different scopes for the clause D. However, in classical logic, the
scoping of D is the same for all of these goals: given that B > C = -BV C
is classically provable, all three of these formulas are classically equivalent to
=DV GV Gs. In other words, classical logic allows for scope extrusion: that
is, while the scope of D in (D D G;) V G2 appears to be limited to G, that
scope actually extrudes over the disjunction G1 V Gs. Thus, classical logic
does not support the notion of scope that one usually wants from a module
system.
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5.12 Dynamics of proof search for fohh

Proof search using fohh programs and goals is a bit more dynamic than for
fohc. In particular, both logic programs and signatures can grow. In this
setting, every sequent in a |} Lo-proof of the sequent ¥ :: P I G is either of the
form

2, 2P, PG or ¥, %P, Py DF A.

Thus, the signature can grow by the addition of ¥ and the logic program can
grown by the addition of P’ (a fohh program over ¥ UY'). More generally, it
is the case that if the clausal order of P is n > 1 and the clausal order of G is
at most n — 1, then the clausal order of P’ is at most n — 2.

Since the terms used to instantiate quantifiers in the concluding sequent
of the 3R and VL inference rules range over the signature of that sequent,
more terms are available for instantiation as proof search progresses. These
additional terms include the eigenvariables of the proof that are introduced
by VR inference rules. Note that once an eigenvariable is introduced, it is not
instantiated by the proof search process. As a result, eigenvariables do not
actually vary and, hence, act as locally scoped constants.

5.13 Limitations to fohc and fohh logic programs

Both fohc and fohh have certain limitations in how they can be used to rep-
resent computations. In the analysis of finite state machines and regular lan-
guages, the pumping lemmas help to circumscribe their expressive power. This
section contains several exercises that similarly illustrate limits to the expres-
sive power of fohc and fohh logic programs.

An immediate consequence of Proposition 5.23 is the following monotonic-
ity property of intuitionistic provability: if ¥ =Tk G and if TV is a set of
Y-formulas containing I', then ¥ :: TV i G. This proposition can be applied to
solve the following two exercises.

Exercise 5.43. (1) Consider the collection of declarations that accumu-
lates the primitive types and mon-logical constants in Figure 5.3 along
with declarations for a and maxa, which make them into predicates of
one argument with sort nat. Assume that a nonempty set of natural
numbers N = {ni,...,ni} is encoded by the multiset of atomic formu-
las A(N) = {a ni,...,a ng}. Show that there is no fohh logic program
P such that A(N),P + mazxa m has an I-proof if and only if m is the
mazimum of the set N.

As was illustrated in Figure 5.4, the maximum of a set of numbers can
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be computed in fohc if that set of numbers is stored as a list within the non-
logical context of an atomic formula and not in the logical context as required
by the exercise above.

Exercise 5.44. (1) Given the encoding of directed graphs as is illustrated
in Figure 5.5, show that it is not possible to specify in fohh a predicate that
is true of two nodes if and only if there is no path between them. Similarly,
show that there is no specification in fohh of a predicate that holds of a node
if and only if that node is not adjacent to another node.

\. J

As this exercise illustrates, while it is possible to capture reachability within
a graph, it is not, in general, possible to capture non-reachability, at least when
the adjacency graph is encoded as a set of atomic formulas as is the case in
Figure 5.5.

g )

Exercise 5.45. Consider extending the typing information in Figure 5.7
with a finite set of tokens B that denote bacteria (i.e., they are given type
bacterium), and let C be a subset of B denoting the set of dead bacteria.
Let H be the set of atomic formulas that contains (in b j5) for everyb € B
and (dead b) for every b € C. Show that there is no specification, say, P
in fohh of a predicate, say, p of type jar -> o such that H F (p 7) hold
exactly when B and C are equal sets (i.e., when the jar j is sterile). Of
course, the specification P should be general in the sense that it does not
contain tokens for any of the specific bacteria mentioned in B.

The following example illustrates a second class of weaknesses of fohh spec-
ifications. Consider the problem of specifying the removal of an element from
a list. In particular, assume that we have the following signature X, written
concretely as follows.

kind i type.
type a, b, c i.
type remove i -> list i -> list 1 -> o.

Here, the type i contains three elements. It is easy to show that it is impossible
to find a specification, say P, in fohh for the predicate remove such that

1. (remove z [ k) is provable from ¥ and P if and only if the list & is the
result of removing all occurrences of x from [, and

2. the specification P does not contain occurrences of a, b, or c.

The last of these restrictions essentially says that remove should work no
matter what terms of the type i exist. The proof of impossibility is im-
mediate. If such a specification P existed, then P must necessarily prove
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(remove a [a,b,a] [b]). Since a and b are not free in P, then the universal
quantification of such a goal is also provable: that is, P must also prove

pi a\ pi b\ remove a (a::b::a::nil) (b::nil)).

But since that goal is provable, any instance of these quantifiers is also prov-
able. Thus, (remove a [a,a,a] [a]) is provable, which should not be the
case.

This weakness results from the inability to specify the inequality of terms
within the logic without explicitly referring to the constructor of terms. Sup-
pose we allow the specification of remove to use the specific information about
the structure of type i. In that case, it is possible to write the following spec-
ification of remove, which first specifies inequality on the type i.

type notequal i->1i ->o.

notequal a b & notequal b a.

notequal a ¢ & notequal a c.

notequal b c¢c & notequal c b.

remove X nil nil.

remove X (X::L) K :- remove X L K.

remove X (Y::L) (Y::K) :- notequal X Y, remove L K.

Consider the type declarations in Figure 5.8: here ¢ and j are primitive
types. Note that terms of type i exist in contexts where constants or variables
of type j are declared. Figure 5.8 contains a specification of predicate subSome
such that the goal (subSome = s ¢ r) is provable if and only if 7 is the result
of substituting some occurrences of z (actually, of (¢ z)) in t with s. The
following exercises are concerned with the specification of predicates related
to subSome.

Exercise 5.46.(1) Prove that it is not possible in fohh to write a specifica-
tion of subAll such that (subAll x st r) is provable if and only if r is the
result of substituting all occurrences of x in t with s. Note that this specifi-
cation would need to work in any extension of the non-logical signature (in
particular, for extensions that contain constants of type j that do not occur
in the specification of subAll).

Exercise 5.47. Write a fohh specification of subOne such that the goal
(subOne = s t r) is provable if and only if r is the result of substituting
exactly one occurrence of x in t with s. One might think that subAll can
be specified using repeated calls to subOne. Given the previous exercise, this
s not possible. Explain why.
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4 A
type c j o-> i.
type £ i =-> i.
type g i ->1i ->1i.
type subSome j ->1i->1->1i -> o.
subSome X T (c X) T.
subSome X T (c Y) (c Y).
subSome X T (£ U) (£ W) :— subSome X T U W.
subSome X T (g U V) (g W Y) :- subSome X T U W,
subSome X T V Y.
Figure 5.8: Substitution of some occurrences.
\_ J

5.14 Bibliographic notes

The early literature on logic programming did not use sequent calculus to
encode proofs using Horn clauses: in fact, that literature used refutations
instead of proof. For example, the papers by Emden and Kowalski [1976]
and by Apt and Emden [1982] described logic programming using a restricted
form of resolution refutation called SLD resolution. The textbooks by Gallier
[1986] and Lloyd [1987] provide more details about this approach to logic
programming in classical logic.

A central design choice in our description of logic programming is the use
of goal-directed proof search and the identification of the right-hand side of se-
quents with the goal and the left-hand side of sequents with the logic program.
This design choice dates back to Miller and Nadathur [1986] and Miller [1986].
A more general treatment of goal-directed proof search is given in the book by
Gabbay and Olivetti [2000]. The book by Miller and Nadathur [2012] focuses
on AProlog and presents several examples of logic programs using first-order
(and higher-order) hereditary Harrop formulas. The AProlog programming
language has had a number of implementation. The two most recent im-
plementations that allow directly executing the examples in this chapter are
Teyjus [Nadathur and Mitchell, 1999] and Elpi [Dunchev et al., 2015; Tassi,
2025].

The focused proof system |} Ly takes the symbol |} and the term “focus”
from Andreoli [1992]. The first proofs of cut elimination for a focused proof
system were done within linear logic: see Section 6.10 for some references.

The focused proof system LJF of Liang and Miller [2009] extends the |} Lo
proof system by directly treating disjunctions and existential quantifiers and
allowing atomic formulas to be polarized. In particular, if atomic formulas
have negative polarity, then the backchaining-style proofs presented in Sec-
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tion 5.4 appear. On the other hand, if atomic formulas have positive polarity,
then the forward-chaining-style proofs mentioned in Exercise 5.16 appear.

Harrop formulas were defined and shown to have the disjunction and ex-
istence properties in Harrop [1960].

Kripke first introduced his eponymous models for intuitionistic logic in
Kripke [1965], some years after he proposed such models for various modal
logics in Kripke [1959]. The canonical Kripke model described in Section 5.6
is a simplified version of a model construction given in Miller [1992]. The
Kripke lambda models built by Mitchell and Moggi [1991] are similar but
more abstract and general than the model presented here.

The notion that synthetic inference rules (Section 5.7) can systematically
be derived from formulas was an early project of Negri and von Plato [2001].
A more general form of that early work is given in Marin et al. [2022], where
focused proof systems for intuitionistic and classical logics are used to build
synthetic inference rules for those two logics.

One of the applications of hereditary Harrop formulas for logic program-
ming is to help design modular programming abstractions for logic program-
ming. Miller [1989b] proposed an early approach to modular programming in
logic programming, which later developed into the module system for AProlog
in Kwon et al. [1993] and Miller [1994]. Numerous logic-based module designs
for logic programming are surveyed in Bugliesi et al. [1994].

The emulation of Turing machines by first-order Horn clauses (see Ex-
ercise 5.40) shows that proving goals from a Horn clause logic program is
undecidable. An early encoding of Turing machines as fohc clauses can be
found in Térnlund [1977].

As a result of Exercise 5.46, the implementation of substitution, typically
needed when specifying theorem provers or operations that transform pro-
grams, must be signature dependent. That is, the constructors of certain types
must be explicit in the specification. The use of copy-clauses as a flexible and
general avenue for making items in a signature available to a logic specification
is explored more in Miller [1991a] and Miller and Nadathur [2012].

As pointed out in Section 5.13, many important queries about graphs can-
not be encoded using adjacency information stored as atomic facts. More
generally, queries that involve discovering that some information is missing
(e.g., there are no paths from, say, c to a) cannot be captured in fohh since
we view logic programs as theories (sets of formulas) and since logical conclu-
sions remain after additional formulas are added to a theory. A different way
to view logic programs is as inductive definitions or explicit least fized points
instead of a set of implications. Such an approach has been proposed by, for
example, Clark [1978], Girard [1992], Schroeder-Heister [1993], and Denecker
et al. [2001]. In that setting, logic programs are closed by their definitions and
cannot be extended. This change in perspective makes it possible to capture
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aspects of negation-as-failure as well as properties such as non-reachability
and simulation (see McDowell et al. [2003]; Tiu et al. [2005]) as well as vari-
ous other model-checking problems (see Heath and Miller [2019]). Although
this approach to logic programs can greatly enrich the expressiveness of this
topic, we shall maintain our treatment of logic programs as extensible theo-
ries, pushing this perspective into the areas of linear logic and higher-order
quantification.



Chapter

Linear logic

From the proof-theoretic perspective, the analysis of goal-directed proof search
for classical and intuitionistic logics given in Chapter 5 has at least the follow-
ing three problems.

First, that analysis holds only for subsets of classical and intuitionistic
logics. As we have seen, uniform provability, along with backchaining, provides
an analysis of proof search for the £y = {t, A, D,V} fragment of intuitionistic
logic, which is not a complete set of connectives for intuitionistic logic (when
quantification is restricted to be first-order).

Second, that analysis did not extend to multiple-conclusion sequents, which
is unfortunate since that setting allowed for a unified view of classical and
intuitionistic proofs. Limiting proof search to single-conclusion sequents will
restrict our ability to use negation and De Morgan dualities to reason about
logic programs.

Third, the proof search dynamics for our richest logic programming lan-
guage so far, fohh, is relatively weak. As we pointed out in Section 5.12, the
left-hand side of border sequents within |} fohh proofs can only increase during
proof search, and while the right-hand side can change richly, those changes
occur within atomic formulas (i.e., non-logical contexts). If sequents could
change in more complex ways during proof search, logic programming could
be more expressive and allow more direct uses of logic to reason about the
computations specified.

As we shall see in this chapter, linear logic allows us to expand our analysis
of proof search to address all three of these limitations. In particular, we will
eventually analyze a multiple conclusion proof system for a set of connectives
that captures all of linear logic.
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6.1 Reflections on the structural inference rules

Before we present linear logic, we discuss several issues related to the role of
contraction and weakening in C-proofs and I-proofs.

Controlling contractions improves proof search If the contraction rules
are deleted from the classical and intuitionistic (unfocused) proof systems in
Section 4.1, then the height of a cut-free proof can be bounded by the number
of occurrences of logical connectives in the endsequent. It would then follow
that it is decidable whether or not a sequent has a cut-free proof in such
a modified proof system. Using a more clever set of observations, Gentzen
[1935] derived a decision procedure for propositional intuitionistic logic by
seeing a way to limit the applications of contraction in that setting. The fo-
cused proof system |} Ly is a significant improvement over unfocused I-proofs
in part because the structural rules are tightly regulated within |} Lg-proofs:
in particular, w[L is built into the init rule, and cL is built into the decide rule
as well as the DL rule (to turn the usual multiplicative treatment of the left
context into an additive treatment).

Invertible rules and contraction There is an interplay between structural
rules and invertible introduction rules. Consider, for example, the following
two introduction rules taken from the C-proof system (Section 4.1).

YuBT'FA YuC,'FA YuB, 'FA
VL VAN
>uBVCTEA By ABy, TFA

L

The VL rule is invertible, meaning that if the conclusion is provable its two
premises are provable. In this case, cL never needs to be applied to the formula
BV C. On the other hand, the AL rule is not invertible, and one might need
to apply cL to this conjunction to access both conjunctions. For example, a
cut-free I-proof of the formula (pAg) D (p D g D r) D r requires an application
of cL to p A q. Since controlling contraction can help one design proof-search
procedures, it is valuable to know that the applicability of contraction can be
limited to those formula occurrences with non-invertible introduction rules.

Selecting between multiplicative and additive connectives If one of
the introduction rules for a connective is multiplicative, we say that that con-
nective is multiplicative. If one of the introduction rules for a connective is
additive, we say that that connective is additive. In typical proof systems,
such as our I and C proof systems (as well as Gentzen’s LJ and LK), one
must select an additive or a multiplicative version of each connective: in the
case of our proof system here, A and V are additive while D is multiplicative.
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In a fuller picture of proof theory, it seems unfortunate that we must pick just
one of these variants. Although it is the case that the presence of weakening
and contraction allows one to interchange the additive and multiplicative ver-
sions, we are considering proof systems where there are various restrictions on
weakening and contraction. Thus, these different variants might be expected
to behave differently within such proofs.

The collision of cut and the structural rules The interaction between
the cut and the structural rules can lead to undesirable dynamics in the usual
way to perform cut elimination. For example, consider the following instance
of the cut rule.

r-c TI.C+B
I, I+ B

cut (%)

If the right premise is proved by a left-contraction rule from the sequent
I",C,C + B, then cut-elimination proceeds by permuting the cut rule to
the right premises, yielding the derivation

r-c TI.,C,C-B
T+C I,T",C+ B

I,T,T'+ B

I, T+ B

cut

cut

cL.

In the single-conclusion variant of the sequent calculus, it is impossible for the
occurrence of C' in the left premise of (x) to be contracted. If the cut rule
in (*) takes place in a classical proof system, the left premise might be the
conclusion of a contraction applied to I' = C, C. In that case, cut elimination
can also proceed by permuting the cut rule to the left premise.

T+c,Cc T.C+B
rrroes ™ rors
I.I'.T'+ B, B
I.T'F B

cut

cL, cR

Thus, in C-proofs, it is possible for both occurrences of C' in (%) to be con-
tracted and, hence, the elimination of this cut rule is nondeterministic since
the cut rule can move to both the left and right premises. Such nondetermin-
ism in cut elimination is even more pronounced when we consider the collision
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of the cut rule with weakening in the following derivation.

- _
=1 =2

B B
wR wL
FC,B C+B
cut
+B,B
—— cR
B

Cut-elimination here can yield either =1 or Zs: thus, nondeterminism arising
from weakening can lead to entirely different proofs of B. This kind of ex-
ample does not occur in the intuitionistic (single-sided) version of the sequent
calculus.

As we mentioned in Section 1.2, the functional programming paradigm can
be built on top of a deterministic cut-elimination process. As a result, proof
systems that allow this collision between cut and the structural rules are not
natural foundations for functional programming.

Linear logic will address these various issues, especially once we present
focused proof systems for all of linear logic in Sections 6.7.

6.2 LK vs LJ: An origin story for linear logic

Gentzen restricted his LJ proof system for intuitionistic logic to be LK proofs
in which there is at most one formula on the right. As we argued in Section 4.5,
this restriction translates to the restriction that I-proofs are C-proofs in which
the right-hand sides of all sequents have exactly one formula. As we proved in
Proposition 4.2, the following two restrictions guarantee that all sequents in
a C-proof of the endsequent + B have exactly one formula in the right-hand
context.

1. No structural rules are permitted on the right: i.e., proofs do not contain
occurrences of wR and cR.

2. The two multiplicative rules, DL and cut, are restricted so that the
formula on the right-hand side of the conclusion must also be the formula
on the right-hand side of the right premise.

To illustrate again this second restriction, recall the form of the DL rule.

E::Fll—Al,B E::C,FQI_AQ
E::BDC,F]_,FQI_A]_,AQ

DL

If the right-hand side of the conclusion contains one formula, that formula
can move to the right-hand side of either the left or right premise. This extra
restriction, however, forces that formula to move only to the right premise and
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not to the left. Thus, the DL rule does two things: it introduces a connective
and moves a side formula to a particular place. In this sense, implication
within intuitionistic logic is different from all other logic connectives: the
introduction rules of these other connectives are only involved in introducing
a connective (in an additive or multiplicative fashion). In Section 4.2, we
noted that the cut rule could be emulated using the DL rule and a trivial
implication. Using this observation, the restriction on DL can explain the
similar restriction on cut. In summary, the restriction on I-proofs can be used
to say that (1) structural rules are only allowed on the left of the sequent,
and (2) implication seems to have more internal structure than is immediately
apparent.

These two restrictions can motivate a central and novel feature of linear
logic. In particular, the fact that in intuitionistic proofs, some occurrences of
formulas in a proof can be contracted while some cannot will be captured in
linear logic using the two operators ! and ? (pronounced “bang” and “question
mark”, respectively). In particular, a formula of the form ! B on the left-hand
side and a formula of the form 7 B on the right-hand side can be weakened and
contracted. In linear logic, these structural rules will not apply to any other
occurrences of formulas. Thus, sequents in C-proofs can be encoded in linear
logic using sequents of the form ! By,..., !B, F?7Cy,...,7Cy, (n,m > 0) and
sequents in I-proofs can be encoded in linear logic using sequents of the form
'By,...,! B, b By, where By does not have 7 as its top-level connective.

The ! operator can also be used to explain the behavior of the intuitionistic
implication. Since the DR rule applied to the formula B D C moves B to
the left-hand side, it seems necessary to encode such an implication as, say,
(I B) —o C, where —o is the linear implication. Such an encoding ensures that
! is affixed to B as a new member of the left-hand side. This decomposition of
the intuitionistic implication also explains the second restriction listed above.
In particular, consider the following inference rule in which the conclusion is
a single-conclusion sequent encoded as described above.

a1 AL!'B YiuC, o Ay
PIRS ('B) —OC,Fl,FQ}—AhAQ

—oLL

As is described in more detail in Section 6.3.3, the right-introduction rule for
! with a conclusion of the form I'y H Aq,! B is only permitted if I'y contains
only "ed formulas and A; contains only ?’ed formulas. Given our encoding,
the right-hand side will have one formula that is not a top-level 7: thus, Ay
must be empty, and As must be that single formula. In this way, the second
restriction on the structure of DL in I-proofs can be explained.
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6.3 Sequent calculus proof systems for linear logic

The two-sided proof system for linear logic, called L, is formed by putting
together all of the inference rules in Figures 6.1, 6.2, 6.3, and 6.4. Keeping
with the conventions described in Section 2.4, all binary logical connectives of
linear logic have the type o — 0 — o, the units have the type o, negation and
the exponentials (! and 7) have the type o — o, and the quantifiers V, and
3; have type (1 — 0) — o (for all types 7). Formulas built from the connec-
tives explicitly mentioned in the L proof system are called L-formulas. The
treatment of the quantifiers and signatures in linear logic will be essentially
the same as in classical and intuitionistic logics. As such, many of the same
conventions surrounding quantifiers will be used in the linear logic setting:
i.e., type subscripts and signatures of sequents are often not displayed when
their value is not important or can be inferred from context.

6.3.1 An informal semantics for some of linear logic

Before further developing the proof theory of linear logic, we briefly provide
some informal semantics to help understand a few inference rules in Figure 6.4.
Some of the distinctions embedded in linear logic can be motivated by viewing
it as a logic for dealing with resources instead of truth values.

Consider being someone who has built two digital fonts and wants to sell
them. Linear logic provides two different packaging concepts for pricing the
pairing of those two fonts based on its two conjunctions.

1. The right introduction rule for ® suggests that one such packaging: if I'y
resources (such resources might be the hour spent designing fonts and
computer expenses) were used to build font By and I'y resources were
used to build font Bs, then we should price the pair of fonts B; ® B to
be based on the accumulation I'1,I's. The left rule suggests that once
someone has paid for such a pair, the buyer should have simultaneous
access to both fonts B; and By. In other words, if it costs 3€ to build
one font and 7€ to build the other, this kind of pairing should cost 10€.

2. The right introduction rule for & suggests another packaging: if both
fonts By and By each required I' resources separately, then we can price
the pair of fonts By & By also with I'. The left introduction rule for &
suggests that the buyer should be able to access either font but when
one of the fonts is picked, the other font is no longer accessible. In other
words, if it costs 5€ to build one font and 5€ to build the other, this
kind of pairing should still cost 5€.

We can informally view the formula ! B as an unbounded number of copies
of B, an observation that is easily supported by the left rules for !, namely,
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4 )\
YuT'FA
— 1L — 1R —— TR
YuI1FA Yu-k1 YuT'FT,A
»uT'FA
— 0L — 1L — 1R
Y:uT,OF A Yulk- Y»uT'H LA
YuI,B, FA YuT'FB,A Y:TFHCA
&L (i =1,2) &R
YuT'FB&C A

YuI,Bi1 & By A

»uI''BFA Y:TI',CFA uI'F B, A
®R (1 =1,2)

YuT'k By ® By, A

YuI''BepCrFA
ZZZF,Bl,BQF—A E::Fll—B,Al E::FQ'_C,AQ
QL ®R
YullBi® B FA Yul', s F BRC, A1, Ay
YuT1,BF Ay YuT9,CF Ag »:T+B,C A
BR
Yul', I, B CF A, Ay YuI'FB®C,A
Yu:I'FBA Yu:I''BFA N
()R

Z::F,BJ‘I—A() Y:TFBL A

Figure 6.1: The introduction rules for the propositional connectives.

»:T'FBA YuIY,BF A
init
YuD TVEAA

cut

Y:BFB

Figure 6.2: The two identity rules.

y:7,X:I'F Bly/z], A

SlEt:T YT, Bt/z] - A
YuI'FV,2.B,A

YuILWVex.BEA

SlEt:T YTk B[t/z],A
IR
YuT'Fdx.B, A

y:1, %=, Bly/z| F A
JL
oI, d,2.BF A

Figure 6.3: The introduction rules for the quantifiers.
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4 )
YuTHA S:TUIB,IBEFA YuI',BFA
— W IC —!D
»:ILIBFA »uILIBEA »uILIBEA
»uT'FA Y>:T'H?B,7B,A >:T'FB,A
— W ?C ——?D
Yu:I'F?B,A YuTI'F?B,A Yu:TI'F?B,A
YuIIUBETA »u!'EB,7A
7L 'R
Y:IILYBFTA Y:II'H!B,7A
Figure 6.4: The rules for the exponentials.

"W, 'C, ! D. The ! R rule, also called the promotion rule for !, is more in-
teresting. Consider, for example, a restaurant that would like to offer their
clients unlimited french fries with their meals. One way to ensure this is to
ensure that the cook has access to unlimited amounts of oil, salt, and pota-
toes and can make one french fry. This strategy is the informal meaning of
the promotion rule for !. Dually, the ? L rule is the promotion rule for 7.

In these two informal descriptions, we have provided an interpretation of
sequents that may have multiple formulas on the left but only one on the right.
We will provide an informal semantics for inference rules involving sequents
that contain multiple formulas on the right when we discuss the specification
of concurrent processes Section 12.1.

6.3.2 Multiplicative additive linear logic

Multiplicative additive linear logic, or MALL for short, is the subset of linear
logic that results from collecting together the inference rules in Figure 6.1 and
6.2. MALL contains the additive and multiplicative versions of the classi-
cal disjunction, conjunction, and their units. Since MALL does not contain
weakening or contraction, the additive and multiplicative versions of these con-
nections are not inter-admissible within proofs (see Exercise 4.6). The eight
logical connectives of MALL are classified in the following table as either the
additive or multiplicative variant of an associated classical connective.

Classical ‘ Linear Additive ‘ Linear Multiplicative

t T (top) 1 (one)
f 0 (zero) 1 (bottom)
A & (with) ® (tensor)
v @ (o-plus) % (par)
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Here, 1 is the unit for ®, T is the unit for &, L is the unit for %, and 0
is the unit for @&. Our presentation of linear logic will also accept negation
as a first-class connective, written as (-)L: the inference rules for negation in
Figure 6.1 are the same as used by Gentzen (see Section 4.5).

Exercise 6.1. Let p, q, and r be propositional constants (constants of type
0). Provide L proofs of the following sequents.

1. Fp%pt 5. p@(@dr)F(per)Bq
2. (peg@rk(reqep 6.7EpB (pr®q) B (¢-®r)
3. PR BrE(r g Rp Tt (pR gt

4. pR@Br)F(peq) Br 8. (11773’(1)L|—pL®qL

\. J

Let B be the formula 1 %% 1. It is the case that neither B nor its negation,
namely | ® 1, are provable in linear logic.

Exercise 6.2. (1) In the sequent Fp®q, pt ®q, p®q-, p- @ q*, all
occurrences of the constants p and q can be matched with an occurrence of
its negation. Show, however, that this sequent is not provable in L.

It is shown in Lincoln et al. [1992] that determining the provability of
a MALL formula is PSPACE-complete. Augmenting MALL with the rules
for first-order quantifiers (as depicted in Figure 6.3, where 7 is a primitive
type other than o) enhances the expressiveness of the resulting logic, yet the
resulting logic still maintains PSPACE-completeness.

6.3.3 Linear logic as MALL plus exponentials

Full linear logic is the strengthening of MALL with the addition of the quanti-
fiers V and 3 and the two operators ! and 7, collectively called the exponentials.
These operators reintroduce weakening and contraction into linear logic but
only for some occurrences of formulas marked by them. In particular, Fig-
ure 6.4 contains four rules for each of these exponentials. Of those four, one
permits weakening, and another permits contraction for the formulas they
mark. The other two rules are essentially introduction rules. The dereliction
rules ! D and 7 D can be understood (reading rules from conclusion to premise)
as saying that formulas that can be weakened and contracted can drop this
privilege. The promotion rules ! R and 7 L can similarly be read as saying
that one way to show that a formula can gain the privilege of being weakened
and contracted is to show that that formula can be proved in a context where
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every other formula has that privilege.

We say that two formulas B and C' are equivalent in linear logic if the two
sequents B+ C and C' + B are provable in L. We sometimes abbreviate this
statement to B -+ C.

Exercise 6.3. Show that the following equivalences between the exponen-
tial, additive, and multiplicative connectives hold in linear logic.

IT41 (B&C)4-!B®!C ?20+1 ?2(B&C)4-?2BR?C

These equivalences are inspired by the algebraic equation x™" = 2™ x ™.

\.

Exercise 6.4.(f) An exponential prefix is a finite sequence of zero or
more occurrences of ! and 7. Let m be an exponential prefiz. Prove that
nmwB HF 7B holds for all formulas B. Use that result to show that there
are only seven exponential prefizes in linear logic up to equivalence: the
empty prefiz, 1, 7,17, 71,1721 and 717,

7

Exercise 6.5. Add a second tensor to linear logic, say, @, with the same
inference rules as ®. Show that B ® C 4~ B & C. In this sense, the
inference rules for tensor define it uniquely. Show that this is true for all
logical connectives of linear logic except for the exponentials ! and 7.

6.3.4 Duality and polarity

The familiar De Morgan dualities of classical logic hold in a comprehensive
fashion in linear logic. Not only do the binary connectives, units, and quanti-
fiers have De Morgan duals, but the exponentials do as well. Here, we list the
De Morgan duals for all the logical connectives in linear logic.

connective ‘T‘&‘l‘@‘L‘@‘O‘@‘!‘?‘V‘H
DeMorgandual‘O‘@‘L‘@‘l‘@‘T‘&‘?‘!‘EI‘V

This table encodes several linear logic equivalences. For example, the following
equivalences hold.

(BRC)Y4+Btoct (B&O)r4+BLact TtH4o0

(3z.B)" 4 Va.(BY)  (?2B)T 4 (B

As a result of equivalences of this form, it is possible to rewrite every formula
in linear logic into an equivalent formula in which negation has atomic scope.
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Y FBA Yo FCA
——— TR &R
Yo FT,A YuFB&C A

kB A S EC Ag
1R ®R
DIRI o | Y FBRC A A,

Y:FA Y FBCA
— 1
Yo LA R Z::I—BS’S’C,A?XR

Yu kDB, A
i FBy® By, A

SR (i =1,2)

y:7, % F Bly/z], A YIFt:T Yk B[t/x], A
R
Yo FVex.B, A Yo FdxB A

JR

Y FA Yu:+F?7B,7B,A Y:FB,A
- W ?7C —— D
Y F?7B,A Y F?7B,A Y F?7B,A

Y FB,7A

— IR
Y HIB,7A

Y: FBA Y+ B A
init cut

Y: +B,Bt YA A

Figure 6.5: A one-sided sequent calculus proof system for linear logic.
\_ _J

Such formulas are said to be in negation normal form. If we restrict our atten-
tion to only formulas in such normal forms, it is possible to give a one-sided
sequent calculus proof system for linear logic, such as Figure 6.5. By exploit-
ing dualities, this proof system has about half the number of inference rules
as the two-sided inference system for linear logic. Note that in Figure 6.5, the
negation symbol that appears in init and cut is no longer a logical connective
(since it has no introduction rules) but should be understood as the operator
that negates its argument and then puts the result into negation normal form.
We shall, however, make only limited use of this one-sided sequent system
for linear logic. Instead, we shall continue to use two-sided sequents in what
follows.

An important and exciting aspect of linear logic is the following. It is easy
to confirm that in MALL, the right-introduction rule of a logical connective
is invertible if and only if the left-introduction rule of that connective (or
the right-introduction rule of its De Morgan dual) is not invertible. This
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observation leads to attributing a polarity to connectives. In particular, we
say that a connective is negative if its right-introduction rule is invertible and
positive if its left-introduction rule is invertible. The negative connectives are
1, T, %, &, and V. The positive connectives are 1, 0, ®, @, and 3.

Another perspective on the polarity of linear logic connectives is the fol-
lowing. If the right-introduction rule for a connective requires information
from an oracle or its context, then that rule introduces a positive connective.
For example, the @R rule requires knowing which disjunct should be selected,
the ®R rule needs to know how to split a context, the 1R rule needs to know
if its surrounding context is empty, and the 3R rule needs to be given a term.
Dually, the right-introduction rules for negative connectives do not need any
additional information for their successful application. (Note that the eigen-
variable condition for the VR rule requires that the eigenvariable is not cur-
rently free in the sequent: however, it is a simple matter to organize things so
that new names are always selected independently from the context.) In this
latter sense, it is possible to then classify | as a positive connective since its
right rule (the promotion rule ! R), requires the information from the context
that all formulas in the context are marked appropriately with an exponential.
As a result, we also consider ? (the De Morgan dual of !) as negative.

The polarity of a non-atomic formula is negative or positive depending
only on the polarity of its topmost connective. We adopt the convention that
atoms have negative polarity to extend the notion of polarity to all linear
logic formulas. This convention was initially adopted by Andreoli [1992] since
it provided a natural connection to uniform proofs.

7

Exercise 6.6. Let B and C be two formulas for which B 4~ !B and
C 4= 1C are provable. Show that the following equivalences using the
positive connectives are also provable: 1 +4+11, 0410, BeC - (BxC),
dx.B 4+ 13x.B, B& C 4 1(B& C). Dually, let B and C be two formulas
such that B 4+ 7B and C 4 7 C' are provable. Show that the following
equivalences using the negative connectives are also provable: 1 -+ 71,
TH+?2T,BRCA?(BRC), B&C +?(B&C), Vx.B 4+ ?Vz.B.

\. J

Exercise 6.7. Let B be a linear logic formula. Prove that if the only
occurrences of atomic formulas and megative connectives in B are in the
scope of occurrences of |, then B - !B holds. Dually, prove that if the
only occurrences of atomic formulas and positive connectives are in the
scope of occurrences of 7, then B 4+ 7 B holds.

\
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Exercise 6.8. Assuming that we have the cut-elimination theorem for the
L proof system, prove the invertibility of &R, BR, ®L, and ®L using the
style argument in the proof of Proposition 4.17.

\.

7

Exercise 6.9. The following three entailments hold in classical logic.

mix: ANB - AVB
switch: (AVB)AC F AV (BAC)
medial: (ANC)V(BAD) F(AVvB)A(CV D)

(The names for these entailments are taken from Guglielmi [2007].) Con-
sider mapping the pair of classical logic connectives (A, V) into one of the
four pairs of linear logic connectives (®,%), (®,®), (&,%), and (&, D).
For each of the above three classical logic entailments, find which of these
mappings of connectives yields an entailment provable in linear logic. For
example, applying the first of these mappings to the Mix entailment yields
A® B&F AR B, which is not generally provable in linear logic.

\. J

7

Exercise 6.10. The connectives of MALL can be given four attributes:
arity (0 for a unit or 2 for a binary connective), additive/multiplicative,
polarity (positive/negative), and conjunctive/disjunctive. Show that if we
fix the arity, then, given any two of the remaining three attributes, the third
can be determined uniquely. For example, there is a unique binary connec-
tive that is conjunctive and positive (the multiplicative ®) and a unique
unit that is disjunctive and additive (the positive 0). Show also that the De
Morgan dual of a connective flips polarity and the conjunctive/disjunctive
attribute while leaving the other two attributes unchanged.

\. J

6.3.5 Introducing implications

Since implication has played a large role in the design of the logic programming
languages we have seen in earlier chapters, we add implication as a logical
connective into linear logic. In fact, we add two implications, namely the linear
implication — and the intuitionistic implication =. The linear implication
B —o C can be defined as B+ % C and the intuitionistic implication B = C
can be defined as (! B) — C. Since both of these implications are based
on the multiplicative disjunction %, these connectives are multiplicative and
have negative polarity. Instead of introducing implications as definitions, we
choose to make them proper connectives by providing them with left and
right-introduction rules. The left and right-introduction rules for — are the
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following.

Yol F B, Ay YTy, CF Ag »uI'BFC,A
—o [ —o
Eiirl,FQ,B—OCI—Al,AQ ZF"B—OC,A

R

We sometimes write B o— C' as an abbreviation for (B — C) & (C — B).
Since the right introduction rules for & and % are invertible (see Exercise 6.8),
the formula (B — (') & (C' — B) is provable in linear logic if and only if
B —+ C holds.

7

Exercise 6.11. Prove the following curry/uncurry equivalences are prov-
able in linear logic.

1—-oHooH (BC)—oHooB—-oC—oH

0—oHooT (B&C)—oHoo(B—-H)&(C— H)
(Jz.B ) —o H oo Vx.(B x — H)

Many presentations of linear logic make little or no use of implications
since they often focus on the rich symmetries allowed by the negation of linear
logic. In particular, every logical connective of linear logic, except for the
implications —o and =, have other logical connectives that are their De Morgan
duals. In what follows, we will view Bt as an abbreviation for B —o L.

One issue with adding the intuitionistic implication directly to a proof
system for linear logic is deciding how to specify its left and right-introduction
rules. For example, it is tempting to write the following candidate introduction
rules for =.

a1 HIB, A Yuly,CF Ay »uTI''BFC,A
Xul', I, B=CHF Ay, As YuI'FB=CA

These rules, however, break the usual pattern for introduction rules in sequent
calculus: exactly one occurrence of a logical connective appears in the conclu-
sion while no new occurrences of a logical connective appears in a premise. In
both of these rules, the occurrence of ! in the premise violates this pattern.
This pattern has already been violated, in principle, by the rules for the ex-
ponentials. In particular, the contraction rule ! C' inserts two occurrences of !
into a premise while ! R requires possibly many occurrences of ! and 7 to be
present in the conclusion. We address these issues around the implications and
the exponentials by introducing a new style of sequent calculus proof system
in the next section.
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Exercise 6.12. Let p be a propositional constant and let B be the formula
pRl(p — (pRp)) & !(p — 1). Show that the sequents B + B ® B and
Bt 1 are provable in L.

6.4 Introducing zones into sequents

One of our hopes with introducing linear logic is to provide a means to enrich
the logic programming languages described in Chapter 5. To that end, we will
analyze goal-directed proofs, backchaining, and focused proof systems within
linear logic. This analysis will show that all of linear logic can be presented
as an abstract logic programming language. Before showing that result, we
show how to relate proofs in linear logic with I-proofs and C-proofs.

If linear logic does serve as a more refined and low-level setting for both
classical and intuitionistic logics, then we might expect that simply replacing
the logical connectives in | Lo, namely {t, A, D, V} (see Section 5.5), with the
corresponding linear logic connectives {T, &, =V} should allow us to repro-
duce intuitionistic proofs within linear logic. If that is indeed the case, adding
—o to this last set of connectives might provide us with an extension to fohh.
We will soon show that such an extension does exist.

Let L1 be the set of logical connectives {T, &, —,=,V}. An L;-formula
is any first-order formula whose logical connectives come from £;. Figure 6.6
presents an (unfocused) proof system P for the formulas taken from £;. To
solve the problem of specifying introduction rules for = mentioned at the end
of the previous section, the P proof system features an innovation: the left-
hand context in sequents is divided into two zones. In particular, this proof
system uses sequents of the form X::W: I' = B. Here, both ¥ and I' are multisets
of £1 formulas, and B is an £; formula. We say that U is the left-unbounded
zone while I' is the left-bounded zone of this sequent. We shall also refer to
the right-hand side of a P sequent as its right-bounded zone. The informal
reading of the sequent By,...,B,;(C1,...,Cy F E is given by the linear logic
sequent ! By,...,! By, Cy,...,Cp B E. All the introduction rules in Figure 6.6
have the desired property that the conclusion has one occurrence of a logical
connective and the premises have no explicit mention of logical connectives.
The presences of two zones on the left of sequents also necessitates having two
versions of the cut rule, cut; and cut!, and two versions of the decide rule,
decide; and decide!.

The additive rules treat formulas occurring in these two zones the same;
i.e., a context formula occurrence in either the left or right-bounded zone or the
left-unbounded zone of the conclusion also occurs in the corresponding zone in
all premises. The multiplicative rules have a more hybrid behavior: a context
formula occurring in the left-unbounded zone of the conclusion also occurs
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uVv, B;I'BFC
————— init absorb — T
YU AFA Yuv B:I'FC oU;I'ET
XuU B FC YXuuI'EB YU I'EC
&L (1=1,2) &R
YuU B & By HC a:U:I'FB&C
>:U:I'FB Yo IV, CHE XuU:IBFC
R
YU T,B—oCFE S:UTFB—-C
>:U;-+-B YowICHE Yuv B:I'FC
= R
Yuw:I''B=CFE YU, I'FB=C
YU, Bt/z] - C y:7, 5T+ Bly/x]
XU, I'Ve.BFC U, 'V, z.B
Yu:U;,I'FB YU, IV, B-C uU,-FB XU B T'FC
cut; cut!
YuuILIVEC Y:UI'-C
Figure 6.6: The single-conclusion, two-zone proof system P for £;.
\_ J

in the left-unbounded zone of all premises, while a context formula occurring
in either the left or right-bounded zone occurs in the corresponding zone in
exactly one premise. This hybrid behavior for the multiplicative inference
rules is possible because contraction is available for the left unbounded zone.
For example, the following derivation illustrates how the multiplicative — L
rule plus contraction (!L) can justify this hybrid treatment.

IW.T1 B 10,1y, CHE
I, 10, T1,T9,B—oCFE
|, T1,T9,B—oCFE

e

Two inference rules in Figure 6.6, namely =L and cut !, require the bounded
part of one of its premises to be empty. When that context is empty, as in
Bi,...,By;- F E, the corresponding linear logic sequent is ! By,...,! B, F E.
When that sequent is provable in linear logic, then ! By,...,! B, F | E is also
provable (using the ! R rule in Figure 6.4). Thus, requiring a premise to have
an empty left-bounded zone can also guarantee that a (hidden) ! formula is
proved from the left-unbounded context.

The absorb rule in Figure 6.6 is a combination of the contraction and
dereliction rules for !: it allows for a formula in the left-unbounded zone to be
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copied into the left-bounded context.

The following function translates formulas that may involve implications
into formulas where those implications are replaced by their definitions. Let
B¢ be the result of repeatedly replacing within B all occurrences of C; = Cy
with (! Cl)J‘ 2 Cy and all occurrences of C; — Cy with C1+ % Cy. We also
allow © to be applied to a multiset of formulas, which results in the multiset
of ¢ applied to each member. The following proposition relates the P and L
proof systems.

Proposition 6.13. Let B be an Li-formula and let ¥ and T' be multisets
of Li-formulas. The sequent V;I' = B has a P-proof if and only if the
sequent |(¥°),T'° = B® has an L proof.

Proving the forward direction is a straightforward induction on the struc-
ture of proofs. Proving the converse is more challenging and not given here
since it will follow directly from the proof of the completeness of the focused
proof system |} Lo (displayed in Figure 6.11) given in Chapter 7.

Although several properties of the P proof system could be stated and
proved, this unfocused proof system is not best suited for studying general-
izations of goal-directed search and backchaining. We now motivate a focused
version of the P proof system.

As in Section 5.4, we organize the left-hand rules using the backchaining
discipline. We do this by presenting two proof systems: the first uses |} to
denote the focus of the backchain rule, and a second proof system in which
backchaining is described as a single inference rule BC.

Figure 6.7 contains a proof system in which the left-introduction rules are
applied to a designated formula from the left (compare these rules to those
in Figure 5.1). The new sequent, written as X = ¥;I" || D A, displays that
designated formula between the || and the . That displayed formula is the
only one on which left-introduction rules may be applied. The two decide rules
are used to turn the attempt to prove an atomic formula into an attempt to use
a focused formula. The sequent ¥ :: ¥;I' - G or the sequent X :: ;' | DF A
has a |} £L1-proof if it has a proof using the rules in Figure 6.7.

Note that the rule for —o L requires splitting the bounded zone into two
parts (when reading the rule bottom-up). There are, of course, 2" such split-
tings if that zone has n > 0 distinct formulas.

The soundness and completeness of the |l £ proof system for sequents
using formulas only from £; will follow from a stronger result that we shall
prove in some detail in Section 7.4.

Consider the following definition for a second (less proof-theoretic) descrip-
tion of backchaining. Let the syntactic variable B range over Li-formulas.
Define || B]|x to be the smallest set of triples of the form (V,T', B), where ¥
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( A
XuWU:I'FB XouI'-C
————— TR &R
YU I'ET YuU,I'-B&C
YowI'BFEC XuU B I'FC

—oR = R
YXuU;I'FB—-C Yu:U:I'-B=C

y:7, 22U+ Bly/z]
YuU,I'FV, 2B

XU, D;'|DFHA Ya:U 'y DFHA
decide! decide;
YU, D;T'HA YU I''DEFA
Skt:T Yaw T D[t/z]F A
init VL
Yuv-J AFA Yuw:I'|Vez.DE A

XUy DA
YU I'y D1 &DyHA

L(i=12)

Yuv:IhEG 2aU I, DEA
YuvI, s |G—oDFA

— L

YuU,-HFG XU DEA
YuwI'lG=DFA

=L

Figure 6.7: The focused proof system | L.
\_ _J

and I' are multisets of formulas, such that

1. (0,0,B) € ||Blls;

2. if (U, T, B1&Bs) € ||B||x then (U, T, By) € ||B||s and (¥, T, Bo) € || B||s;
3. if (¥,T, By = By) € ||B||x then (¥ U{B1},T, By) € ||Bl|s:;

4. if (U, T, By —o By) € ||Bl|x then (¥,T'U{B1}, B2) € ||Bl|s; and

5. if (¥, I',V,2.B’) € || B||s and ¢ is a X-term of type 7, then

(¥.T, B'[t/x]) € [|B]|s.

Let | £) be the proof system that results from replacing init and the four

left-introduction rules in Figure 6.7 with the backchaining inference rule in
Figure 6.8.
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4 )

Yuv,-FB)...X2V¥;-FB, YuUIZWFC ..U T, FC,
v Iy,...,I',,BHA

BC

provided n,m > 0, ({B1,...,Bn},{C1,...,Cn}, A) € ||B|lx, and A is
atomic.

Figure 6.8: Backchaining for the linear logic fragment £;.

Proposition 6.14. Let {B} UV UT be a multiset of Li-formulas. The
sequent ¥ W;T'F B has a | L1 proof if and only if it has a |} L} proof.

This proposition follows directly from the completeness of the | £ proof
system, following the same lines used to prove the analogous results in Sec-
tion 5.7. Using the terminology introduced in Section 3.3, the BC rule in
Figure 6.8 is multiplicative if we take the occurrences of A and B in the con-
clusion to be the target occurrences of this rule.

It is now clear from the |} £1-proof system that the dynamics of proof search
in this setting has improved beyond that described for fohh (Section 5.12). In
particular, every sequent in a |} £L1-proof of the sequent X :: ¥;I' - G is either
of the form X, ¥ =0, ;T G or 3, X =W, U TV || D+ A. Just as with fohh,
the signature can grown by adding ¥’ and the unbounded zone can grown by
adding ¥’. However, the bounded zone, I/, can change in much more general
and arbitrary ways. Formulas in the bounded zone that were present at the
root of a proof may not necessarily be present later (higher) in the proof. As
we shall see later, we can use formulas in the bounded zone to represent, say,
the state of a computation or a switch that is off but later on.

6.5 Embedding fohh into linear logic

The abstract logic programming language (L1, L1,F,) has been also called
Lolli (after the lollipop shape of the —o). As a programming language, Lolli
appears to be Ly with —o added. To make this connection more precise,
we should show how Ly can be embedded into Lolli (since, technically, they
use different sets of connectives). Girard [1987] has presented a mapping of
intuitionistic logic into linear logic that preserves not only provability but also
proofs. On the fragment of intuitionistic logic containing t, A, D, and V, his
translation is given by:

(A)? = A, where A is atomic,
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(t)o =T,
(Bi A Ba)° = (B1)° & (By)°,
(Bl D) BQ)O = BI)O = (BQ)O,
(Vz.B)? = Vx.(B)°.
However, if we are willing to focus attention on only cut-free proofs in in-

tuitionistic and linear logic, it is possible to define a different translation.
Consider the following two translation functions.

(A)T = (A)~ = A, where A is atomic
=1 () =T

(Bi A Ba)" = (B1)" @ (B2)"
(Bl A BQ) (Bl) & (BQ)
(B1 D Ba)* = (B1)” = (Ba2)*
(B1 D B2)” = (B1)" — (Ba)~
(Vz.B)t =Va.(B)*

v
(Vz.B)™ =Vzx.(B)~

If we allow positive occurrences of V and 3 within cut-free proofs, as in proofs
involving the hereditary Harrop formulas, we need to include the following two
clauses.

(B1V Ba)* = (B1)" @ (B2) "
(3z.B)" = 3x.(B)*

Proposition 6.15. Let X be a signature, B be a X-formula and A a set of
Y-formulas, all over the logical constants t,\,D, and V. Define A~ to be
the multiset {C~ | C € A}. Then, the sequent ¥ :: A+ B has an I-proof if
and only if the sequent ¥ :: A™;- = BT has a cut-free proof in || L1.

This proposition is a consequence of the more general Proposition 7.18.
In fact, if one considers || Lo-proofs instead of I-proofs, then |} Lo-proofs of
¥ :: A+ B are essentially || £;-proofs of ¥ :: A7;- = B*. This suggests how
to design the concrete syntax of a linear logic programming language so that
the interpretation of Prolog and AProlog programs remains unchanged when
embedded into this new setting. In particular, the Prolog syntax

Ao M Al,...,An
is traditionally intended to denote (the universal closure of) the formula
(Al/\.../\An) D Ap.

Given the negative translation above, such a Horn clause is translated to the
linear logic formula

(A1®®An)—OA0
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Thus, the comma in Prolog denotes ® and : — denotes the converse of —o.
Another example is the natural deduction rule for the introduction of im-
plication, often expressed using the diagram

(4)

B
A>DB’

which can be written as the following first-order formula for specifying a prov-
ability predicate:

VAVNB.((prov(A) D prov(B)) D prov(A imp B)).

Here, the domain of quantification is over propositional formulas of the object-
language and imp is the object-level implication. This formula is written in
AProlog using the syntax

prov (A imp B) :- prov A => prov B.

Given the above proposition, this formula can be translated to the formula
VANB.((prov(A) = prov(B)) — prov(A imp B)),

which means that the AProlog symbol => should denote =. Thus, in the impli-
cation introduction rule displayed above, the metalevel implication represented
as three vertical dots can be interpreted as an intuitionistic implication while
the metalevel implication represented as the horizontal bar can be interpreted
as a linear implication.

6.6 A model of resource consumption

This book does not present many details about the implementation of proof
search, but the following considerations seem high-level and useful to mention.
As we discussed in Section 6.4, an attempt to apply the multiplicative infer-
ence rule —oL, from either Figure 6.6 or Figure 6.7 requires splitting a multiset
of formulas into two multisets: in general, an exponential number of such split-
tings is possible. A better strategy than trying each possible splitting is needed
if the logic £, is to be the foundation of a usable logic programming language.
Such a strategy is possible and rests on two observations. First, instead of
splitting the formulas in the left bounded zone at the moment of applying the
—oL rule, we can send all the formulas in the bounded zone to the process
searching for a proof of the left premise. If a proof of that premise is found,
some of those bounded formulas are consumed. The remaining unconsumed,
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subcontext O [
oW IO T

Y2U [[||OJFB 2:¥;[1]0] FC
Y:U [I|O]FB&C

&R

YuU [(B) o0 FC
YuU [[||O]FB—C

a2V, B [I]|O FC
=
Y:U [[||OlFB=C

y:71,2:9; [ O] + Bly/z]
Y2 [I||O] FV,x.B

Y2V, D;[I||O]yDFA
Y:U,D;[I]|O]FA

decide!

pick I D M YaU MOy DFA
Y:U [I||O]FA

decidey

init
Yo [I||IJYAFA

Ylkt:r YuU[I||O]| Dt/x]F A
oW [I|O] Ve DEA

VL

oW [IO]yD;iFA
oW IOy D1 &DsFA

&L (i€ {1,2})

YuU [[|| M FG YaU MOy DEFA
Y2U[I||OJlG—-DFA

—o

YuU I I FG Y:W[I||O]J4DFA
Y:2U[I|O]JG=DFA

=L

The symbol :: is use both as the list constructor (in the supporting code
in Figure 6.10) as well as the symbol separating a signature from the
rest of a sequent.

Figure 6.9: The IO proof system.
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4 )
kind opt type -> type.
type none opt A.
type some A -> opt A.
type pick list (opt A) -> A -> 1list (opt A)-> o.
type subcontext list (opt A) -> list (opt A)-> o.

pick (some B::I) B (none::I).

pick (C::I) B (C::0) :— pick I B 0.
subcontext nil nil.

subcontext (C::0) (C::1I) :— subcontext 0 I.
subcontext (none::0) (some B::I) :- subcontext 0 I.

As with the type for lists, the type for options is also given a polymor-
phic typing: here, A is a type variable.

Figure 6.10: The formal definition of the predicates used in Figure 6.9.
\ J

bounded formulas can then be sent to the right premise to be consumed there.
Second, the decide inference rule in Figure 6.7 consumes a bounded formula.

Figure 6.9 contains the 10 proof system, which is a modification of the
I} L1 proof system in Figure 6.7 in which the bounded zone (written using
the schematic variable I') is replaced by the pairing [/ || O], where I and O
denote, respectively, collections of input and output formulas. Since we need
to support the process of deleting formulas from an input to arrive at an
output, the structures encoding I and O will be lists of option formulas. By
an option formula we mean a term of the form (B), for B a formula, or o,
which denotes that a formula has been deleted. The pick relation used in the
decide; rule in Figure 6.9 is used to select an occurrence of a formula from an
input list and return the result of deleting that occurrence in the output list.
The formal definition of the pick and subcontext predicates is given using
the Horn clauses displayed in Figure 6.10.

e Y

Exercise 6.16. The predicate subcontezt can be removed from the proof
system in Figure 6.9 by making use of the pick predicate instead. In par-
ticular, show that the one rule in Figure 6.9 that references subcontext
can be replaced by the following two rules.

pick IDM XU M| O] FT
TR TR
Yo 1| I FT oW IO FT
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There are several observations to make about the rules in Figure 6.9.

1. Most rules are such that when the pair [/ || O] appears in the conclusion,
it also appears in all its premises. The exceptions are described next.

2. When reading inference rules from conclusion to premises, the —R rule
can be seen as taking the pair [/ || O] and giving to the premise the
input (B) (encoded as (some B) in Figure 6.10). At the same time,
the corresponding output structure contains o (encoded as none), which
denotes the deletion of B. As a result, this modified rule indicates that
B must be consumed to prove the premise.

3. The decide; rule employs the pick predicate to nondeterministically se-
lect a formula D from the input structure while marking it deleted in
the output structure.

4. The left premise of the =L rule contains the pairing [/ || I]. Such a
pairing means that all formulas in the input are also in the output: no
formulas have been deleted. The init rule uses a similar pairing.

5. The condition (subcontext O I) appearing in the premise of the TR is
true if O results from deleting some formulas occurring in 1.

In order to prove the correctness of the proof system in Figure 6.9, we define
the formal difference, I —O, whenever it is the case that subcontext O I holds:
in particular, I — O is the multiset of formulas D such that (D) occurs in I
and the corresponding position in O is the symbol o. The following lemma
states some simple properties of this difference operator.

Lemma 6.17. Given a list of option formulas I, the difference I — I is the
empty multiset. Whenever subcontext I M and subcontext M O hold
then subcontext I O holds and I — O is the multiset union of I — M and
M —0O. Finally, if pick I D O holds, then I — O is the multiset containing
one occurrence of D.

The following lemma is proved by a simple induction on the structure of
1O-proofs.

Lemma 6.18. IfX:V; [I || O] b G has an IO-proof then subcontext O I
holds. The same is true if ¥ :: W;[I || O] § D F G has an 10-proof.

The following proposition shows that this approach to the lazy splitting of
contexts is sound.
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Proposition 6.19. If ¥:V; [I || O] & G has an [0-proof then X:U; I-0O +
G has a |} Li-proof. Similarly, if ¥ = U;[I || O] |} D+ G has an 10-proof
then X = W: I — Ol DF G has a | L1-proof.

Proof. Let = be an 10-proof of ¥ = W; [/ || O] = G. We can convert = to
|} £1-proof by simply replacing every occurrence of the pairing [/ || O] in

[1l o

with the multiset I — O. For example, consider the IO inference rule

Yuw [I|| M FG YuU MOy DA
Y:U[I|OJlG—-DFA

—o

If we set I'; and I's to be, respectively, I — M and M — O, then by Lemma 6.17,
I — O is the multiset union of I'y and I'y. Thus, the rule above is converted
to the || £1 inference rule

YovIhFG YuWwTs | DEA
YuvU;I',[hb§G—oDFA

—oLL

The remaining cases all follow as simply as this case. O

6.7 Multiple-conclusion uniform proofs

Our current treatment of linear logic proof theory via goal-directed search and
backchaining captures only a part of linear logic. As we will see in Exercise 6.20
below, if we extend the L1 collection of connectives with |, we can encode
all of linear logic’s connectives. This fact suggests that adding the unit for
the multiplicative disjunction might be interesting, especially since it has the
negative polarity like the other connectives in £1. It also seems sensible to add
not just | but also % and ? since they are all negative polarity connectives
and they represent the 0-ary, 2-ary, and “oo-ary” multiplicative disjunction.
To that end, we define Lo to be the set of connectives

£2 == ‘Cl U {J—77§)7?} = {T7&7 _07:>7V7J-7??7 ?}7

and we say that an Lo-formula is any first-order formula built using the Lo
connectives. This presentation of linear logic using the logical connectives
in Lo is called the Forum presentation of linear logic in Miller [1996]. The
proof system we give for these additional connectives uses multiple-conclusion
sequents.
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Exercise 6.20. () Show that the set of connectives L1 U {L} is complete
for linear logic by defining the formulas B+, 0, 1, B, B&C, B&C, 3z.B,
?B, and B % C wusing only the connectives in £, U{L}. Use the L proof
system to present the required proofs of equivalence. Can you argue why it
is the case that if L' is a proper subset of L1 then L' U{L} does not yield
a complete set of connectives for linear logic.

The set of connectives L9 is redundant since we can remove % and ? and
still have a complete set of connectives for linear logic, as the provability of
the following linear logic equivalences validate.

?Boo(B—ol1l)= 1 B®Coo(B—o1l)—C

Although the addition of % and 7 is not strictly necessary, their presence will
allow us to write natural specifications later. Also, their presence only slightly
complicates the proof theory analysis in the following chapter.

What should goal-directed search mean when there are possibly several
formulas on the right of a sequent? The key aspect of goal-directed search
that we wish to maintain is that goal formulas can be introduced without
any restriction, no matter what other formulas are on the left or right of
the sequent turnstile. Thus, it seems natural to expect that we should be
able to simultaneously introduce all the logical connectives on the right of the
sequent turnstile. Although the sequent calculus cannot deal directly with
simultaneous rule application, reference to permutations of inference rules can
indirectly address simultaneity. That is, we can require that if two or more
right-introduction rules can derive a given sequent, then all possible orders of
applying those right-introduction rules can, in fact, be done, and the resulting
proofs are all equal modulo permutations of introduction rules.

More precisely, a cut-free sequent proof = is uniform if for every subproof
=’ of = and for every non-atomic formula occurrence B in the right-hand side of
the endsequent of Z’, there is a proof 2" that is equal to =’ up to permutations
of inference rules and is such that the last inference rule in Z” introduces the
top-level logical connective of B. This notion of uniform proof clearly extends
the one given in Section 5.1. We similarly extend the notion of abstract logic
programming language to be a triple (D, G,t) such that for all sequents with
formulas from D on the left and formulas from G on the right, that sequent
has a proof if and only if it has a uniform proof. Instead of discussing
multiple-conclusion uniform proofs as a separate concept, we now introduce
a new focused sequent system that will yield a specific kind of uniform proof
system.

The || Lo-proof system, given in Figure 6.11, contains sequents having the
form

XoU'FAY and XU TN BEA;T,
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where ¥ is a signature, and I', A, ¥ and Y are multiset of X-formulas from L.
These two sequents have V¥ as its left-unbounded zone, I' as its left-bounded
zone, A as its right-bounded zone, and Y as its right-unbounded zone. The
intended meanings of these two sequents in linear logic are

XalwITFA?TY and X:!U I BFATT,

respectively. The || Lo-proof system contains right rules only for sequents of
the form X::W; '+ A; Y. The syntactic variable A used in Figure 6.11 denotes
a multiset of atomic formulas. As we have seen before, left-introduction rules
are applied only to the formula between the |} and the I in its conclusion.

Returning to the terminology in Section 3.3, the right introduction rules
are all additive (assuming that the formula introduced is the subject occur-
rence) while the left introduction rules are all multiplicative (assuming that
the formula introduced is the subject occurrence).

The L proof system can serve as an (unfocused) proof system for Lo: we
simply need to replace the implications in Lo-formulas with their definitions,
using the (-)° function from Proposition 6.13. Given the intended interpreta-
tion of sequents in Ly, the following soundness theorem can be proved by a
simple induction on the structure of |} Lo-proofs.

Theorem 6.21 (Soundness). If the sequent X:U;T' = A; Y has a || La-proof
then ! U° T° F A® ?Y° has an L proof. If the sequent ¥ = ¥;T" | B+ A; T
has a || La-proof then ' W° T B°F A° ?Y° has an L proof.

We will prove in the next chapter that three kinds of cut rules are admis-
sible in | £9 and use that fact to prove the completeness of |} Lo-proof.

g D

Exercise 6.22. The | La-proof rule for 7L s unlike the other left-
introduction rules in that it does not maintain focus as one moves from
the conclusion to a premise. Consider the following variation to that rule.
YuU- | BT
7L
Xuw - ?7BF Y

Show that if we replace ? L with ? L' then the resulting proof system is no
longer complete. Hint: consider the formula ?(a —o b) —o ?(a —o b).

\

Exercise 6.23. The Lo presentation of linear logic uses the 8 logical con-
nectives {T,&,—o,=,V, L, %, ?}. Show that all the 64 pairings of the right-
introduction rules for these 8 connectives permutes over each other.

\
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R

YU I'ET,AY T

XoU ' B AT XU EC AT
YuUI'FB&C,A;Y

YoUI'EAYT oW 'E B,C,A;Y

&R

1R %R
Yaow:I'E LAY YU, I'FBRCA;Y
S:U;B,T'HC AT YuBU:THCAY
— R =R
YuUI'FB—oC AT YuU:I'FB=CA;Y
y:1, 22T F Bly/z], A; T YU, T'FA;B, T
R
YU I'FV,.2.B,A;Y YW I'E?7B,A;YT
YuU: ' BFAT
decide;
Yuv:;BI'FATYT
YuB,U;T | BFAT oW, 'FA B;B,T
decide! decide?
YuB,U; AT YuU;I'FA B, T
it init?

E::\Il;-lLAI—A;TmI Yo JAFGATY

YuWU:BFT
1L 7L
Yuv- | LEY Yuv - ?7BFT
Yuw: | B AT L YaU | Blt/z] F A Y
SuU T Bi&Bo b AY 0 XaUT|V,e.BEAY

VL

YuU; I BEAG YT 22U, | CF Ay YT
XoU I, Iy U BRCHEH A, Ay T

YoUIMFALBY a0, | CF AT
YuU; I, Iy | B—-CkF A, Ay T
YoU,-FBY YaU T |JCFATYT

S:UT|B=CFAT

—oLL

=L

The rule VR has the proviso that y is not in the signature X, and the rule
VL has the proviso that ¢ is a X-term of type 7. In &L;, i =1 or i = 2.
The syntactic variable A ranges over multisets of atomic formulas.

Figure 6.11: The | Lo-proof system.
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7

Exercise 6.24. Assume that a,b,c,d are all propositional constants (i.e.,
they have type o). Prove the following formulas using the | Lo-proof system.
Note that proving the formula B wusing || Lo means proving the sequent
R >

1. ((a—oLl) —ol)—a

2. (d—o(a®b) —o(1—o(cBHd) —o(aBbBc)

3.7 —o(b—ol)=Land (b—oLl)=1)—7b

4. % ¢)—o(b—oLl)—ocand ((b—o L) —oc)—(b%c)

. J

Exercise 6.25. Show that the contrapositive of a linear implication is
equivalent to the linear implication. In particular, provide a |} Lo-proof
of (a —b) oo ((b — L) —o (a —o L)) where a and b are constants.

\

By examining the | Lo-proof system, we can see that the dynamics of
proof search in this proof system is a simple generalization of the dynamics
described for || £1. That is, during the search for a |} Ls-proof, the signature
and unbounded zones (on the left and right) can grow, while the changes in
the bounded zones (on the left and right) can change in more general and
arbitrary ways.

6.8 Conservativity results

We say that a sequent is an L;-sequent if all formulas in that sequent (with
or without a |}) are L£i-formulas. The following two exercises show that a
|} Lo-proof of an endsequent that is a single-conclusion Li-sequent contains
only single-conclusion sequents.

Exercise 6.26. (1) Prove that there is no |} Lo-proof of an L1 sequent with
an empty right side.

\. J

7

Exercise 6.27. (1) Prove that if Z is a || La-proof of a single-conclusion
L1-sequent then all sequents in = are single-conclusion sequents.

\

The |} L1-proof system is defined as the || Lo-proof system of Figure 6.11
but without the introduction rules for L, %, and ? and without the init?
and decide? rules. The following proposition is a simple consequence of the
observations in the two exercises above.
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Proposition 6.28 (|} L, is conservative over |} £1). If B is an L1 X-formula
such that ¥ 2 +;- = B;- has the || Lo-proof = then E is a |} L1-proof.

In Section 5.3, we defined the set of connectives Ly to be {t, A, D,V}. Now
that we have seen linear logic, it seems that this set can also be viewed as being
{T, &,=,V}. If we allow this renaming of intuitionistic connectives to be these
linear logic connectives, we have the following conservative proposition. We
say that a sequent is an Ly-sequent if all formulas in that sequent (with or
without a |}) are Lo-formulas (assuming this renaming of connectives).

Proposition 6.29 (|} £, is conservative over |} Ly). If B is an Lo X-formula
such that ¥ :: +;- = B; - has the || Lo-proof = then Z is a |} Lg-proof.

It is a consequence of these propositions that the proofs in |} Lo are also
proofs in the | £1 and || Ly proof systems when their endsequents are £i-
sequents and Ly-sequents, respectively.

6.9 Generalizing synthetic inference rules

We generalize two notions introduced in Section 5.7. A border sequent is
a sequent of the form X :: U;T' - A; T, where the right-bounded zone con-
tains only atoms. (Since occurrences of ¥ in sequent denoting binders, we
shall not refer to it as a zone.) A synthetic inference rule is then the infer-
ence rule that results from moving from a border sequent upwards through
a decide; or decide! rule, followed by a left-introduction phase and then a
right-introduction phase: if the latter has any open premises, these are neces-
sarily border phases. Schematically, a synthetic inference rule can be seen as
composed of focused inference rules as follows.

2,0 v T ALY, Y

right-intro phase

— left-intro phase

: : : decide; or decide!
YuUTEATY
The decide? rule can also generate synthetic inferences rule but the internal
structure of such a rule has an empty left-introduction phase.

Chapter 8 will present numerous examples of logic programs using Lo for-
mulas that illustrate features of linear logic. We give a simple example here.
Assume that we would like to move from, say, stepl to step2 in a compu-
tation (proof search), and in the process of making that change, we wish to
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flip a switch. In other words, we would like to write a logic specification that
could justify the following inference rules.

U: T on F step2 U: T, off - step2

U I, off I stepl U:I',on I~ stepl

Using the Prolog-style syntax described above, the following two clauses im-
plement these rules.

stepl :- off, on -0 step2.
stepl :- on, off -o step2.

To illustrate this specification, assume that the formulas
off —o (on —o step2) —o stepl and on —o (off —o step2) —o stepl

are members of W. The following partial derivation in Lo justifies the second
of these rules above.

U: T, off - step2

—— init —R init
Y;. |l ont on U: ' F off —o step2 W;. || stepl | stepl
—  decide; —oL
U;on k- on U;T' |} (off —o step2) —o stepl I stepl
—oL,

U:T',on |} on —o (off —o step2) —o stepl I stepl

decide!
W: T, on I stepl

The two occurrences of —oL require splitting the bounded zone in their conclu-
sions. There can be many possible splittings of these multisets, depending on
the size of I'. However, in this particular setting, the bound context can only
be split one way: all other splitting would not have allowed for completing the
phase and, thus, completing the left-introduction phase. If = replaced —o in
this example, the resulting inference rules would be

W, off, on;- - step2 W on,off;- F step2

W, off;- I stepl W, on;- - stepl

Clearly, this would be a poor implementation of a switch.

The partial derivation given above is not, however, a synthetic rule since
it contains two decide rules: rather, it is composed of two synthetic rules.
Given that the || Lo-proof system has multisets on the left and the right sides
of sequents, it is possible to rewrite this example by putting the state of the
switch on the right of the sequent instead of on the left. In other words, we
would like to write a logic specification that justifies the following inference
rules.

U; ' - step2,on, A; T U: ' step2,0ff, A; T

U, T+ stepl,off, A; T U: T stepl,on, A; T
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We introduce the symbol || into our AProlog-style syntax to denote %. The
following two clauses implement these rules.

stepl

|| off :- on || step2.
stepl ||

on :- off || step2.

These clauses denote the logical formulas
(on % step2) —o (stepl ¥ off) and (off % step2) —o (stepl % on).

In this example, the toggling of a switch is achieved via synthetic inference
rules and not a combination of two of them.

6.10 Bibliographic notes

The material in Section 6.1 is based on text by Liang and Miller [2024] while
the material in Section 6.2 is based on a blog post by Miller [2022a]. Addi-
tional observations about interactions between the structural rules and cut-
elimination are given by Danos et al. [1997] and Lafont in [Girard et al., 1989).

The informal semantics given in Section 6.3.1 can be elaborated into a
more extensive (and still informal) semantics often called Lafont’s restaurant
semantics for linear logic: see Okada [1998]. Girard [1987] refers to ! as “of
course” and 7 as “why not”.

The notion of the polarity of logical connectives that we have used here is
due to Andreoli [1990, 1992] and Girard [1993]. Those papers also introduced
the notion of multi-zone sequents to treat bounded and unbounded zones in
sequents for linear logic.

As Exercise 6.5 shows, linear logic can have a collection of different expo-
nentials. A presentation of linear logic with such additional operators was first
given in Danos et al. [1993]. Since these additional operators do not necessar-
ily need to permit weakening and contraction, these additional operators do
not necessarily satisfy the exponential laws (as described in Exercise 6.3). For
these reasons, such additional operators have been called subexponentials in
Nigam and Miller [2009]: that paper also illustrates how subexponentials can
enhance the expressiveness of proof search specifications based on linear logic
(see also Chaudhuri [2018], Liang and Miller [2015], and Olarte et al. [2015]).

When Girard [1987] introduced linear logic, he also introduced proof-nets
as a proof system specifically designed to capture parallelism in proofs better
than sequent calculus proofs. To capture parallelism in proof construction in
a sequent calculus setting, Delande and Miller [2008] introduced the notion of
multifocusing in which more than one formula can be focused on at a time.
Multifocusing has been used in Chaudhuri et al. [2008a] and Chaudhuri et al.
[2016] to capture parallel actions within a proof structure.
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Exercise 6.6 illustrated a property of formulas B for which B oo ! B is
provable. If we restrict B to come from MALL, then few formulas have this
property. In full linear logic, any formula of the form ! C' has this property since
1C oo I C is provable. If one extends MALL with least fixed points and term
equality (thus moving linear logic closer to model checking and arithmetic),
then many other formulas satisfy that equivalence: see Baelde [2012], Baelde
and Miller [2007], and Heath and Miller [2019].

An implementation of a programming language based on | £; was de-
scribed in Hodas and Tamura [2001]. L2 has been given a couple of implemen-
tations: see Lopez and Pimentel [1998] and Urban [1997]. An important part
of these implementations is the lazy splitting of multisets during proof search,
a technique described in Section 6.6. This technique was presented by Hodas
and Miller [1991, 1994] and extended in Cervesato et al. [2000b], Cervesato
et al. [1996], and Hodas et al. [1998]. Mackie [1994] described type inference
for a linear functional programming language using a similar technique.

The || L2 proof system uses multiple-conclusion sequents, similar to Gentzen’s
LK for classical logic, whereas || £1 uses single-conclusion sequents, reminis-
cent of LJ for intuitionistic logic. Consequently, |} Lo is frequently referred to
as classical linear logic and |} £ as intuitionistic linear logic (see, for instance,
Hodas and Miller [1994] and Laurent [2018]). A key distinction lies in the
origin of the single-conclusion property. In Gentzen’s work, intuitionistic logic
is obtained by restricting LK to single conclusions. In contrast, | £1’s single-
conclusion property is a consequence of its inherent structure—specifically,
its reduced set of connectives—rather than a deliberate restriction of | Lo
(Proposition 6.28).

Although the Curry paradox regarding mixing logical connectives and un-
typed A-conversion can be avoided by typing, it can also be avoided if con-
traction is not available in the logic. In particular, the problematic A-term
Az.(x = f) mentioned in Exercise 2.5 is no longer problematic if we write
Az.(z — 0) and work in the subset of linear logic without the exponentials:
see Grishin [1981], Girard [1992], and Schroeder-Heister [1993].
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Chapter

Formal properties of linear
logic focused proofs

This chapter presents the main proof theory results regarding the presentation
of first-order linear logic using the connectives Lo = {T,&,—, =V, L, % 7}
Readers interested mainly in specifying logic programs using linear logic can
skip this chapter and continue with Chapter 8.

The outline of this chapter, which follows roughly the outline of Section 5.5
for the Ly subset of intuitionistic logic, is the following.

. Define paths in Ls-formulas and their associated sequents.
. Use paths to describe the right-introduction and left-introduction phases.
. Prove the admissibility of the non-atomic initial rule in | Ls.

1
2
3
4. Add four cut rules to || £L2 and then prove that they can be eliminated.
5. Prove the completeness of || Lo with respect of the proof system L.

6

. Prove the cut-elimination theorem for the L proof system.

We will not explicitly state the admissibility of cut rules for |} £i-proofs nor
the completeness of || £L1-proofs for L, since these results follow immediately
from the corresponding and stronger theorems related to the cut-elimination
theorem for |}7Ly-proofs (Theorem 7.15) and the completeness of | Lo-proofs
(Theorem 7.18).

7.1 Generalized paths and introduction phases

We move the notion of a path given in Section 5.5 from Lp-formulas to Lo-
formulas. In particular, we define the relationship - T - on Ls-formulas as
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follows (here, A ranges over atomic formulas).

B 1P Byt P Bt P Bt P
At A Bi&BytP B &BytP C=B1C=P VY,2.B1VY,z.P

Bt P BitP Byt P
141 ?B1?B C—-B1C—P B 3By1P %P,

The elimination of & from paths can be justified using the provability of the
following formulas.

(B1 & By) oo (C X B1) & (C X By)
C —o (By & By) oo (C' —o By) & (C —o Ba)
C = (Bi & By) oo (C = B1) & (C = By)
Va. (B1 & By) oo (Yz. By) & (V. Ba)

By using these equivalences (and other equivalences from Section 5.5 related
to = and V), it is possible to pull various occurrences of & within a formula to

the outside of the formula. That is, we have the provability of B o—o &BTP

Paths have a more complex structure in this setting than in Section 5.5.
Fortunately, paths have a reasonably simple normal form. Using the provabil-
ity of the formulas

B?® (Vz.C) oo Vz.(B% C)
B — (V2.C) oo Vz.(B — C)
= (V2.C) oo Va.(B = C),

a path can be written in the form Vzi....Vx,.P’ where n > 0, and every
occurrence of V in P’ occurs in the scope of a ? or to the left of either — or
=-. Similarly, using the provability of the formulas

(B —o 1) B Cy 00 B —o (C1 3 Cs)
(B:>C1)9§)CQO—OB:>(019§)CQ)
B—-oC=Doo(C=B-—oD,

and the unit rule B % 1 oo B, and the commutativity of %, all paths have
the following normal form,

VZ[C1 = ... = Cp= B —o...—Byp— A% ... 8A,37E,... 8 E,

where n,m,p,q are non-negative integers, Ai,..., A, are atomic formulas,
Bi,...,By,Ch,...,Cy, En, ..., By are Lo-formulas, and VZ is a list of univer-
sally quantified variables. If a path P has the normal form above, then we
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say that the multiset {C1, ..., Cy} is its intuitionistic arguments, the multiset
{B1,..., By} is its linear arguments, the multiset {A41,..., Ay} is its atomic
targets, and the multiset {E1,. .., E,} is its ?-targets. Finally, Z is the list of
bound variables of P (we assume that all these bound variables are distinct
and subject to a-conversion). Since these various components of the normal
form of a path are multisets, this decomposition of a path is unique. We shall
also display this normal form as the sequent

z:Cy,...,Cp;By,...,By F Ay, A B By

Finally, we say that this sequent is associated to this path.
Consider the shape of the right-introduction phase and the left-introduction
phase when applied to the formula

VZ(C = By —o By —0 A1 8 Ay B 1 E),

which is its own path formula since it has no occurrences of &. The right-
introduction phase can be written schematically as follows.

T C;Bl,BQ}_Al,AQ;E
,FV@(C@Bl—OBQ—OAlygAQ%)?E),

Note that the unique premise of this phase ends with the sequent associated
with that path. Of course, if we place any items in any of the zones in the
conclusion, they should also be placed into the same zone in the premise. The
following derivation is the left-introduction phase that results from focusing
on this same formula.

U FC;T T EBL A Y UTo b By, Ay T W ER Y
W;Fl,PQUVf(CiBl—OBQ—OA17?A27??E)|—A1,A2,A1,A2;T

Here, A1, Ay, By, By, C,E are the result of applying 6 to the formulas in
Ay, Ao, B1,Bs,C, E, and 0 is the substitution for the variables Z that tab-
ulates the substitutions used in the VL rules.

We can view the construction of the right-introduction phase as a rewriting
process. The objects that we rewrite are multisets of sequents, all of the form
XU, I'F A; Y. One-step rewriting is given as follows. Select some member
of this multiset: i.e., write the given multiset of sequents as M U {S}. Next,
consider any right-introduction rule with conclusion S and the multiset of
premises M’ (this multiset will contain 0, 1, or 2 elements). The multiset
union M U M/’ is the result of this rewrite. When this relation holds, we write

MU{S} - MUM

The following observations are easy to establish about this notion of rewriting.
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1. A multiset of border sequents does not rewrite. In this sense, collections
of border sequents are normal forms.

2. Define the size of sequents of the form X:¥;T" H A; T to be the number of
occurrences of logical connectives in A, and define the size of a multiset
M to be the sum of the sizes of all sequents in M. The length of a series
of rewritings starting with M is bounded by the size of M. Thus, this
rewriting system is always terminating.

We wish to prove that every right-introduction phase with a fixed endse-
quent has the same multiset of premises. Regarding rewriting, we want to
prove that our rewriting system is confluent. As is well-known, we only need
to prove that our system is locally confluence to conclude that our terminating
rewrite system is confluence. In our situation, proving local confluence means
proving that if M rewrites in one step to M; and to Moy, then there exists
M such that both M7 and Mj rewrite to M.

Proposition 7.1. The rewriting systems encoding the right-introduction
phase are confluent.

Proof. As we commented above, we only need to show local confluence. Thus,
assume that M rewrites in one step to M; and Ms. We now need to prove
that there exists Mg such that both M; and My rewrite to Mg. If the
two rewrites M — M; and M — My select two different sequents to apply
introduction rules, then My is just the result of selecting the other sequent for
rewriting in both M; and Mjy. Otherwise, these two rewrites select the same
sequent in M, say, ¥ = ;' = A; Y. Thus, there are two non-atomic formulas
in A that are introduced. For example, the multiset

MU{Z:U:T+BR®C,D&E,A;T}
can be rewritten to both MU{X = U;T'F B,C,D & E,A’; T} and to
MU{Z:U:THBRC, DAY, S:U:T-BRC EA;T}

Since the right-introduction rules for % and & permute over each other, the
desired common redex My is simply

MU{Z:¥:T+B,C,D,A;T, :¥TFB,C,E,A";T}

All other cases can be similarly proved since all right-introduction rules for the
L5 connectives permute over each other (Exercise 6.23). Thus, local confluence
is guaranteed by the permutation of inference rules. O

The next proposition follows from the rewriting argument just given: the
right-introduction phase can select one particular formula to decompose en-
tirely before considering other formulas in the endsequent.
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Proposition 7.2. Consider a | Lo-proof = of the sequent X :: U;I'
G,A; Y. There is a || Lo-proof Z' of this same sequent that differs only
in permutations of right-introduction rules such that the formula G is de-

composed first. More specially, that right-introduction phase can be written
as

—_
— .
—i7

E, Ez o \I/, \IJZ‘; F,Fz |— AZ‘, A; T, Tz

GTPh;

Yow TG AT

where the path P; is associated with the sequent ¥; = W;;T; B A;; T, and
where Z; a proof of the it premise.

As regards left-introduction phases, we note that every premise of a left-
introduction rule with endsequent ¥ :: U;T" || B - A; T is such that the sig-
nature and the two unbounded zones are identical to the corresponding sig-
nature and zones in the endsequent: that is, these sequents are of the form
YU IVE ALY, for multisets IV and A’. Thus, only the bounded zones vary
during the construction of the left-introduction phase.

Proposition 7.3. Let = be a |} Lo-proof of the sequent X:V;T" || B+H A; Y.
The left-introduction phase at the bottom of =, which has a multiset of
premises M, can be described as followings. There is a path P in B with
the associated sequent

E/::CI,...,Cn;Bl,...,BmFAl,...,Ap;El,.. E,;

Bl

and a substitution 0 that maps the variables in Y to X-terms such that

1. A is equal to the multiset union {A10,..., A0} UA; U---UAy,;
2. T is the multiset union 'y U--- UL, and

3. M is the following multiset union,
{(Za0;- FCO; Y, U{ES =W - B, A Y
U{Z=U; Bl T .

Proof. This equivalence is proved by induction on the structure of the Lo-
formula B in a fashion similar to that given in Proposition 5.20. O
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7.2 Admissibility of the general initial rule

We can now prove the admissibility of generalized initial rules for Lo-formulas.

Theorem 7.4 (Initial admissibility). Let ¥ and Y be multisets of Lo -
formulas. Let B be an Lo X-formulas.

1. The sequent ¥ :: U; B+ B; Y is provable.
2. If B is a member of ¥ then X V; -+ B; Y is provable.
3. If B is a member of Y then ¥ = V; BF ;Y is provable.

Proof. We proceed to prove all three of these claims simultaneously by induc-
tion on the structure of the formula B.

We prove the first claim by building a || Lo-proof of ¥ :: ¥; B+ B; Y. By
Proposition 7.2, the right-introduction phase with the endsequent X :: ¥; B
B; T has a premise of the form

Z,E,:Z\I’,Cl,...,cn;B,Bl,..‘,BmI—Al,...,Ap;T,El,...,Eq,

where X'::Cy,...,Cp; B1,..., By F A1, ..., Ap; E1, ..., Ey is the sequent asso-
ciated to a path P in B. To complete the proof of the premises corresponding
to path P, first use the decide; rule to decide on B in the left-bounded zone of
the premise. By Proposition 7.3, there is a left-introduction phase correspond-
ing to the same P. By setting 6 to the identity substitution on the variables
in ¥, we have A = A’0 and A; is empty for ¢ = 1,...,m and the sequents

{2,2/::\11,01,...,Cn; . |_Ci§T7E17"'7Eq}?:1U
{Z,E/ 2w, Cq,. ., Cn B l_Bi;TyEla"qu}zrilU
{5, :0,Ch,...,Co; B - - 5 Er, . Bt

are all the open premises of that left-introduction phase. The first inductive
assumption proves the middle group of sequents. The first group is proved
using inductive assumption for the second claim, and the third group is proved
using the third claim.

The proof of the second claim proceeds just as for the first claim except
that the decide! rule is used instead of the decide; rule.

The proof of the third claim proceeds by using the first claim to prove
>:WU;BF B;Y,B and then using decide? to prove X :: V; B+ ;' T, B. O
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Exercise 7.5. Prove that the following pairs of sequents are provable in
the |} Lo-proof system for all 3-formulas B.

1.¥:3(B—ol)—o1lFB;-and ¥ BF (B — 1) — 1;-.
2.%:3(B=1)—1lFB;-and¥:B;-F(B= 1) — 1;-.
3. Yu?BFsBand X BFTB;-

7.3 Cut rules and cut elimination

Figure 7.1 introduces four cut rules involving L9 sequents. The first three
rules in Figure 7.1 are the reqular cut rules while the fourth, the key cut, is
introduced for technical use within the cut-elimination procedure (compare
this rule to the rule by the same name in Section 5.5). The key cut is the only
cut rule containing a |}-sequent. The formula B is the cut formula in each
rule. The bounded zones are treated multiplicatively in these cut inference
rules, while the unbounded zones are treated additively. An occurrence of a
regular cut rule is called a border cut if its conclusion is a border sequent.
The right-premise of a border cut rule is a border sequent. An occurrence
of a regular cut rule is a non-border cut rule occurrence if its conclusion is
not a border sequent. The {|"£y proof system combines the inference rules in
Figure 6.11 and Figure 7.1. Proofs in that system are {|"£o-proofs. A proof is
cut-free if it has no occurrences of these four cut rules. In this section, we will
prove the cut-elimination theorem for ||"Ls: if a sequent has a |*£s proof, it
has a || Lo-proof.

The special status of 7. Within Lo, the 7 connective provides an elegant
symmetry since it is treated using an unbounded zone on the right of sequents,
complementing the left unbounded zone. However, this connective is excep-
tional in the following senses. It is superfluous since ? B can be defined using
other L9 connectives as (B — 1) = 1: as mentioned in Section 6.7, % is
similarly redundant. Also, the rules related to ? in || Lo-proofs are different
than the other rules of a similar kind. For example, the decide? rule does
not link a left and right-introduction phase but occurs between two adjacent
right-introduction phases. Also, the left-introduction rule ? I does not main-
tain the | in its premise (see Exercise 6.22). For these reasons, we will treat
? with certain special conditions in the following proof of the cut-elimination
theorem for |"Ls-proofs. Although removing %8 and ? from consideration can
make the proof of cut elimination more direct, we keep these connectives for
the sake of the examples and discussions that follow in this book.

The cut-elimination argument uses various measurements attached to oc-
currences of both regular and key-cut rules. A thread in the ||"Lo-proof = is
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N
THREE REGULAR CUTS
Yuv- BT YU . B:I'FA;T
cut!
YoUI'EAT
YU I'FA; BT YuWU:BFT
cut?
YaoUI'EATY
Yuv:IMEB A Y YWU'y, BE Ay Y
cut;
PIR \II;IH, F2 F Al, AQ; T
THE KEY CUT
YoU:IvFEB AT YuUIy, | BEAT
cuty
YU T, Ty FA AT
Figure 7.1: The four cut rules of the |*£s-proof system.
\_ J
a list of sequent occurrences Si,...,S5, in = such that n > 1, S is an oc-
currence of the conclusion of an init rule, S, is the endsequent of =, and, for
1 =1,...,n — 1, there is an inference rule occurrence of = that has S; as a

premise and S;41 as its conclusion. Such a thread is said to have length n.

The rank of = is the maximal number of occurrences of decide and cut
rules in threads in = that do not contain a sequent occurrence that is the left
premise of a cut;, cut!, or cuty. When we care about the rank of a proof,
that proof will contain no occurrences of cut?. The degree of a formula is the
number of occurrences of logical connectives in that formula.

Every occurrence of a cut rule in a given proof is given a measure as follows.
Let = be the subproof determined by having that occurrence of cut as its last
inference rule. We define |Z| to be the triple of natural numbers (d, ¢, w),
where d is the degree of its cut formula, ¢ is the number of occurrences of
cut? in =, and w is the rank of =. Such triples are well-ordered using the
lexicographic ordering on triples. The proofs of the following two propositions
follow from straightforward inductions on the structure of |*£s-proofs.

Proposition 7.6 (Weakening ||"Lo-proofs). If X W; T = A; Y has a |} 7Ls-
proof Z then X,%' = U, U T' - A; Y, Y has a |"Lo-proof Z'. Furthermore,
every instance of a cut rule in E corresponds to an instance of cut in Z’,
and they have the same measure.
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Proposition 7.7 (Substitution into {|"Lo-proofs). Let ¥ be a signature, x
be a variable not declared in X, T be a primitive type (other than o), and
t be a S-term of type 7. If S,z : 7= W; T = A; Y has a J"Lo-proof Z then
Y U[t/x); T[t/x] = Alt/x); Y[t/z] has a {TLa-proof ='. Furthermore, every
instance of a cut rule in Z corresponds to an instance of cut in =’
have the same measure.

, and they

The following proposition states that if a formula occurrence in the un-
bounded zones of a sequent is never decided on within the proof of that se-
quent, then that occurrence can be removed from its zone, and the result will
still be a proof with the same measure. The proof of this proposition follows
from a straightforward induction on the structure of {}"Ls-proofs.

Proposition 7.8 (Strengthening [*Lo-proofs). Assume that we have a
ULy proof E of either ¥ =W, B:T - A;Y or X =W, B;T | DF A;Y in
which there is no occurrence of decide! used with the formula B. Then
there is a ULy proof Z' of either

XU I'E AT  or respectively, XU I'| DEFA;T.

Furthermore, every instance of a cut rule in = corresponds to an instance
of cut in 2" and they have the same measure. Similarly, assume that we
have a "Ly proof 2 of either L= W:T'F A; B, Y or X =U:T | DFA; B, Y
in which there is no occurrence of decide? used with the formula B. Then
there is a "Ly proof ' of either

XouU AT or respectively, XU I'| DFA;T.

Furthermore, every instance of a cut rule in = corresponds to an instance
of cut in 2/, and they have the same measure.

An instance of the cuty rule is called an atomic key cut if its cut formula is
atomic. Note that the right premise of an atomic cuty rule can only be proved
using init or init?.

it
YU A AT YU -JAFAT 1n1t
cu
XowUIEA AT g
init?

YU I'FAAAYT YU JAFGAT
YU I'FAAY

cuty

Both of these derivations resemble the following inferences, where A denotes
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an atomic formula.

YU I'FA AT oW I'FAAATY
Rep absorb
YoU'EAATY YU I'EAATY

Here, Rep is a variation of the repetition rule used by Mints [1992] to prove a
cut-elimination theorem for a different logic. An important feature of atomic
key-cut rules is that their measure is always (0,0, 1) since the structure of
the proof of their left premise is not part of the measurement calculation.
Ultimately, our cut-elimination procedure will first eliminate all cuts except
for atomic key cuts. A second stage will eliminate all of these atomic key cuts
- this second elimination stage does not rely on the measure (the rank) of cut
formulas. In this second stage, we eliminate the Rep rules (trivially) and the
absorb rules as described next.

The following lemma states the easy to prove fact that the side-formulas in
the right-bounded zone for atomic key cuts (the schematic variable A above)
in both the shape of the Rep and absorb rules, can be restricted to contain
only atomic formulas: that is, the conclusion of such rules can be assumed to
be border sequents.

Lemma 7.9. By permuting Rep rules up over right-introduction rules,
we can assume that all occurrences of Rep involve only border sequents.
Similarly, by permuting absorb rules up over introduction rules, we can
replace every absorb rule with decide? (which requires the right-bounded
zone to contain only atomic formulas).

Note that permuting right-introduction rules below a Rep or absorb rule
might change the number of occurrences of such rules but will not change their
measure, which is maintained at (0,0, 1).

A |TLy-proof is called a |%Co-proof if the only occurrences of cut rules in
it are atomic key cuts. A redez is a |"Lo-proof where the last inference rule is
a regular or key cut and where that rule’s two immediate subproofs are {*Cs-
proofs. A redex is classified as atomic or non-atomic depending on whether
the cut formula of its final cut rule is atomic or non-atomic. A redex is also
classified by the kind of cut rule it ends with: e.g., a cut?-redex is a redex in
which the last inference rule is an instance of the cut? rule.

As a result of Lemma 7.9, the characterization of right-introduction and
left-introduction phases given by Propositions 7.2 and 7.3 also works for {*Cs-
proofs.

We now provide several lemmas that show how various redexes can be
replaced with proofs involving strictly smaller redexes.
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Lemma 7.10 (Replace cut? with cut;). Let E be a cut? redex. Then there
exists a proof of the same endsequent in which the only instances of cut
rules are either cut; or atomic cutg, and all such instances of cuts have a
measure strictly less than |Z|.

Proof. Consider the following redex Z.

E1 S
U I'FA; BT YuWU:BFT
Yaw:I'EA;T

cut?

Here, the subproofs Z; and Zy are |%Co-proofs. Consider a subderivation of
=1 of the form
E/
Y sv v TV A B; B, T,
2,50, TV A; B, T, Y

decide? .

Here, the variables bound in ¥’ are not bound in 3, and ¥/, Y’, and I are
multisets. This subproof can be converted to the subproof

~

=/ Ho
Y v, v TV A, B;B,T,Y 50w, v BF T, Y
U, 20, T A; BT, Y

cuty.

Here, =, is the necessary weakening of Zs to be used in this cut rule. In
this way, we remove every occurrence of decide? on B in Z;. The resulting
derivation, say =, is a proof of ¥ :: U; '+ A; B, T in which no occurrences of
decide? on B appear. By Proposition 7.8, Z} can be modified to yield a proof
=7 of the sequent ¥ :: U;T' H A; Y. This proof can now replace our original
redex. Since all new occurrences of cuts have B as their cut formula, and since
we have removed an occurrence of cut?, the measure of all the cut-rules in =}
is strictly smaller than |=|. O

Lemma 7.11 (Replace cut! with cuty). Let = be a cut! redex. Then there
exrists a proof of the same endsequent in which the only instances of cut
rules are either cut; or atomic cuty, and all such instances of cuts have a
measure strictly less than |Z|.

Proof. Consider the following cut !-redex E.

- —_
= =
= oy

YU B Y YU . B;I'FA;T
YoUI'EAT

cut!
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Here, the subproofs =; and Z, are |?Lo-proofs. Consider a subderivation of Z,
that ends in decide!, such as

=)
S, U, BT L BE AT, Y
2.0, v BTV E AT, Y

decide!,

where the variables bound in ¥ are not bound in ¥ and where U/ and Y’ are
multisets. This inference rule can be converted to the derivation

—_

= E0

Y 0w v F BT, Y 2, v, v BTV BF AT, Y
U, 0,0 BTV A Y, Y

cuty.

Here, =; is the result of weakening Z; using Proposition 7.6. We can thus
removed all occurrences of decide! on B in =, to obtain the proof =/ of X ::
U, B;T' F A; Y. By Proposition 7.8, we can strengthen Z) to get a proof Z] of
YW I'F A; Y. This proof can now replace our original redex. Since all new
occurrences of cuts have B as their cut formula and since the rank part of the
measure of redexes does not consider the subproof of the left premise of cut!

=

and cut;, the measure of all the cut-rules in = is strictly smaller than |Z[. [

The two previous lemmas were proved by replacing specific decide rules
with specific cut rules. The treatment of the cut; rule is not so easily handled.
In particular, we will use the following lemma to show that the “side cut” case
can be treated by moving that rule over an entire left-introduction phase.

Lemma 7.12 (Side cut; case). Let = be a cut;-redex such that a decide rule
is the last inference rule of the proof of the right premise. If the formula
decided on is not the cut formula, then there exists a |"Lo-proof with the
same endsequent in which all instances of cuts have a measure strictly less
than |Z|.

Proof. We need to consider three cases depending on which decide rule is used
in the proof of the right premise.
Let = be the following proof.

=, Yo IV, Cll BFATY

YU TEC AT a0 IV, B,C+F AT
Yuw; IV BEAAT

decide;

cut;

Here, the subproofs Z; and =, are {|*Co-proofs, and A is a multiset of atomic
formulas. By Proposition 7.3, the sequent X :: U; IV, C' || B+ A; Y is the end-
sequent of a left-introduction phase with a multiset of premises M determined
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by a path P in B with the associated sequent
¥ iuClyoooyCpyBryo oo, B F Avy o Aps B By

and there is a substitution 6 that maps the variables in ¥’ to Y-terms such
that

1. A is equal to the multiset union {A4:0,..., 4,0} UA; U---UAy;

2. VU {C} is the multiset union I'y U --- U T,; and

3. M is the following multiset union,

{229, - FCiO:; TH U{Z =¥, T - Bif, A;; T,
U{Z a0 E0F T .

Since the left-phase is multiplicative, there is a unique k£ € {1,...,m} such
that C' occurs in I'y. Let I') be the result of removing one occurrence of C
from I'y. Thus, one of the premises in M is

YW, CF B, Ay T
By using the cut; rule, we have, together with a proof of the above sequent,
the following proof.

=
YU IO, AY YU I, CkH BLo, A Y
YaU I T F Bib, Ap, A; T

cuty;

We can move this left-introduction phase below the cut; rule using the same
path above. Thus the original cut; rule has been moved up, and its measure
has decreased.

Let = be the following proof, and assume that B is a member of V.

—_
—

= Y:UIV,C| BFATY
= decide!
YuUT'FC,AY YU IV, CFAY

YowDIVEAATY

cut;

Here, the subproofs Z; and =, are {|*Co-proofs, and A is a multiset of atomic
formulas. This case is treated the same as the previous case.
Let = be the following proof, and assume that B is a member of T.

=,
= Yo IV, CH A B; T

=t decide?
YowI'EC AT oW IV, CF AT

YU TVEA AT

cut;
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Here, the subproofs =; and =, are {J*Cs-proofs, and A is a multiset of atomic
formulas. If it is the case that all the formulas in A are atomic, then we can
now permute the decide? and cut; rules to get

-
= =
= o

o0 T'HECAY Yo IV, CHAB; YT
Yo ILIVEA A BT
YU LLTVEA AT

cuty

decide? .

This proof has a smaller measure. If there are non-atomic formulas in A, we
must first permute this cut instance up over the left introduction phase in =;.
This permutation may produce several occurrences of cut;, but they all have
an atomic right-bounded zone. We can then permute the decide? and cut; as
above to reduce the measure of all these instances of cut;. ]

As a result of this lemma, an instance of cut; on B in the endsequent can
then be lifted to several instances of cut; that are not side cuts, a change that
does not affect the measure of any cuts. Now, resolve the cut/decide pairing
as described in the following proof.

Lemma 7.13 (Replace cut; with cuty). Let Z be a cut; redex. Then there
exists a proof of the same endsequent in which the only instances of cut
rules are cuty, and all such instances of cuts have a measure strictly less
than |Z|.

Proof. Consider the following cut;-redex Z=.

—_ —_
= =
= S

Yuw:IMEB A Y YuW:I'y,BE Ay Y
EZZ\IJ;Fl,FQ F Al,AQ;T

cut;

Here, the subproofs Z; and =, are |°Lo-proofs. Given the discussion above,
we only need to consider the situation where the right-bounded zone contains
only atomic formulas and that the last inference rule of =, is a decide rule.

Case: =, ends in the decide; rule. If the formula selected for the focus is
B, then the proof Z, has the form

=/
=r

oW T,y BEALTY
YU I, BEALT

decidey.

In this case, the instance of the cut; rule above can be replaced with the
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following instance of cuty.
— =/
= i

YoU:IMEB AT Yuw:I'y | BE Ay T
E::ﬂ?;Fl,ng—zﬁl,Zkng

cuty

If the formula selected for the focus is some other formula than B, then the
proof =, has the form ('3 is of the form C,T%)

=/
=r

YauWTL, BLCEAyY
YU T, B,CEH Ay Y

decide;.

We now use Lemma 7.12 to construct a {7Lo-proof of ¥ =: ¥;T5, C - Ag; Y of
lower right rank.
Case: =, ends in either the decide! or decide? rule. Then the redex =

necessarily ends in a side cut, so Lemma 7.12 provides the necessary rewriting
of this redex. O

Lemma 7.14 (Reduce cuty). Let Z be a cuty, redex. Then there ezists a
proof of the same endsequent in which all of its redexes have a measure
strictly less than |=|.

Proof. Consider a cutg-redex = of the form
= =

YuwIVFB AT YU IV BFEAT
Yow IV TR AAT

cutyg,

where Z; and =, are |%Lo-proofs. If B is atomic, then A is the multiset
containing exactly B and the result of eliminating cuty is =;.

Now assume that B is not atomic. Thus, =; ends in a right-introduction
phase, and =, ends in a left-introduction phase. By Proposition 7.3, there is
a path P in B that has the associated sequent representation

EIKCH,“.,C%;Blw..,BnLF44h...rApLE1P..,Eh

and there is a substitution 6 that maps the variables in ¥’ to X-terms such
that A is the multiset union {A;6,..., A,0}UA U --UA,,, T is the multiset
union I'y U --- U T, and this phase has n + m + ¢ premises

{(2uW;- GO, U{S =T F Bio, A T
U{Z=U; Bl T .
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By Proposition 7.2, Z; ends with a right-introduction phase that contains a
premise of the form
Zo

Z,thi\I’,Cl,...,cn;F,Bl,...,Bm".A,Al,...,Ap;El,...,Eq,T.

By repeated application of Proposition 7.7, we know that the sequent

=/

=0
S0, Ch0,...,ColiT,Bi6, ..., By - A A6, ... A0 E10, ... E0,Y

has a %2 proof. We can take Zf) and use cut;, cut!, and cut? with the proofs
of the n +m + ¢ premises above to yield a proof with n+m + ¢ occurrences of
these cut rules to build a proof of the endsequent X U; IV, T - A, A; Y. Note
that the sizes of the cut formulas C10,...,C,0, B10,...,B,0, E10, ..., E,0 are

strictly smaller than the size of the original cut formula B. O

We can combine these lemmas to prove the main cut-elimination theorem
for | *Lo proofs.

Theorem 7.15 (Elimination of cuts). If a sequent has a {|TL2-proof, it has
a (cut-free) | Lo-proof.

Proof. We divide this proof into two parts. The first part proves that if a
sequent has a [[TLs-proof, it has a |%Co-proof. The second part proves that if
a sequent has a |%Lo-proof, it has a (cut-free) |} Lo-proof.

Thus, assume that we have a |*£s-proof. We proceed by induction on
the number of occurrences of cut rules in that proof that are not atomic key
cuts. If the number of such redexes is zero, we are finished with the first
part of this proof. Otherwise, select a redex = that is not an atomic key
cut redex. We prove by induction on the measure |=| that this redex can
be replaced by a |%Lo-proof of the same endsequent. If Z is a cut?-redex
then apply Lemma 7.10; if Z is a cut!-redex then apply Lemma 7.11; if = is
a cut;-redex then apply Lemma 7.13; and, finally, if = is a cutg-redex then
apply Lemma 7.14. The result of such applications is a proof of the same
endsequent as = in which all redexes have a measure strictly less than |Z|.
Thus, by induction, all of these can be replaced by {*Cs-proofs.

To complete the second part of this proof, we proceed to prove by induction
on the number n > 0 of atomic key cuts in the |*Lo-proof E that there is a
|} Lo-proof of the same endsequent. If n is 0, then we are finished. Otherwise,
pick any atomic key cut occurrence in =. That occurrence is either of the Rep
type, which is trivial to remove, or of the absorb type, in which case Lemma 7.9
guarantees that occurrence can be replaced by a decide? (following suitable
rule permutations). O
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At the end of Section 6.1, we described an interaction between the struc-
tural and cut rules in LK that makes cut elimination into a pronounced non-
deterministic procedure. In the focused proof system [*£s, such interactions
cannot happen. For example, consider the cut! inference rule.

YuVv- BT YU, B;I'FA;T
YaoUI'EAT

cut!

The occurrence of the cut formula B in the left premise cannot be weakened
since it will be the subject of a right-introduction rule. The occurrence of B
in the right premise can, however, be weakened (by an application of an initial
rule). A similar statement holds for the cut? rule while for the cut; rule, the
occurrences of the cut formula in the premises cannot be weakened in either
premise. As a result, the kind of problem arising from weakening and cut that
can appear in LK is avoided in L.

7.4 The focused proof system is sound and complete

We now wish to show that the || Lo-proof system proves all the same theorems
as the L proof system proves. We would also like to go one more step and
show that some of the proof theory of L can be inferred from the proof theory
of || £L9. Since these two proof systems use different sets of logical connectives,
we must first define a mapping from formulas used in the L proof system into
Lo-formulas.

Recall that the negatively polarized logical connectives of L are L, T, 7,
&, V, and 7 while the positively polarized logical connectives are 1, 0, ®, @,
3, and !. We consider a formula that is a top-level negation as being neither
positively nor negatively polarized: one does not know the intended polarity
of a negated formula until one considers the formula that is negated.

We define two functions, namely, (-)¥ that maps L formulas into Lo-
formulas and ()Y that maps those formulas with a positively polarized top-
level logical connective into Lo-formulas. If A is an atomic formula, then
AV = A. These functions are defined for other formulas as follows.

V=T o' =T
1V =1 1V =1
(B®C)' =B"®CY (BC)'=BY —-C" — L
(B&C)Y =B &CY (BeC)Y =(BY — 1) & (CY — 1)
(Vo.B)Y =Vz.BY (32.B)Y =Vz.(BY — 1)
(?B)Y =?7(BY) ('B)Y=(B")= L

For formulas P with a positively polarized top-level logical connective, set
(P)" = (P)Y — L. If the top-level connective is a negation, then (B+)" =
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BY — 1. If T is a multiset of L formulas then we write I'V to denote the
multiset of Lo-formulas {BY | B € T'}: assume a similar definition for T'Y
whenever all formulas in I' have a positive polarity connective as their top-
level connective.

For convenience, we use the notation X W;T' i A; Y to denote the propo-
sition that the sequent 3 :: W; ' A; Y has a |} Lo-proof.

As one expects, the following soundness property for the (-)V translation
has a straightforward proof with many simple cases to consider.

Proposition 7.16 (Soundness of |} Lo-proofs). Let I' and A be X-formulas
in L such that ¥::;TV = AV - has a (cut-free) || Lo-proof. Then ¥ :T = A
has a cut-free proof in L.

Proof. We prove the following strengthening of this proposition. Let © be a
multiset of >-formulas all of which have a top-level positive connective and let
I' A, ¥, and T be multisets of X-formulas in L.

1. EX=wV;IV, 0 - AV;YY has a || Lo-proof then X = ! U, T O, A,?7T
has a cut-free proof in L.

2. If B is an L Y-formula and ¥ :: UV:TV. OV || BV = AV: TV has a |} Lo-
proof then ¥ =W . I', BF ©,A,77 has a cut-free proof in L.

3. If B is an L Y-formula with a top-level positive connective and X ::
vV, 0¥ | BYF AY; YV has a || Lo-proof then X! W, T'- B,0,A,?T
has a cut-free proof in L.

We shall also assume that we only consider |} Lo-proofs that satisfy the follow-
ing invariant: every sequent in a || Lo-proof that has an occurrence of L in the
right-bounded zone is the conclusion of the LR inference rule (an immediate
consequence of Proposition 7.2).

We proceed by mutual induction on the structure of || Lo-proofs of these
three kinds of sequents. First, let = be || Lo-proof of X:: ¥V, TV, O - AV; TV.
The last inference rule in = is either a right-introduction or decide rule. We
consider the following cases.

1. Assume that this last inference rule introduced a negative polarity L
connective. For example, if that rule is % R then A can be written as
B % C, A’ and that last inference rule is of the form
YoV TV, Y BY,CV,AV;YY
YowViTV,eYH(BR®C)Y,AV; YV

% R.

By the inductive hypothesis, ¥ =W, '+ B,C,0,A,? Y has an L proof
and, by the % R rule in L, we have an L proof of X = !V T+ B %
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C,0,A,7Y. The remaining negative polarity connectives are handled
in a simple and direct fashion.

2. Assume that the last inference rule of E is —o R. (Note that = R is
not possible here.) Thus, A can be written as B, A’ where B is either
a negation or a top-level positive polarity connective. In the first case,
write B as C and the last two inference rules in = are

YoV TV, OV, F AV TV
1R
DIRVAES RN GANNC ME I IVANES
a0V, 0 ECY — L, AY; TV R

By the inductive hypothesis, X:! U, T',C' F ©, A, 7T has an L proof and,
by the (~)lR rule in L, we have an L proof of X =1 ¥, T+ C+,0,A,?7 7.
The other case to consider is when B is a top-level positive polarity
connective, in which case, the last two inference rules of = are
YawV:TV, BY,OYE AV TV
YawV:TV BY.OYE L AV, YV
YaowV:rV,0YE BY — L, AY;TY

1R
— R.

By the inductive hypothesis, ¥ = W, ' - B,0,A,?7T has an L proof,
which also serves as the desired proof for this case.

3. Assume that the last inference rule of = is one of the decide rules. In
the case of the decide? inference rule, that rule translates directly to the
uses of the contraction and dereliction rules (? C and 7 D) for 7. In the
case of the decide; rule, the desired L proof follows immediately from
the mutual inductive hypothesis. Finally, in the case of the decide! rule,
the desired L proof follows from the mutual inductive hypothesis and
the contraction and dereliction rules (! C' and ! D) for !.

Now consider the second mutually inductive statement. Assume that = is
a | Lo-proof of X UV:TV OV || BV AV:TV. Again, there are three cases to
consider for B. If B has a top-level negative polarity logical connective, then
the corresponding inference rule to use with the inductive assumption is the
L left-introduction rule for that connective. If B is the negation C, then the
last two inference rules of = are

1L
—o L.

YurwV:IV, eV CV, AV YV vV |l LYY
Lauv TV, eY | CV — LFAY;YY

By the inductive assumption, X :: 10, I' - C,0, A, 7T has a cut-free proof in
L. The desired final proof uses the (-)J‘L rule. The final case to consider for
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B is when it has a top-level positive logical connective. In this case, = is of
the form

=/
=

YawV TV, eV F BY,AV; TV DORER/A N [ I e
a0V, 0¥ | BY — LEAY;YTY

1L
—o L.

Here, the definition of (-)Y matters. We illustrate this with B being B; ® Bs
(the other cases are similar). In this case, = must be of the form

vV TV, BY,By,0Y AV, TV

1R
YUV TV. BY,By,0YF L AV; TV
— R
Y0V TV. BY,0YF By — L, AV;YY
—o R.

Y:UViIV, 0+ BY — By — L, AY; YV

By the inductive hypothesis, we know that the sequent 3 :: | W T'. By, By F
O,A,7T has a cut-free L proof. The desired L proof for this case follows
from applying the ®L rule of L.

Now consider the third and final mutually inductive statement. Assume
that Z is a || Lo-proof of L ¥V; TV, OV || BY - AV; YV, Again, the definition
of ()Y matters, and we illustrate it for ®: the other cases are done similarly.
Let B be B; ® By. Thus, = be of the form

YT, 05 F By ALY WY LE XY
W, T, 07 F BY, AV; T V7,TY,03 U By o LF Ay T
WYY, T5, 07,03 | BY — B — LF A, AJ;TY

)

where T', A, and © are split into their respective pairs of multisets (the
signature binder is dropped for readability). By the inductive hypothesis,
there are cut-free L proofs for ¥ ='W, I'y - B1,01,A1,7Y and ¥ = !V, Iy -
B2,09,A2,7Y. The ®R rule of L provides the final, desired L proof of
YulU ok B ® By, 09, Ay, 77T, ]

Recalling from Section 6.1, an inference rule is invertible if whenever its
conclusion is provable, its premises are provable. We state an inversion lemma
for |} Lo-proofs.

Lemma 7.17. All the right-introduction rules of | Lo are invertible. Fur-
thermore, the following equivalences hold.

oW (B=1)—o LAY ifandonlyif L=V, B;T'H A;YT.

YuWU T 7B, A;Y dfand only if YW A; Y, B.
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Proof. The proofs that the eight right rules are invertible all follow the same
pattern (see Exercise 6.8). We illustrate that pattern with two examples.
Consider the ? R rule. Assume that ¥ : U;T" =, A, ? B;Y. Since the sequent
Y7 B -; Bhasal Lo-proof, then the cut rule and cut-elimination theorem
yields X:W; I' H A; B, Y. For a second example, consider the & R rule. Assume
that X = ;' A, By & Bg; Y. Since the sequents X :: -; By & By = B;; - have
|} Lo-proofs (for i = 1 and ¢ = 2), then the cut rule and cut-elimination
theorem yields ¥ = ¥;I'H A; By, T and ¥ = ;' A; By, Y.

Now consider the first equivalence. If we assume that X:U; T, (B = 1) —o
1 F, A; Y then, using the cut rule with a proof of ¥ B;-+ (B = 1) — L;-
(see also Exercise 7.5), we have (after applying cut-elimination) a |} Lo-proof
of X =W B:I' - A;T. Conversely, assume that ¥ :: ¥, B;I' - A;T has a
|l Lo-proof =. This proof ends with a right-introduction phase, and we list the
n > 0 premises of that phase as the sequents X,%; :: ¥, ¥;, B;I'; - A; 1, 15,
for 1 < ¢ < n. Given all of these || Lo-proofs, we can build the following n
additional proofs (for 1 < i <n).

S5 5 U, Uy, BTy b A Y, Ty
.5, 20, v, B: T, - 1L, A:; T, T;
2,520, IFB= 1, A4;71T,Y; =R X, v W LYY
25000l (B=1) - 1LFA;T, Y,
XY a0, (B= 1) — LEA;YT, Y,

1R

1L

—o

decidey

We can now build a proof of X :: U; ', (B = 1) — L - A;T by attaching the
right phase at the end of = to these other premises.

Now consider the second equivalence. From ¥ :: U; ' A; T, B we imme-
diate conclude ¥ = W; "', A, ? B; T by using the ? R rule. Conversely, assume
YWU' AJ?B;Y. Since all right-introduction rules permute over each
other, we can assume that the ? R has been applied first (reading the proof
bottom-up), which has the premise ¥ =: U;T' - A; T, B. ]

Theorem 7.18 (Completeness of || Lo-proofs). Let A and I' be multisets
of L formulas. If ¥ =T = A has a L proof then ¥ :: TV = AV;. has a
I Lo-proof.

Proof. We prove completeness by showing that the inference rules of the L
proof system are all admissible (via the (-)V mapping) in the |} Lo-proof system.
Assume that ¥ :: A F T has an L proof Z. We proceed by induction on the
structure of =.

If = is an instance of the initial rule, A and I' are equal and contain the
single element B. By Proposition 7.4, ¥ :: -; BV Iy, BY;-. In the case that the
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last inference rule is an instance of the cut rule

ZZ:Flf_B,Al E::FQ,BI_AQ
IR Fl,FQ |—A1,A2

cut,

we are allowed to assume that X :: Ty by BY, AY;- and Y= Ty, BY H AY;-.
Using the cut; rule of ||"£s and the cut-elimination theorem (Theorem 7.15),
we know that ¥ = TY,TY b, AY,AY; -

Since the right-introduction rules for the connectives {T,&,V, L, %} are
essentially the same in the L and |} Lo proof systems, it is immediate to treat
the case where the proof = is a right-introduction rule for one of these con-
nectives. On the other hand, the left-introduction rules for these connectives
can be applied even when the right is not a collection of atomic formulas. In
these cases, we use the cut-elimination result for |*£s proofs. For example,
assume that the last inference rule for = is

YuI'B; - A N
YuI',B1 & By A

L(i=1,2).

By the inductive hypothesis, we know that X ::-;T'V, B b, AV;-. By Proposi-
tion 7.4 we know that X::-; BY & By - BY & By ; - has a |} Lo-proof. Immediate
subproofs of that proof are proofs of ¥ :: ;B & By + BY;- for i = 1 and
i = 2. Using the cut-elimination result (Theorem 7.15), we can conclude that
YV, BY & By b AY;-. The left-introduction rules for {T,V, L, %} can be
done similarly, invoking an application of the cut-elimination theorem.

To illustrate how to treat the introduction rules for the positive connectives
{0,®,3,1,®}, we consider the cases where the last inference rule of = is R
and @L. Consider the right-introduction rule first.

YuT'F B, A
YuT'k By ® By, A

&R (i =1,2)

By the inductive hypothesis, we can assume that ¥ = ;T'V b, BY, AY;-. Also
note that the sequent ¥ :: s BY,(BY — L) & (By — L) F «;- has a |} Lo-
proof (an observation that requires the use of Theorem 7.4). These | Lo-
proofs can be brought together to prove the (-)V translation of the sequent
XuI'F By ® By, A.

YuIVEBY AV BB (BY — L)&(By — L)F -
YugIV (BY o 1)& (B — L) FAY;-
YuuI'V, (B - L)& (By — L) L,AY;-
YugIVE((BY = L)& (By —o L)) — L, AY;-

cut

1R
—R
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Next, consider the case in which the final inference rule of = is
uI'BFA »uI,CFA
YuI''BeCEFA

@L.

By the inductive assumption, we have both ¥ = TV, BY k AY;. and ¥ =
TV, CY b+ AV;-. Attaching the | Lo-proofs of these two sequents to the
following derivation finishes the proof for the @L introduction rule.

E::-;I‘V,Blv FAY:. E::-;I‘V,Bzv FAY:.
Yu IV BY H LAY YuIV,By - LAY
YugTVEBY — LAY XuuTVEB) — LAY
YiugIVE(BY — 1)& (BY — 1),AY;-

Since the sequent
Y (BY — 1) & (By — 1), ((BY — 1) & (By — 1)) —o LI ;-

has a || Lo-proof, we can use the cut-elimination theorem to obtain a proof of
the (-)V translation of ¥ =T, By & Bs - A.

The introduction rules for 0, 1, ®, and 3, can be done similarly, invoking
an application of the cut-elimination theorem. Thus, the remaining rules in
L that need to be considered are the exponentials. We consider the four rules
for ! in the |} Lo-proof systems.

Assume that the last inference rule of Z is

YuT'FA

— | W.
»:I,IBFA

By the inductive hypothesis, we know that ¥ ;TV , AY;.. By Proposi-
tion 7.6, we can weaken this sequent and conclude that X :: BY;TV k, AV;-.
By applying Lemma 7.17, we have ¥ :: TV, (BY = 1) — L H, AY;-, which
completes this case.
Assume that the last inference rule of Z is
»uI','B,!/BFA
Yu:I''BFA

e

By the inductive hypothesis, we know that ¥ = TV, (! B)Y,(!B)" k, AY;-.
Using cut-elimination on the following proof (where the proofs of the two left
premises are guaranteed by Exercise 7.5),

Y:BY;-+(!B)Y;- YLusTV,(!B)Y,(!B)VEAY;.
Y:BY;-F(!B)Y;- Y BTV, (!IB)Y - AY;-
Y:BY:TVEAY;.

cut

cut
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we have ¥ :: BY; TV , AV;.. Using Lemma 7.17, we can conclude that 3 ::
STV (BY = 1) — L AY;-
The case when the last inference rule of Z is
Y:I',BFA
—— D
»uTI,'BFA
follows simply from a use of the cut rule and a proof of ¥ :: ; (! B)Y  B;-

(Exercise 7.5).
Assume that the last rule of = is

Y:uIT'HEB,7A
'R
Y:uITHIB,7A

By the inductive hypothesis, we know that X ::+; (!T)" +, BY,(? A)Y;-. By re-
peatedly applying Lemma 7.17, we can conclude that X =TVt BY (?A)Y;-.
Since all the right rules permute over each other, we can assume that the 7 R
rule is applied below the rules related to B, leading us to ¥ ::T'V; -, BY; AV.
With a proof of that sequent, we now build the following proof.

1L

=L

Yul'Vy-FBY:AY BTV LEFGAY
YulV;- BV = 1AV
YuI'V;BY = LAY
YuTV;BY = L+ L;AY
YulV;-H(BY= 1) — 1L;AY

decide;
1R
—R

By repeated application of Lemma 7.17, we can conclude
Lus(ID) b (BY = 1) — 1;AY
and by repeated application of the 7 R rule, we have
DIREE (!F)v H (Bv = 1)— 1,(? A)v; .

which provides a proof of our desired sequent.

The only remaining L rules to consider are the four rules for the 7-expo-
nential. Since ? is translated directly to ? by (-)V, the proofs involving ? are
similar but simpler than for the !-exponential. We do not include these cases
here. O

A simple consequence of cut elimination for |*£s-proofs is that cut can be
eliminated from the L system.

Theorem 7.19. A sequent provable in L can be proved without the cut
rule.
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Proof. We first show that a sequent in L that is the conclusion of the cut rule
applied to two cut-free proofs can be proved by a cut-free proof. Once this
is done, a simple induction can remove all instances of the cut rule from a
proof. Thus, assume that X :: B,A; F I'y and X :: Ay F I's, B have cut-free
L proofs. By the completeness of |} Lo-proofs (Theorem 7.18), we know that
Y BY,AY FTY;- and X+ AY - BY,T'Y; - have |} Lo-proofs. Using the cut
inference rule of L2, we know that ¥::; AY, AY b, TY,T; - has | TLo-proof. By
the cut-elimination theorem for ||"Lo-proofs (Theorem 7.15), we know that this
sequent also has a (cut-free) |} Lo-proof. By the soundness theorem of || Lo-
proofs (Theorem 7.16) we finally know that ¥ :: Ay, Ag - T'1, 'y has a cut-free
proof. O

7.5 Bibliographic notes

A one-sided sequent calculus proof system for linear logic is given in Figure 6.5.
A focused variant of that proof system, which first appeared in Andreoli [1992],
is given in Figure 7.2. The main difference between Andreoli’s original system
and the one in Figure 7.2 is that the zone between  and {} is a list in his
system while it is a multiset in Figure 7.2. The D; rule corresponds to the
decide; rule while the Dy rule corresponds to the decide! rule. Similarly, the
I; rule corresponds to the init rule while the I rule corresponds to the init?
rule. The rules [R {}] and [R |}] are not needed in |} Lo-proofs given our use
of only negative connectives and two-sided sequents. The right-introduction
and left-introduction phases in || L9 correspond to what Andreoli called the
asynchronous and synchronous phases, respectively.

The first major result that one usually attempts to prove about focused
proof systems is that they are complete with respect to their unfocused version.
Andreoli proved this result using a permutation argument in which unfocused
proofs could be made progressively more focused. The proof of the complete-
ness of || Lo-proofs given in Miller [1996] directly relied on Andreoli’s proof of
completeness. A direct proof of cut elimination for a focused proof system for
linear logic was given by Bruscoli and Guglielmi [2006] and Guglielmi [1996]
for the subset of || £2 that does not include the (redundant) 7 exponential and
in which formulas were limited to what we call paths here. Their proofs of
the cut-elimination theorem described cut elimination at the level of synthetic
inference rules.

The style of completeness proof given here first proves that the general-
ized initial rule and the cut rule are admissible in the focused proof system.
Given those results, it is then a simple matter to conclude the completeness
of focusing. This approach to proving properties about focused proof systems
was given in Chaudhuri [2006] and Chaudhuri et al. [2008b] for intuitionis-
tic linear logic and was later extended by Liang and Miller [2011] and Liang
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[Rft] provided F is a literal or a positive formula
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m [R|] provided that F is a negative formula

S I
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The rule [V] has the proviso that y is not in X. In [@;], i =1 or i = 2.

Figure 7.2: A one-sided focused proof system for linear logic.
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and Miller [2024] to intuitionistic and classical logics. Further developments
of this style of proof (along with a formal verification) are given by Simmons
[2014] for propositional intuitionistic logic. Felty et al. [2021] provide a me-
chanically verified proof of cut admissibility for the proof system in Figure 7.2
and apply their framework to conclude various properties of object-logic proof
systems that are encoded into linear logic using a technique to be presented
in Section 8.7.

Section 5.6 presents a Kripke model that served as a canonical model for the
intuitionistic provability of Lo-formulas. Hodas and Miller [1994] generalized
that model to a resource-indexed model in such a way that cut admissibility for
linear logic over L£q-formulas is equivalent to the equivalence between cut-free
provability and truth in the canonical resource-indexed model (compare with
Theorem 5.32).
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Chapter

Linear logic programming

In this chapter, we present several small examples of linear logic programs.
Subsequent chapters will present more substantial examples.

8.1 Encoding multisets as formulas

Consider the following encoding of multisets of terms as formulas in linear
logic. Let token item be a predicate of one argument: the linear logic atomic
formula item x will denote the multiset containing just the one element x
occurring once. There are two natural encodings of multisets into formulas
using this predicate. The conjunctive encoding uses 1 for the empty multiset
and ® to combine two multisets. For example, the multiset {1, 2,2} is encoded
by the linear logic formula item 1 ® item 2 ® item 2. Proof search using this
style encoding manipulates such multisets on the left of the sequent turnstile.
This approach is favored when an intuitionistic subset of linear logic is used,
such as in the £1 subset of linear logic (Section 6.4). The dual encoding, the
disjunctive encoding, uses 1 for the empty multiset and % to combine two
multisets. Proof search using this style encoding manipulates such multisets
on the right of the sequent turnstile, and multiple-conclusion sequents are now
required, such as in the |} Lo presentation of linear logic (Section 6.7).

7

Exercise 8.1.(f) Let Ay,..., Ay, B1,..., By be atomic formulas, Py be
A D - B A, and P, be By ¥ --- % B,,. Prove that if P, — Py is
provable in linear logic, then Py —o Py is also provable.

\. J

s D

Exercise 8.2. Redo Ezercise 8.1 but this time replace & with ®.

\

Let S and T be the two formulas item sy % --- % item s, and itemt; %%
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-+ % item tp,, respectively (n,m > 0). Exercise 8.1 allows us to conclude that
S —o T is provable if and only if T —o S is provable if and only if the two
multisets {s1,...,s,} and {¢1,...,t,} are equal. Now consider the following
two ways to encode the multiset inclusion S C T

1. S % 0 — T. This formula mixes multiplicative connectives with the
additive connective 0: the latter allows items in 7" that are not contained
in S to be deleted.

2. 39(S ® g — T'). This formula mixes multiplicative connectives with a
higher-order quantifier. Intuitively, we would like to consider the instan-
tiation for ¢ to be the multiset difference of S from 7. However, such
a restriction on ¢ is not part of this formula, and ¢ can be instantiated
with any linear logic formula.

As it turns out, these two approaches are equivalent in (higher-order) linear
logic because the following formula is provable.

VSNYT.[(S B0 —o T) oo Iq.(S B g —o T)]

Recall that the expression B o— (' is an abbreviation for (B — C)&(C' — B).

8.2 A syntax for Lolli programs

In order to present several examples in this chapter, we extend Prolog and
AProlog syntax to accommodate Lolli logic programs. As we have already
indicated in Section 6.5, the symbols => and : - of AProlog are used to represent
= and the converse of —o, respectively. We shall also write -o and <= to
represent the —o and the converse of =. We also use the symbols & and erase
to denote, respectively, & and T. Given these connectives we can define (in the
sense described in Section 5.8) the symbols true, , (comma), ; (semicolon),
exists, and bang which represent the linear logic connectives 1, ®, &, 3, and
I, respectively. These definitions are displayed in Figure 8.1. Those clauses
encode only the right-introduction rules for their respective logical connective.

8.3 Permuting a list

Since the bounded part of contexts in L-proofs are multisets, it is simple to
permute a list of items by first loading the list’s members into the bounded part
of a context and then unloading them. The latter operation is nondeterministic
and can succeed for each permutation of the loaded list. Consider the following
simple program:
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4 )
type true o.
type , 0O —-> o0 —> o.
type ; o -> o0 —-> o.

type exists (A -> o) -> o.
type bang o -> o.

true.

(P , Q) :-P :-Q.
(P ; Q) :- P.

(P ; Q@ :- Q.
exists B :- (B T).

bang G <= G.

Figure 8.1: Logic programs for defining the positive polarity connec-

tives.
\_ J
type load list A -> 1list A -> o.
type unload list A -> o.
load nil K :- unload K.
load (X::L) K :- (item X -o load L K).
unload nil.
unload (X::L) :— item X, unload L.

The meaning of load and unload depends on the contents of the bounded
part of the context, so the correctness of these clauses must be stated relative
to a context. Let ¥ be a multiset of formulas containing the four formulas
displayed above and any other formulas that do not contain either item, load,
or unload as their head symbol. (The head symbol of a clause of the form A
or G —o A is the predicate symbol that is the head of the atom A.) Let A be
the multiset containing exactly the atomic formulas

item a1, ..., item a,.

We shall say that such a context encodes the multiset {a1,...,a,}. It is now
an easy matter to prove the following two assertions about load and unload.

1. The sequent X :: ¥; A F (unload K);- is provable if and only if K is a list
containing the same elements with the same multiplicity as the multiset
encoded in A.

2. The sequent X :: W; A+ (load L K);- is provable if and only if K is a list

containing the same elements with the same multiplicity as in the list L
together with the multiset encoded in the context A.
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In order for load and unload to correctly permute the elements of a list,
we must guarantee two things about the context: first, the predicates item,
load, and unload cannot be used as head symbols in any part of the context
except as specified above and, second, the bounded zone must be empty at the
start of the computation of a permutation. It is possible to handle the first
condition by making use of appropriate quantifiers over the predicate names
item, load, and unload (we discuss such a use of higher-order quantification
in Section 9.8). The second condition—that the unbounded zone is empty—
can be managed by using the exponential !, which we now discuss in more
detail.

Consider proving the sequent ¥ :: U; A F |G ® Go; -, where G1 and Go
are goal formulas, and ! and ® are specified using the clauses in Figure 8.1.
Given the completeness of |} £, this is provable if and only if the two sequents
oW,k G- and X2 W3 A F Ga; - are provable. In other words, using the !
operator forces G to be proved with an empty bounded zone.

It is now clear how to define the permutation of two lists given the example
program above: add either the formula

perm L K :- Dbang(load L K).

or, equivalently, the formula

perm L K <= 1load L K.

to those defining load and unload. Thus, attempting to prove (perm L K)
will only reduce to an attempt to prove (load L K) if the bounded zones are
empty. From the description of load above, L and K must be permutations of
each other.

Exercise 8.3. Let U be the collection of L1-formulas given in Figure 8.1,
and let U be a collection of L1-formulas that do not contain occurrences of
the symbols introduced in that figure. Prove the following about provability
in 4 L1. The sequent 3 = Vo, U; A F+ bang G;- is provable if and only
if X0 W, U; A true & G- is provable if and only if A is empty and
YWy, ;- G- is provable.

\. J

8.4 Multiset rewriting on the left

The ideas presented in the permutation example can easily be expanded to
show how the bounded zone can be employed for multiset rewriting. Let H be
the multiset rewriting system {(L;, R;) | ¢ € 1} where for each i € I (a finite
index set), L; and R; are finite multisets. Define the relation M =g N on
finite multisets to hold if there is some ¢ € I and some multiset C' such that
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M is CUL; and N is CU R;. Let =7}; be the reflexive and transitive closure
of — H.

Given a rewriting system H, we wish to specify a binary predicate rewrite
such that (rewrite L K) is provable if and only if the multisets encoded by
L and K stand in the =7; relation. Let I'y be the following set of formulas
(these are independent of H):

rewrite L K <= load L K.

load (X::L) K :— (item X -o load L K).
load nil K :— rew K

rew K :— unload K.

unload (X::L) :— item X, unload L.

unload nil.

Taken alone, these clauses give a slightly different version of the permute
program of the last example. The only addition is the binary predicate rew,
which will be used as a socket into which we can plug a particular rewrite
system.

In order to encode a rewrite system H, each rewrite rule in H is given by
a formula specifying an additional clause for the rew predicate as follows: If
H contains the pair ({a1,...,an},{b1,...,by}) then this pair is encoded by
the clause:

rew K :- item ail, ce e, item an,
(item bl -0 ... -o item bm -o rew K).

If either n or m is zero, the appropriate portion of the formula is deleted.
Operationally, this clause reads the a;’s out of the bounded zone, loads the
b;’s, and then attempts another rewrite. Let 'z be the set resulting from
encoding each pair in H. For example, if H = {({a,b},{b,c}), {a,a},{a})}
then 'y is the set containing the following two clauses.

rew K :- item a, item b, (item b -o (item c -o rew K)).
rew K :- item a, item a, (item a -o rew K).

One drawback of this example is that rewrite is a predicate on lists,
though its arguments are intended to represent multisets. Unfortunately, there
can be as many as n! lists that denote the a given multiset of n items. This
redundancy might be addressed by exploring a noncommutative variant of
linear logic (see references at the end of Chapter 10).
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Exercise 8.4.(1) Consider again Ezercise 5./3, in which it was argued that
computing the mazximum of a multiset of natural numbers was not possible
if that multiset was encoded as atomic formulas in the left-side of sequents
in I-proofs. It is possible to write such a program when using | L1 proofs.
Write a logic program P using L1-formula such that the following holds. If

N is a set of natural numbers {ny,...,ng} and k > 1 then the || L1-sequent
=Prang,...,ang - mazxa m;- is provable if and only if m is the maximum
of {nas-...mi}.

\. J

Exercise 8.5.(1) As in Ezercise 8.4, let k > 1 and let N be a multiset of
natural numbers {ny,...,ng}. Write a logic program P that computes the
sum ny + - -+ + ng. More precisely, the || L1-sequent - :: P;a ny,...,a ng
sumup m;- is provable if and only if m = ni + --- + ng. Contrast this
exercise with the predicate sumup in Figure 5.4.

Exercise 8.6. Represent the finite graph G = (N, E), with nodes N and
edges E C N x N, as the two sets of atomic formulas

N ={node(x) |z € N} and & = {edge(x,y) | {z,y) € E}.

Consider the logic program P that consists of the following declarations and

clauses.

kind mnode type.

type connected, loop o.

type node, nd node -> o.

connected :- mnode u, (nd u => loop).

loop.

loop :- nd u, edge u v, node v, (nd v => loop).

Show that the sequent - :: P,E; N + connected; - is provable in || L1 if and
only if the graph G is connected.

8.5 Context management in a theorem prover

Logic programming provides a high-level framework for implementing theorem
provers for various logics. Since such implementations deal with two logics, we
call the logic underlying the logic programming language the metalogic and
the target logic being implemented the object logic.

Intuitionistic logic is a useful metalogic for specifying provability in various
object logics. For example, consider specifying natural deduction provability
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in propositional, intuitionistic logic over the logical symbols imp, and, and
or, denoting object-level implication, conjunction, and disjunction (see the
declarations in Figure 8.2). Natural deduction rules specify the two senses of
provability for a logical connective—how to reason from and reason to (see
Section 3.7)—using elimination and introduction rules, respectively. A rea-
sonable specification of the natural deduction inference rule for implication
introduction is

pv (A imp B) :- hyp A => pv B.

where pv and hyp are metalevel predicates denoting provability and hypothesis
(see Figure 8.4 for their type declarations). Operationally, this formula states
that one way to prove A imp B is to add the object level hypothesis A to the
context and attempt a proof of B. In the same setting, conjunction elimination
can be expressed by the formula

pv G :- hyp (A and B), (hyp A => hyp B => pv G).

This formula states that in order to prove some object level formula G, check
to see if there is a conjunctive hypothesis, say (A and B), in the context and,
if so, attempt a proof of G from the context extended with the two hypotheses
A and B. Other introduction and elimination rules can be specified similarly.
Finally, the formula

pv G :- hyp G.

is needed to complete a proof.

It is easy to write a specification P (a multiset of £y formulas) in this style
so that there is a proof in the metalogic of (pv G) from P and the atomic
formulas (hyp Hy), ..., (hyp H;) if and only if there is a proof in the object
logic of G from the assumptions Hy, ..., H;. Unfortunately, intuitionistic logic
has its drawbacks as a metalogic even in this simple setting. In particular, the
set, of assumptions of the form (hyp H) increases during the search for proofs,
even though some assumptions need to be used at most once within some sub-
proofs. For example, if we use the rule of cases (i.e., the elimination rule for
disjunction in natural deduction) on a disjunctive assumption, then that dis-
junction is not needed during the search for the proofs of either subcase dealing
with the disjuncts. In order to have more explicit control of the collection of
hypotheses, we abandon natural deduction for sequent calculus. In particular,
the sequent calculus proof system in Figure 8.3 shows one way to organize a
proof system for propositional intuitionistic logic so that the only hypothesis
that might be used more than once are those that are implications. This proof
system uses single-conclusion sequents with multisets on the left, and it does
not contain rules for either weakening or contraction. The specification of DL
requires that the introduced implication in its conclusion must also appear in
its left premise.
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(
kind £fm type.
type p, q, T fm.
type or, and imp fm -> fm -> fm.
infixr or 3.

infixr and 4.
infixr imp 5.

Figure 8.2: Declarations for the constructors of an object logic.

I'-B T'FB I'AFB '-A

AR — DR — VR
'AAB '-A>B 'HAvB

'+ B I A,BFG IA+G T,BFG
— VR —F AL
I'-AvVB I AANBFG ILAVBFG

VL

rco>BrHC I,B+HG
oL —— init, A atomic
rco>BFG I'AF A

Figure 8.3: A proof system for propositional intuitionistic logic.

type pv, hyp, isatom fm -> o.
pv (A and B) :- pv A & pv B.

pv (A imp B) :- hyp A -o pv B.

pv (A or B) :- pv A.

pv (A or B) :- pv B.

pv G :- hyp (A and B), (hyp A -o hyp B -o pv G).
pv G :- hyp (A or B),
(Chyp A -0 pv G) & (hyp B -o pv G)).
pv G :- hyp (C imp B),
(Chyp (C imp B) -o pv C) & (hyp B -o pv G)).
pv A :- isatom A, hyp A, erase.

isatom p & isatom q & isatom r.

Figure 8.4: A specification of the rules in Figure 8.3.
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4 )
I'NA,B-G rc>D>BFG
DL1, A atomic )
I'N'ALADBFG I(CAND)DBEFG
IC>B,D>BFG I'D>BFCDD I'BFG
DLs DLy
r(CvbD)oBFG r(Co>D)>BFG

Figure 8.5: Replacements for the DL Rule.

pv G :- hyp (A imp B), isatom A, hyp A,
(hyp B -o hyp A -o pv G).
pv G :- hyp ((C and D) imp B),
(hyp (C imp (D imp B)) -o pv G).
pv G :- hyp ((C or D) imp B),
(hyp (C imp B) -o hyp (D imp B) -o pv G).
pv G :- hyp ((C imp D) imp B),

(Chyp (D imp B) -o pv (C imp D)) &
(hyp B -0 pv G)).

Figure 8.6: A contraction-free formulation of DL.

The proof system in Figure 8.3 is captured by the Lolli specification in
Figure 8.4, along with a (partial) specification of isatom used to recognize
object-level atomic formulas. Sequents that appear in proofs involving these
clauses have left-bounded zones containing only atomic formulas of the form
(hyp H). Note that the two additive rules in Figure 8.3, namely, AR and
VL, are encoded in the Lolli specification using the additive conjunction (&),
and that the additive true (erase) is used to force the weakening of any side
formulas in the init rule.

The logic program in Figure 8.4 does not yield a terminating search pro-
cedure because an implication on the left can be used multiple times: for
example, consider attempting to prove the sequent p O p F p. Fortunately,
an alternative presentation of the implication left-introduction rule can solve
this particular problem. For example, proof systems given in Dyckhoff [1992]
and Hudelmaier [1992] can be expressed directly in this setting. In those pa-
pers, the left-introduction rule for implication can be replaced by the four
rules in Figure 8.5. Thus, consider modifying the specification in Figure 8.4
by replacing its one formula specifying DL with the four clauses in Figure 8.6
(derived from Figure 8.5). Executing this linear logic program in a depth-first
interpreter can yield a decision procedure for propositional intuitionistic logic.
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8.6 Multiset rewriting on the right

Since formulas in £q are also in L9, the techniques for rewriting multisets
using the bounded left-side zone can also be used in L. However, it is also
possible to use the bounded right-side zone as well. To illustrate that approach,
consider the clause

aBbo—cBdRe.

When presenting examples of Lo specifications, we continue the habit of using
o— and < as the converses of —o and = since they provide a more natural
operational reading of clauses (similar to the use of :- in Prolog). Here, %
binds tighter than o— and <. Consider the |} Lo sequent X :: W; A a,b,1; T,
where the above clause is a member of W. A proof of this sequent can proceed
as follows.

YuWU Ak de ;T
YuUiAbce,dBe, T YuU;-laba; T ZuW-JbEbLY
YU AR RdAdD e, I T YuU-Jla®bka,b; Y
YuU;AlleB®dBe—oaDbFa,b, ;T
YuWUARa b Y

decide!

We can interpret this fragment of a proof as a reduction of the multiset a, b, I’
to the multiset ¢, d, e,I" by backchaining on the clause displayed above.

Of course, a clause may have multiple top-level implications. In this case,
the surrounding context must be manipulated properly to prove the sub-goals
that arise in backchaining. Consider using the decide! rule on the formula

A17?A2¢G40—G3¢G20—G1

to prove the sequent X:W; A+ Ay, Ag, A; . An attempt to prove this sequent
would then lead to the attempt to prove the four sequents

YuU AL EGL AT YU F Gy T
YW, Ak Gs, Ay T Youw-F Gy T

where A is the multiset union of A7 and As, and A is the multiset union of
A1 and Ay. In other words, those subgoals immediately to the right of an <
are attempted with empty bounded zones: the bounded zones, here A and A,
are divided up and used in attempts to prove those goals immediately to the
right of o—.

For an example of computing using multisets on the right of |} L5 sequents,
consider again computing the sum of a multiset of natural numbers. Assume
that we take the encoding of natural numbers and addition (sum) given in
Figure 5.3, and make them available as |} Lo formulas. Now add the following
two formulas and consider the following exercise.
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sumall M :-— acc M -o acc z.
acc N || a M :- sum N M S, acc S.

Exercise 8.7. Let ¥ and ¥ be the signature and logic programs given above
for sumall and acc. Show that the sequent

YuUi-Fani Bang®--- B an; X sumall m; -

s provable if and only if m is the sum of ni,...,n;.

\

More examples of specifications written using the Lo presentation of linear
logic appear in Chapters 11, 12, and 13.

8.7 Specification of sequent calculus proof systems

In this section, we provide a different style of specification of sequent calculus
rules from what was illustrated in Section 8.5 that makes use of multiset
rewriting using the right-bounded zone of sequents in |} Ls.

As we have described in Section 4.1, the distinction between sequents in
classical, intuitionistic, and linear logics can be described, in part, by where
the structural rules of weakening and contraction can be applied. In classical
logic, these structural rules are allowed on both sides of the sequent turnstile; in
intuitionistic logic, no structural rules are allowed on the right of the turnstile;
and in linear logic, they are not allowed on either side of the turnstile. This
suggests the following representation of sequents in these three systems. Let
fm be the type of object-level propositional formulas and let -] and [-] be
two metalevel predicates of type fm — 0. Sequents in these three logics can
be specified as follows: object-logic sequents will be two-sided, and the left
and right contexts will be paired using — (following the original notation in
Gentzen [1935]).

Linear: The sequent By, ..., B, — C4,...,Cy, (n,m > 0) is represented by
the metalevel formula

[B1] B -5 | Bn] B [C1] B -+ B [C]-

Intuitionistic: The sequent By,..., B, — C (n > 0) is represented by the
metalevel formula

2B ® -3 ?B, B [C].

Classical: The sequent By,...,B, — C1,...,Cy, (n,m > 0) is represented
by the metalevel formula

2By B BBy BCLT D - B ?[C].
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4 ™
(D R) [AD B] —7A| % [B].
(ODL) |AD B| < [A] o— 7| B].
(AR) [ANB] o— [A] — [B].
(AL1) [ANB] o—7[A].
(AL2) [ANB] o—7?|B].
(VL) AV B] o— 7| A] &?[B].
(VR1) [AV Bl o— [A].
(VR2) [AV B] o— [B].
(initial) [B] % |B].
(cut) 1 o—7?[C| < [C].
Figure 8.7: The specification J of a sequent calculus.

. J

The |-] and [-] predicates are used to identify which object-level formulas
appear on which side of the sequent, and the 7 exponential is used to mark
the formulas to which weakening and contraction can be applied.

As we now show, Figure 8.7 contains a specification of intuitionistic logic
provability of the connectives A, V, and D using L9 as the metalevel logic.
Expressions displayed as they are in Figure 8.7 are abbreviations for closed
formulas: the intended formulas are those that result from applying ! to their
universal closure. Let J be the set of clauses displayed in Figure 8.7 and let
Yo be the set of constants containing object-level logical connectives (as in
Figure 8.2) along with the two predicates |-] and [-].

Now consider the synthetic inference rules that result from using the decide!
rule with a formula in Figure 8.7. If ' is a multiset of object-level formulas
(terms of type fm), let |I'| denote the multiset {|B]| | B € I'}. The synthetic
rule resulting from using decide! on the (O R) clause in Figure 8.7 is

~uJy-F[B]; Al [T .
cud;-F[AD B T

Thus, this synthetic inference rule captures exactly the object-level inference:
that is, proving the object-level sequent I' — A D B has been successfully
reduced to proving the sequent A,I' — B (see the D R rule in Figure 8.8).

It is a simple matter to compute the synthetic inference rule that arises
from using decide! on the (cut) clause, namely,

sJiH[CL L -udy-H [B]|CL, L
sJ;-F[B]; L

This metalevel synthetic rule captures the object-level inference rule called cut
in Figure 8.8. Note that the occurrence of < in the specification of (cut) is
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4 )

IMASB—B INASBB—E AT —B
TLA>B > F S T S ASB

R

NA—FE AL I'B—FE A, L—A I —B
ILANB—E "' T,ANB—FE "7 I —AAB

r — A r —B p I'N'A—F I'B—FE
I —AVB I —AvB "2 ILAVB—E
r—c¢ cr—B

T BB initial I B cut

AR

VR,

Figure 8.8: The inference rules encoded by J.
\_ J

important here: consider the following modification of the specification of the
object-level cut inference rule.

(cut’) L o—7[C|o— [C].

Two synthetic inference rules result from using decide! on this formula, namely,
the one displayed above and the following.

-uJ;-F[B], [C; L cudi-F O, L
cud;-F[B] L

This additional synthetic rule corresponds to the following object-level infer-

ence rule.
r— B,C C,I' — -

I' — B

In other words, the clause (cut’) does not properly restrict the occurrences of
B in the premises. It is possible to prove that if B moves to the right side
of the left premise, that left premise will not ultimately be provable (from J).
Nonetheless, we wish to have exactly one synthetic inference rule arising from
our metalevel specification of the cut rule. Hence, the (cut) rule and the (D L)
rules both have occurrences of <=. Recall that in Section 6.2, we pointed out
that both (cut) and (D L) are different from other sequent calculus rules for
intuitionistic logic: in J, that difference is captured by the use of < instead
of o— in the specification of these two rules (see also Proposition 4.2).

Exercise 8.8. Show that the formula VB.![B] o (?|B|)*", which illus-
trates a duality between left and right occurrences of an object-level formula,
is provable from the formulas (initial) and (cut) in Figure 8.7.
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8.8 Bibliographic notes

Multiset rewriting provides a flexible framework for specifying a wide range
of computationally interesting systems. For instance, it has been used to
specify various algorithms (see Banatre and Métayer [1993, 1996]) and several
specification systems, including Petri Nets (see Engberg and Winskel [1990];
Gehlot and Gunter [1990]; Asperti et al. [1990]; Marti-Oliet and Meseguer
[1991]; Kanovich [1995]; Delzanno [2002]) and process calculi (see Berry and
Boudol [1992]). The connection between multiset rewriting and linear logic
enabled natural encodings of these algorithms and specifications as linear logic
programs (see Andreoli and Pareschi [1991a,b]; Miller [1993]).

In the 1990s, various other proposals for linear logic programming lan-
guages were proposed. Pym and Harland [1994] and Harland et al. [1996]
proposed the Lygon language based on a notion of goal-directed proof in a
multiple-conclusion setting that differs from that described in Section 6.7.
Kobayashi and Yonezawa [1995] and Kobayashi et al. [1999] proposed the
ACL language for encoding simple notions of asynchronous communication by
identifying the send and read primitives with two complementary and mul-
tiplicative linear logic connectives. Miller [2004] is a survey article of early
linear logic programming languages and their applications.

The examples of Lolli logic programs in Sections 8.3, 8.4, and 8.5 are
taken from Hodas and Miller [1994]. The examples of Ly logic programs in
Sections 8.6 and 8.7 are taken from Miller [1996]. The proof system in Fig-
ure 8.3 and the proof system arising from replacing the DL rule with the rules
in Figure 8.5 are part of the proof systems called, respectively, G3ip and G4ip
in Troelstra and Schwichtenberg [1996]. The analysis of object-level sequent
systems using linear logic as a metatheory given in in Section 8.7 can be signif-
icantly extended and it can easily accommodate first-order quantifiers in the
object logic: see, for example, Miller and Pimentel [2004], Miller and Pimentel
[2013], Nigam et al. [2014], and Felty et al. [2021]. Miller [2023] presents a
similar framework for specifying inference rules via multiset rewriting, but
without the explicit use of linear logic as a metalogic.

Linear logic programming has found useful applications in parsing natural
language sentences. In particular, both Pareschi and Miller [1990] and Ho-
das [1994, 1999] have shown how phenomena such as gap threading can be
captured, at least in part, by Lolli specifications.

It is not surprising that a programming language directly exploiting proof
theory ideas and techniques can specify a sequent calculus (as in Section 8.7)
and a theorem prover (as in Section 8.5). Subsequent chapters (starting with
Chapter 10) will show several other applications of linear logic programming
in domains that are not overtly connected with logic and proof theory.



Chapter

Higher-order quantification

9.1 Introduction

The higher-order version of linear logic we present in this chapter uses the
same connectives as Lg, although we no longer restrict the type 7 on the
quantifiers V; and 3,. Removing this restriction on 7 means that 7 is allowed
to have occurrences of the — constructor as well as the primitive type o.
If we only accept the first of these additions, then the proof theory of the
resulting logic is essentially the same as for first-order logic. Although the
complex operation of A-conversion is more pronounced in such a logic, that
complexity occurs only at the level of terms. As we shall soon illustrate, if 7
is allowed occurrences of o, the result of instantiating a universal quantifier
can have more occurrences of logical connectives than the original universally
quantified expression. Formulas that allow V., for arbitrary 7, and the other
logical constants of Lo, will be called £§ formulas.

In the following paragraphs, we address an array of issues that separates
our logic with higher-order quantification (£4) from the corresponding logic
with only first-order quantification (Ls2).

Soundness, completeness, and incompleteness In the remaining chap-
ters, we give several examples of using higher-order quantification in the logic
programming setting. For anyone familiar with the typed A-calculus and A-
conversion (as presented in Chapter 2), these examples should not be chal-
lenging to understand. One might be worried, however, about other concerns
often raised regarding higher-order logic. For example, since it is possible to
formalize arithmetic in £%, Godel’s incompleteness theorems applies to this
logic. However, we are not directly concerned with model-theoretic semantics
for the proof systems we explore (except for the material on Kripke model
semantics in Section 5.6). The fact that there are true statements of Peano
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Arithmetic that do not have proofs in higher-order linear logic is not particu-
larly interesting to us here. Sequent calculus proof systems provide the only
meaning we give to the logical connectives. As a result, the proposition that
“a given sequent is provable in a given proof system” is always recursively
enumerable. In this text, when we use the terms soundness and completeness,
we generally refer to claims that provability in one proof system corresponds
to provability in another.

Cut-elimination and consistency In Section 9.3, we will give two proof
systems, J N and |} LY, for £4. Following an argument in Section 3.7, it is easy
to show that those proof systems are consistent if the cut rule is admissible
in them. By Go6del’s second incompleteness theorem, the proof of cut admis-
sibility will involve inductions that are much stronger than those involved in
the proof of cut elimination given for the first-order proof systems we saw in
Chapter 7. Such a stronger induction can be achieved using the candidats de
réductibilité of Girard [1972] (see also Girard et al. [1989] and Gallier [1990]).

The dynamics of instantiation of a higher-order quantifier On the
surface, the instantiation of the quantifier V..x.B by a term t of type 7, written
as B[t/z], is the same in first-order and higher-order logic. A major difference
between these two settings is that once one performs a (capture-avoiding) sub-
stitution of ¢t for x is B, the result in first-order logic is a formula in S-normal
form. In the higher-order setting, the resulting formula may have S-redexes
(Section 2.1), and, since reducing these S-redexes requires doing more sub-
stitutions, the size of a term or formula can grow significantly in some cases.
During such quantifier instantiations, the resulting instantiation might well
have more occurrences of logical connectives than the original quantified ex-
pression. For example, if B contains n > 0 occurrences of logical connectives,
then instantiating V,p.p = p with B replaces a formula with two occurrences
of logic connectives with one containing 2n+1 such occurrences. In Section 9.5
the quantified expression Vp.Vq.p = ¢ (with three occurrences of logical con-
nectives) is instantiated first with Vp.p — p to yield Vq.(Vp.p — p) = ¢ and
then with p — ¢ to get (Vp.p — p) = (p —o ¢) (with four occurrences of
logical connectives).

The subformula property As described in Section 3.7, cut-free proofs in
first-order logic have the subformula property: that is, every occurrence of a
formula in any sequent of a cut-free proof is a subformula of a formula in the
endsequent. In that section, we also informally stated that “instantiations of
quantified expressions must also be considered subformulas of that quantified
formula.” In the first-order setting, this is an interesting and useful definition.
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As the previous examples illustrate, this notion is trivialized in the general
higher-order setting: for example, all formulas are subformulas of Vp.p.

Logical connectives can appear in non-logical contexts In the first-
order logic setting, an occurrence of a logical connective in a formula is either
a top-level occurrence or in the scope of only other occurrences of logical
connectives. In the higher-order logic setting, there is a third possibility: an
occurrence of a logical connective can be in the scope of some non-logical
constants and variables. This aspect of our higher-order logic is exploited by
higher-order programming in logic programming, a topic we discuss more in
Section 9.6.

9.2 Higher-order quantification

We now allow V, and 3, to quantify variables of type 7 where 7 can be any
type built from — and the primitive types S U {o}. The rules for introducing
these two quantifiers are exactly as in Figure 4.1, namely, the following.

YT, Blt/xz]F A Y,c:7:T'F A, Blc/z]

VL VR
Yul\WWex.BEA Yul'FA V2B
Y,c:7:T,Ble/z] F A YT+ A, B[t/x]

dL R
oI, 3, 2.BFA YuT'FA dx.B

Here, 7 can now be any type. Also, recall that the result of applying the
substitution operator B[t/z] is always in A-normal form. In the first-order
setting, this can be a simple operation; in the higher-order setting, there can
be a cascade of S-reductions following other S-reductions.

For the purposes of the following exercises, let C¥ and I“ be the proof
systems that result from using the higher-order versions of the quantifier intro-
duction rules given above within C and I proof, respectively (see Section 4.1).

Exercise 9.1. (%) Prove that the formulas ¥, P.P is logically equivalent to
f using I“-proofs.

The following example illustrates how higher-order quantification can con-
ceal (or simulate) cuts in proofs.
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7

Exercise 9.2. Note the similarities between the cut inference rule and an
instance of the DL rule.

YuIhFB YTy, BHC »u:Ih+FB XuI9,BFC
cut DL
Yul', I - C »:BD>B,I',[oFC

Use this similarity to prove the following result: if X =T+ C has a C¥
proof (respectively, an I¥ proof) then the sequent ¥ :: Vop.(p D p),I' F A
has a cut-free C¥ proof (respectively, an I* proof). Provide a direct proof
of this statement that does not use the cut-elimination theorem.

One approach to defining the equality of the two terms ¢ and s is that all
properties holding for one terms hold for the other. This notation of equality
is often referred to as Leibniz equality and can be defined using the formula
VisoP.(Pt D Ps).

Exercise 9.3.(f) Let t and s be two terms of type i. Consider the bi-
nary relationship between these terms given by the provability in I of the
sequent + V;oP.(Pt D Ps). Prove that this relation is an equivalence
relation, i.e., prove that it is reflective, symmetric, and transitive. For ex-
ample, symmetry can be proved by constructing an I¥-proof of the sequent
FVP.(Pt D Ps) DVP.(PsD Pt).

\. J

Exercise 9.4. Let t and s are two terms of the same type 7. Repeat Exer-
cise 9.2 replacing Vo P.(P D P) with ¥._,P.(Pt D Ps).

\

In £§, we have two choices for the implication used in the definition of
Leibniz equality. Exercise 9.15 shows that these two choices result in logically
equivalent formulas.

9.3 Near-focused proofs

An important invariant in the setting of proofs for first-order logic is that a
first-order substitution applied to an atomic formula returns an atomic for-
mula. Similarly, Proposition 7.7 states that substituting a term for a variable
of primitive type (other than o) in a |"£Ly proof yields another |"Ly proof. A
similar property does not hold in the higher-order setting. For example, the
following is a /"Ly proof.

- - - init
qg:i—o,p:i—o,a:i:--pakpa;-
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If we instantiate p with the expression Aw.qw = ga in this proof, we have the
sequent
q:t—o,a:1:-5- ga= qat ga = qa;-,

which does not have a ||*£5 proof: recall that the init rule can only be used on
atomic formulas. More generally, applying a substitution for a variable with
target type o can take a |} Lo-proof to a proof-like structure that has two kinds
of erroneous inference rules.

1. The initial rules init and init? may no longer involve atomic formulas.

2. The conclusion of the decide rules and most left-introduction rules may
no longer contain only atoms in the right-bounded zone.

Given these observations, we introduce the near-focused proof system || N
in Figure 9.1. Here, the proof rules of || N are the same as those for |} £5 in
Figure 6.11 except for the following three modifications.

1. The formulas used in sequents can now be £ formulas.

2. The initial rules are generalized so that the formula in focus can be a
general formula. In particular, the schematic variable B in the two initial
rules in Figure 9.1 can range over arbitrary £4 formulas.

3. The three decide rules are not constrained to have the right-bounded
zone consisting of only atomic formulas. In particular, the schematic
variable A in the three decide rules in Figure 9.1 can range over multisets
of arbitrary £4 formulas.

Formally speaking, a | £4-proof is a | N proof in which the right-bounded
zone of the concluding sequent of all left-introduction rules and all decide rules
contain only atomic formulas.

Our goal for the rest of this section is to show that if ¥ :: ¥; '+ A; T has
a | NV proof, then it has a |} £§ proof. We do this in following steps.

1. We introduce the follow definitions where the adjective atomic is applied
to certain occurrences of inference rules. An instance of the —L rule
is atomic if the right-bounded zone of its left premise (the schematic
variable A; in Figure 9.1) contains only atomic formulas. An instance
of a decide rule is atomic if the right-bounded zone of its conclusion (the
schematic variable A in Figure 9.1 for all three kinds of decide rules)
contains only atomic formulas. (Recall that an instance of init is atomic
if the formula under focus is atomic.)

2. We prove that the init? rule is not needed in |} N proofs (Lemma 9.5).

3. We show that all instances of the init rule can be replaced by instances
of an atomic init rule (Lemma 9.6).
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>uW:,- | BFB;T YuWw;-y BFB,T
YU BFT
€ 7L
Yuv- | LFEY Xuv - ?7BF T
SaUT | B AT oL oW | Blt/x] - A;Y
; VL
XU Bi& B HAY ‘ Yov | Vee.BEAY
Yow I BEAGY YUl CF AT
XL
YuU I, | BYCHEA, Ay Y
XoUliFALBY Yol JCOF Ay Y
—oL,
YuU; I, I's | B—-oCFA, AT
YuU-EBY YU TCFATY
=L
Yuv 'y B=CFA;Y
The usual provisos are assumed on the rules VR and VL. In the &L;
rule, 7 is 1 or 2. There are no side conditions regarding atomic formulas
in this proof system.
Figure 9.1: The near-focused proof system {} N.
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4. We show how to replace occurrences of the decide? rule with atomic
versions of that rule (Lemma 9.7).

5. Finally, we show how to replace occurrences of —oL with atomic versions
of —oL (Lemma 9.8).

After these lemmas have been established, the proof that the existence of a
near-focus proof implies the existence of a focused proof (Proposition 9.9)
following easily.

The following lemma shows that within || N proofs, the inference rule init?
is not needed since that rule can systematically be replaced by a pair of decide?
and init rules.

Lemma 9.5. If X = W;T' = A;Y has a | N proof, then it has a | N proof
with no occurrences of the init? rule.

Proof. Consider a right-introduction phase of the following shape.

init?
YWU' | BB, YT

—_
—
—

YXuvU 'y DFB,T

That is, = is some collection of left-introduction rules. We first prove by
induction on the structure of = that this collection of inference rules can be
reorganized to provide a proof of

init
>:U:I'| BFB;B,Y

=
=

2w ' DFB;B,T

The base case occurs when the conclusion of Z is an occurrence of init?, in
which case D and B must be the same formula. In that case, we use the init
rule.

init

U I'| B B;B,T

Otherwise, the last inference rule of = is one of the five left-introduction rules
&L;, VL, % L, —oL, or = L. If the last inference rule is &L;, then = has the
following shape.

init?
U I'| BB, Y
=1
>uw: 'y D;FB,T
Uy D1 & Do BT

i
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Invoking the inductive assumption yields the following inference rules.

init
>:U:I'| B B;B,Y
=
>uw: 'yl D;FB;B,T
YXuv 'y D1 &DyFB;B, Y

i

If the last inference rule of = is —oL, then = has the following shape.

init?
YU Iy || BF B, T
=0 E

YUy FD:B,Y YuWw;Ty | Dok BT
LW, D Dy BT

—oLL

Invoking the inductive assumption yields the following inference rules.

init
YuWw:I'h| BFB;B,YT
= =

Yuw:InM+F DB, Y YUy DoF BB, Y
Z:Z\I’;Fl,FQU,Dl—ODgl—B;B,T

—oLL

The remaining three cases can be proved similarly.
Now consider the following occurrences of init? along with the path from
it to the border sequent below it within a {} N proof.

init?

U, I'| BB, Y

—
—

YXuw: 'y DF B, T
Yuw: ' B, T

decide!

(or the similar case where this last inference rule is decide; instead of decide!).
By the previous argument, we can assemble the following inference rules.

init
>:U:I'| B B;B,Y
=/
U I'| DFB;B,T
Yuw:I'+-B;B, T

YU I'-B,T

decide!

decide?

Thus, we have described how to replace an occurrence of init? with occurrences
of init and decide?. By simply repeating this replacement process, we can
finally arrive at a || N proof of the same end sequent ¥ :: ¥;T" = A; T but
without occurrences of init?. O
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Lemma 9.6. If X = WU;T' = A;Y has a 4 N proof, then it has a | N proof
with no occurrences of init? and every occurrence of init is an atomic init.

Proof. Assume that ¥ :: U:T' F A; T has a N proof Z. By Lemma 9.5, we
can assume that = contains no occurrences of init?. An occurrence of a logical
connective in a formula is said to be a top-level occurrence if it is not in the
scope of a variable or a non-logical constant. Let the off-focus measure of an
occurrence of the inference rule init be the number of occurrences of top-level
logical connectives in the focused formula. The off-focus measure of a | N
proof is the sum of the off-focus measure for every occurrence of the init rules.
We now prove that if a | N' proof has a non-zero off-focus measure, we can
reorganize that proof to yield a |} N proof with a strictly smaller off-focus
measure.

An occurrence of init in = must appear within a left-introduction phase of
the form (here, D € V)

init

uW:- | BFB;YT
II
>uU:I' DFB,A;YT
YU I'F B, AT

decide!

(or the similar case where this last inference rule is decide;). We shall argue
that if B is not atomic, the derivation II can be reorganized to provide a
near-focus proof with a strictly smaller off-focus measure.

Consider, for example, the case where B is By & By. The proof structure
above is then of the form

init
ZIZ\II;'U,Bl&BQI_Bl&BQ;T
II
XuU ' DF By & By, A; T
decide!

YU I'k By & By, A; T

The following reorganization reduces the off-focus measure by one.

init init
W, |l BiFB;; ¥ XuW;- || By By T
&L &L
YuWv:- | Bi& By By Y cee XU Bi& By By T
H/ H//
XuU 'y DF B, A; Y YuU:I' DFE By, A; T
decide! decide!
YuWw:I'F B, A; Y YuWU:I'F By, A; Y
&R

oW T'F By & By, A; Y
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Here, the derivations II' and II” differ from II by replacing occurrences of
By & By on the right-hand side of the sequents on the path to the designated
init with By and Ba, respectively.

Consider the case where B is B] = Bs.

init

YuU:- || Bi= By By = By, Y
II
Yuu 'y DF By = By, A} Y
YuWwI'E By = By, A; Y

decide!

These inference rules can be reorganized as below, yielding a new near-focused
proof of strictly smaller off-focus measure.

init
YoV BBy -F By
decide! init
XuV By;-F B Y YW, By;- |y BoE By X
=L
oW Bi;- | By = BoF By, T
Hl

XuW, B 'y DE By, AT
YW, Bi;I'F By, A; Y
YuWUI'kE By = By, A; Y

decide!

=R

Consider the case where B is ? B'.

init

YuU;- | ?B'+?7B;Y
II
YuU: | DF?B AT
YU IF?B AT

decide!

These inference rules can similarly be reorganized.

init
»:U;.|| B'+BB,T

Yuw;B'+B;B.YT
YuU:B' BT
?L
Yuw:-|J?B' BT
H/

Y:U:I' | DFA;B,Y

Yu:U;I'FA;B,Y

YU I'E?B, AT

decide;

decide?

decide!

’R
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Here, the derivation II’ differs from II by replacing occurrences of ? B’ in the
right-bounded zone with occurrences of B’ in the right-unbounded zone in all
sequents in IT'.

Such reorganization of right-introduction rules can be done for all the re-
maining cases for the top-level connective (L, %, T, —o) and for the cases where
an occurrence of decide; appears as the conclusion of the right-introduction
phase. Thus, in all of these cases, the off-focus measure strictly decreases.
Thus, by repeated application of such proof reorganization, we finally termi-
nate with a proof with an off-focus measure of zero. Thus, all occurrences of
init in the resulting proof are, in fact, atomic. O

Lemma 9.7. If a sequent has a | N proof, then it has a 4 N proof for
which all occurrences of decide? are atomic.

Proof. Using the previous two lemmas, we can restrict our attention to || N
proofs without occurrences of init? and with only atomic instances of init. In
such proofs, we show how to replace one non-atomic instance of a decide?
rule with possibly many instances of atomic decide? rules. Assume we have a
proof of the following form

—
—
—

Yuw:I'HAB;B,T
U I'FA; BT

decide? .

Here, we also assume that this occurrence of decide? is such that the proof
= contains only atomic instances of decide?. Using Proposition 7.2, we can
reorganize this right-introduction phase so that formulas in A are all inserted
into that phase before B is inserted. We can now permute this one occurrences
of decide? up over the premises of this partial right-introduction phase. All of
these new instances of decide? will have in their conclusion a right-bounded
zone that contains only atomic formulas. O

Lemma 9.8. If a sequent has a |} N proof, then it has a |} N proof for
which all occurrences of —o L are atomic.

Proof. This proof is similar to the proof of Lemma 9.7 in that we need to
permute right introduction rules used to proved the left premise of —oL below
that rule. In particular, assume that we have the following occurrence of the
—oL, rule.

—
—
—

YuUItEFALBY YUy JCOF Ay Y
EIZ\I’;Fl,FQl}B—OCI—Al,AQ;T

—oLL



192 CHAPTER 9. HIGHER-ORDER QUANTIFICATION

Here, we also assume that this occurrence of —oL is such that the proof =
contains only atomic instances of —L. Using Proposition 7.2, we can reorga-
nize this right-introduction phase so that formulas in A; are all inserted into
that phase before B is inserted. We can now permute this one occurrences of
—oL, up over the premises of this partial right-introduction phase. All of these
new instances of —oL, will have in their conclusion a right-bounded zone that
contains only atomic formulas. O

Proposition 9.9. If X U;T' = A; Y has a 4 N proof, it has a |} LY proof.

Proof. Assume that ¥ = U;T' = A;Y has a | N proof. By Lemma 9.6, we
know that that sequent has a || N proof with no occurrences of init? and
where every occurrence of init is atomic. By Lemmas 9.7 and 9.8, we can
additionally assume that all instances of decide? and —L in it are atomic.
A simple induction of the structure of such a proof now shows that in every
|l-sequent in =, the right-bounded zone contains only atomic formulas. Hence,
= is, in fact, a |} £§ proof. O

Proposition 9.9 provides a new proof that generalized initial rules are ad-
missible: contrast this to the proof provided by Theorem 7.4.

Corollary 9.10. Let B be an L5 X-formula. The following sequents have
| L5 -proofs.

1. X2V, B;-FB;T 3. XU B;-FB,Y
2. X:U;BFB;Y 4. 22V, BF B, T

Proof. We note that every one of these sequents has a || N proof using some
combination of init, init?, decide;, and decide!. Thus, Proposition 9.9 entails
that all these sequents also have || £% proofs. 0

9.4 The proof theory of higher-order quantification

This section states the major proof-theoretic results about || N proofs and
I L% proofs.

Define || '™ as the proof system resulting from adding the four cut rules

from Figure 7.1 to 4 N. The following lemma has a straightforward inductive
proof on the structure of || N'* proofs.
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Lemma 9.11 (Substitution into {| N "-proofs). Let ¥ be a signature, x be a
variable not declared in 3, T be a type, and t be a X-term of type 7. If ¥, x :
72U EA;Y has an Y N -proof then X U[t/x]; T[t/z] = Alt/x]; T[t/z]
has a Y Nt -proof.

Proposition 9.12 (Substitution into |} £4-proofs). Let ¥ be a signature,
x be a wvariable not declared in X, T be a type, and t be a X-term of type
7. If 8,z 72 WL = AT has an | LY -proof then ¥ = W[t/x];T[t/x] F
Alt/z]; Y[t/x] has a | LS -proof.

Proof. Assume that ¥,z : 7:W;T' = A; T has a || £5-proof. That proof is also
a N proof. As a result of Lemma 9.11, X = U[t/z];T[t/x] = Alt/z]; Y[t/ z]
has a | N proof. By Proposition 9.9, this same sequent has a || £4-proof. [

There are at least two major reasons why proving the cut-elimination the-
orem for || N proofs (Theorem 9.13) cannot be done using the same kind of
proof we gave in Chapter 7. First, the proof system for || £§ and the technical
device of path (see Section 7.1) both rely on the notion of atomic formulas.
Since this notion is not stable under the substitution for variables of higher-
order type, they cannot play a central role in the cut-elimination argument.
Second, the measure of a cut (defined in Section 7.3) will not decrease in the
presence of such substitutions.

The following theorem is the key result concerning |} N'* proofs.

Theorem 9.13 (Cut-elimination for | N t-proofs). If a sequent has a | N*
proof, it has a 4 N proof.

We do not prove this theorem here. Many issues surrounding the permut-
ing of the cut rules with other rules are essentially the same as in Chapter 7.
The major difference is that the termination of a systematic cut-elimination
procedure is significantly harder to achieve. As mentioned in the introduction
of this chapter, the candidats de réductibilité of Girard [1972] can achieve such
a termination argument. Given this theorem, the following cut-admissibility
result follows immediately.

Theorem 9.14 (Cut-admissibility for || £§-proofs). The four cut rules in
Figure 7.1 are admissible in || LY.

Proof. Consider the following occurrence of a cut! rule where both premises
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have |} £5-proofs.

YuU;-FB;Y YuU,B;I'FA;YT
YaoU AT

cut!

Thus, this endsequent has a || N* proof since every |} £4 proof is a J N
proof. By Theorem 9.13, this endsequent must also have a | N proof. By
Proposition 9.9, this same endsequent has a |} £ proof. The admissibility of
the other three cut rules in Figure 7.1 follow an analogous argument. O

9.5 Examples using quantification of type o
The following are noteworthy equivalences provable in linear logic.

1. The additive units are definable using only higher-order quantification.

F 0 oo Vp.p FT oo dpp

2. The multiplicative units are definable using higher-order quantification
and multiplicative connectives.

F1ooVpp—op FJ_O—Oﬂp.pQ@pJ'

3. The additive connectives are definable using higher-order quantification,
multiplicative connectives, and exponentials.

FA& Boodpl(p—oA)@!(p—-B)®p
FA®BooVp.(A—op)=(B—op) =p

It is worth noting that all of these equivalences are between formulas of oppo-
site polarities.

Since it is possible to prove that 1 is equivalent to Vp.p = p, we also have
the provability of the formula (Vp.p = p) — (Vp.p —o p). Below is the (nearly
complete) proof of a similar implication that instantiates two variables of type
o with the terms Vp.p — p and p — ¢ in the VL rules.

’ E H
Pos do prp VR,%R
PorGo 5 = Vp.p—op PosGo: P —q,pkq
=L
Posqo 5 (Vp.p —p) = (p —q),pF ¢

Vo - VL x 2

Doy Qo : 3 VPNq.p = q,ptq
i VR, — R

i VpVgp=qEVpNVgp —oq
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Exercise 9.15.(f) Let t and s be two X-terms of type 7. In | L%, one
can express the equality of these two terms using the Leibniz equality as
either £y = VP.(Pt = Ps) or Ey = VP.(Pt — Ps). Prove that these two
formulas are provably equivalent: i.e., provide |} L% -proofs of the sequents
YuFEy-FEy - and X By - F By

\

The higher-order logic program used in Section 5.8 to define the disjunctive
and existential goals can be written as the following || £4 formulas (using
AProlog syntax and its polymorphic typing).

type or 0O —-> o0 —-> o.
type exists (A -> 0) -> o.
or P Q :- P.

or P Q :- Q.

exists B B T.

9.6 Higher-order programming

The availability of quantification over predicates makes it a simple matter
to specify programs that are often referred to as higher-order programs. Fig-
ure 9.2 contains several examples of higher-order programs using the (poly-
morphic) typing and syntax of AProlog. The other predicates in that figure
can be described and illustrated as follows. (Here, we assume that the logic
program consists of the clauses in Figure 9.2 and Figure 9.3).

1. The formula forevery P L holds if the predicate P holds for every mem-
ber of the list L. For example, forevery (x\ adj x B) [b, el is prov-
able if and only if B is instantiated with the node d.

2. The formula forsome P L holds if the predicate P holds for some member
of the list L. For example, forsome (x\ adj x c¢) [b, e] is provable,
while forsome (x\ adj e x) [a, b, c, e] is not provable.

3. mappred P L K succeeds if the corresponding elements of the lists L and
K satisfy the binary predicate P. For example, the formula

mappred adj [a,b,d] L
is provable if and only if L is instantiated with one of the lists
[b, ¢, cl, [b, 4, c]l, [e, ¢, c]l, [e, d, cl.

4. sublist P L K succeeds if K is a sublist of L and every element of K
satisfies the predicate P. For example, the formula

sublist (x\sigma y\ adj x y) [a,b,c,d,e] K.
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4 A
type forevery, forsome
(A -> 0) -> list A -> o.
type mappred (A ->B -> 0) -> list A -> list B -> o.
type sublist (A -> o) -> list A -> list A -> o.
type ref, sym, trans
(A -> A ->0) -> A -> A -> o.
forevery P nil.
forevery P (X::L) :- P X, forevery P L.

forsome P (X::L) :- P X; forsome P L.

mappred P nil nil.

mappred P (X::L) (Y::K) :- P X Y, mappred P L K.
sublist P (X::L) (X::K) :- P X, sublist P L K.
sublist P (X::L) K :- sublist P L K.

sublist P nil nil.

ref R X X.

ref RXY :-RXY.

sym RXY :-RXY; RYX

trans R X Y :- R X Y.

trans R X Z :- R X Y, trans R Y Z.

Figure 9.2: Some simple higher-order logic programs.

kind node type.
type a, b, c, d, e node.
type adj node -> node -> o.

adj a b & adj a e & adj b ¢ & adj b d
& adj d ¢ & adj e d.

Figure 9.3: A small graph given by its adjacency relation.
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succeeds if and only if K is instantiated with the list [a, b, d, e] or
with any sublist of that list (including the empty list).

5. Let R be a binary predicate on a given type. Then the three binary
predicates rel R, sym R, and trans R denote, respectively, the reflexive,
symmetric, and transitive closures of R. For example, the formula

sublist (x\ trans adj x e) [a,b,c,d,e] K.

succeeds if and only if K is instantiated with [a] or the empty list nil.

Note that the formula (mappred P L K) is an atomic formula since it has
a non-logical constant as its head symbol. Although substitution instances of
this atomic formula remain atomic, it is possible that such instances contain
occurrences of logical constants since substitutions for P can contain logical
constants. Such occurrences of logic constants within atomic formulas are not
possible in the logics we have seen based on first-order quantification.

The concept of tactics and tacticals was introduced by Milner [1979] and
Gordon et al. [1979] as a way to explicitly program in a goal-directed fashion.
Although the first specifications of these concepts were given as higher-order
programs in the ML functional programming language, it was later shown
by Felty and Miller [1988] and Felty [1989, 1993] how the same concepts can
be given a flexible and declarative specification using higher-order logic pro-
grams. We illustrate briefly how these two concepts can be specified using
logic programming.

The structure of goals is given by the signature in Figure 9.4. In many
implementations of tactics, goals are given as lists of primitive goals, where a
list of primitive goals represents their conjunction. In general, however, one
must also have an explicit representation of universally quantified goals. The
signature of the type goal thus contains the constructors trueg to denote the
goal with no sub-tasks, cc to denote the conjunction of two collections of goals,
and allg to denote the explicitly universal quantification of a goal. Finally,
primgoal is a predicate that separates primitive goals from those built from
these three constructors.

A good example of a primitive goal is one that encodes an object-logic
sequent. For example, the signature in Figure 9.5 describes a small first-order
logic (with conjunction, disjunction, implication, universal quantification, and
three predicate constants). In this case, the clause

primgoal (seq Gamma B).

declares that a structure intended to encode the two-sided sequent I' - B is a
primitive goal.

A tactic is a binary relation on goals, i.e., a tactic is a predicate of type
goal -> goal -> o. If tac is a tactic, the intended meaning of the goal
tac G Gs is that the primitive goal G can be achieved if all the goals in Gs
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4 )
kind goal type.
type trueg goal.
type allg (A -> goal) -> goal.
type cc goal -> goal -> goal.
infixr cc 3.

type primgoal goal -> o.

Figure 9.4: The definition of a goal structure.

kind i, fm type.
type q fm.
type p i -> fm.
type r i->1i -> fm.
type and, or, imp fm -> fm -> fm.
type all (i -> fm) -> fm.
type seq list fm -> fm -> goal.
Figure 9.5: An example of a primitive goal.
\_ J

can be achieved. A tactical is an expression whose arguments can be tactics.
Thus, specifications of tactical are typically higher-order logic programs.

Examples of tactics are the predicates andR, orR, and impR that are spec-
ified in Figure 9.6. The tactic called andR states that in order to achieve the
goal of proving seq Gamma (and B C), one can instead attempt to achieve the
two goals of proving seq Gamma B and seq Gamma C. In this example, tactics
are essentially inference rules.

Tactics can be combined to form other tactics using tacticals. Figure 9.7
presents a few familiar tacticals. The maptac tactical is responsible for apply-
ing a tactic to all the primitive goals within a more complex goal structure.
The orelse tactical specifies the union of two tactics, the then tactical de-
scribes the relational composition (natural join) of two tactics, and repeat
allows for repeated applications of a tactic. The trivial tactic is idtac. For
a complete description of this approach to encoding tactics and tacticals, see
Felty [1993] and Miller and Nadathur [2012].

9.7 Proving that reverse is symmetric

One of the reasons to use logic as the source code for a programming language
is that the actual artifact that is the program should be amenable to direct
manipulation and analysis in ways that might be challenging or impossible in
more conventional programming languages. One method for reasoning directly
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type
andR

orR
orR
impR
allR
init

type

type
type

type

then

idtac

orelse Tacl Tac2
repeat Tac

andR, orR, impR, allR, init goal -> goal -> o.

(seq Gamma (and B C)) ((seq Gamma B) cc
(seq Gamma C)).
(seq Gamma (or B C)) (seq Gamma B).
(seq Gamma (or B C)) (seq Gamma C).
(seq Gamma (imp B C)) (seq (B::Gamma) C).
(seq Gamma (all B)) (allg x\ seq Gamma (B x)).
(seq Gamma B) trueg :- memb B Gamma.

Figure 9.6: Inference rules as primitive tactics.

maptac (goal -> goal -> o) ->
goal -> goal -> o.
idtac goal -> goal -> o.
repeat (goal -> goal -> o) ->
goal -> goal -> o.
then, orelse (goal -> goal -> o) ->
(goal -> goal -> o) ->
goal -> goal -> o.

maptac Tac trueg trueg.
maptac Tac (Il cc I2) (01 cc 02) :- maptac Tac Il 01,

maptac Tac I2 02.

maptac Tac (allg I) (allg 0) :-

pi t\ maptac Tac (I t) (0O t).

maptac Tac I 0 :- primgoal I, Tac I O.

Tacl Tac?2 :— Tacl I M, maptac Tac2 M O.
:— Tacl I 0 ; Tac2 I 0.
:- orelse (then Tac (repeat Tac))

idtac I O.

H H H H
O o oH

Figure 9.7: The definition of some useful tacticals.
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on logic programming involves the cut rule and cut elimination. We give a
first example of such reasoning in this section. We provide several more in
subsequent chapters.

Although much of the motivation for designing logic programming lan-
guages based on linear logic has been to add expressiveness to such languages,
linear logic can also help shed some light on conventional programs. In this
section, we consider the linear logic specification for the reverse of lists and
formally show that it is symmetric.

In Section 5.11, we presented two specifications of the predicate that relates
two lists if the second is the reversal of the first. One of these specifications
used Horn clauses, while the second used hereditary Harrop formulas. Both
specifications use an auxiliary predicate. We now revisit the second of these
specifications.

One way to compute the reverse of a list is illustrated using a pair of lists,
the first initialized to the list we wish to reverse and the second initialized to
be empty. Next, repeatedly move the top element from the first list to the top
of the second list. When the first list is empty, the second list is the reverse of
the original list. For example, the following is a trace of such a computation.

(a::b:c::nil) nil
(b::c::nil) (a ::nil)
(c::nil) (b::a::nil)
nil (c::b:a::nil)

To design a specification to capture these dynamics, first, pick a binary relation
rv to denote the pairing of lists above (this predicate will be an auxiliary
predicate to reverse). If we wish to reverse the list L to get K, then start with
the atomic formula (rv L nil) and do a series of backchaining steps using the
clause

VXVPYQ.(rv P (X Q) —orv (X = P) Q)

to get to the formula (rv nil K'). Once this is done, K is the result of reversing
L. The entire specification of reverse can be given as the following formula.

VLVK.[Vrv. ((VXVPVYQ.(rv P (X =Q) —1rv (X = P) Q)) =
rv nil K —o rv L nil) —o reverse L K ]

Note that the clause used for repeatedly moving the top elements of lists is
to the left of an intuitionistic implication (so it can be used any number of
times) while the formula representing the base case of the recursion, namely
(rv nil K), is to the left of a linear implication (thus, it must be used exactly
once). This specification of reverse is similar to the one using hereditary
Harrop formulas in Section 5.11, except that the auxiliary predicate rv is
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hidden using a higher-order quantifier and that the base case of the recursion
is explicitly treated linearly.

Consider proving that reverse is symmetric: that is, if (reverse L K) is
proved from the above clause, then so is (reverse K L). The informal proof of
this is simple: in the table of pairs above, flip the rows and flip the columns.
What results is a correct computation of reversing, but the start and final lists
have exchanged roles. This informal proof is easily made formal by exploiting
the metatheory of linear logic as follows. Assume that (reverse L K) can be
proved. There is only one way to prove this (backchaining on the above clause
for reverse). Thus the formula

Vrv.(VXVPNYQ.(rv P (X Q) —rv (X ::P) Q)) = rv nil K —o rv L nil)

is provable. By Proposition 9.12, we can instantiate this quantifier with any
binary predicate expression, and the result is still provable. So, we choose to
instantiate it with the A-expression Az\y.(rv y ﬂ:)J‘. The flip of the columns
is captured by changing the order of the variables z and y between when they
are abstracted and when they are arguments. The flip of the rows arises from
the use of negation. The resulting formula

(VXYPYQ.(tv (X Q) P)* — (rv Q (X =P))Y) =
(rv K nil)* —o (rv nil L)*

can be simplified by using the contrapositive rule for negation and linear im-
plication (Exercise 6.25), and, hence, yields

(VXVPYQ.rv Q (X ::P) —orv (X Q) P)=rvnil L —rv K nil.

If we now universally generalize on rv, we again have proved the body of the
reverse clause, but this time with the quantifiers for L and K switched. Note
that we have succeeded in proving this fact about reverse without explicit
reference to induction.

9.8 Exploiting the hiding of specification details

Given that logic programs are logical formulas and computation is modeled by
logical deduction, it is natural to expect that we can reason directly on logic
programs in the following way. Let P and P’ be £4 logic programs such that
Y P;-F G;- has a || £§-proof and X :: P’;- = P;- has a || £L4-proof for every
P € P (i.e., the program P’ entails the program P). By repeated application of
the cut-elimination theorem, there is a |} £§-proof for X::P’; - F G; . Although
this syllogism is correct, it’s conclusion is surprisingly weak for at least two
reasons. First, the logic of || £§ does not include induction, a proof technique
generally used to reason about recursive programs. Second, every clause for
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every predicate free in program P must be accounted for by program P’.
For example, assume that these two logic programs provide different ways to
specify the binary relation between lists L and K of natural numbers so that
K is the result of sorting L in increasing order. The two programs could make
use of rather different auxiliary predicates and clauses in order to specify such
sorting. The requirement that all the clauses of all the auxiliary predicates
of P must be entailed by P’ means that all but trivial differences can exist
between these two programs. At least, that is the conclusion in the first-order
setting where predicates cannot be quantified and hidden. In the higher-order
setting, predicates can be hidden within individual programs, and, as a result,
richer entailments can be expected.

The example that proves that a particular specification of the reverse pro-
gram yields a symmetric relation illustrates how using explicit quantification
over variables of predicate types in a specification can hide details of an im-
plementation. Such hiding then enables avenues for certain simple logical
techniques to be used to reason about such specifications.

To illustrate in another way the usefulness of higher-order quantification
for hiding details, consider again the specification of the reverse predicate
first introduced in Section 5.11 using the three first-order Horn clauses and
two predicates in Figure 9.8. Using higher-order quantification, it is possible
to hide the predicate rev and its two clauses, as in the single formula in
Figure 9.9. The formula uses rev as a local predicate only, and no other
program clauses outside of this clause can invoke this predicate and its code.

Given the universal quantification in this specification, it is possible to
directly manipulate this description of reverse to get a different specifica-
tion of reverse. In particular, assume that reverse L K is proved from the
specification in Figure 9.9. Thus, the body of that clause, namely,

Vrev.| (VL.(rev nil L L)) =
(VLYMYNYX. rev M (X =:N) L —o rev (X : M) N L) =
rev L nil K]

is provable. Since this quantified expression is provable, every instance of it
must be provable (using Proposition 9.12). We then chose to instantiate rev
with

ALAK AM.aux K —rv L M.

Here, we assume that aux and rv are tokens of the appropriate type. Thus,
the following formula must be provable.

(VL.aux L —o rv nil L) =
(VLYMVNVX. (aux (X :N) —orv M L) —oaux N —rv (X M) L) =
aux nil —rv L K
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4 )
type reverse list A -> 1list A -> o.
type rev list A -> 1list A -> list A -> o.
reverse L K :- rev L nil K.
rev nil L L.
rev (X::M) N L :- rev M (X::N) L.

Figure 9.8: A specification of reverse in fohc.

reverse L K :- pi rev\ (
(pi L\ rev nil L L) =>
(pi L\ pi M\ pi N\ pi X\
rev (X::M) N L :- rev M (X::N) L) =>
rev L nil K).

Figure 9.9: A specification of reverse using higher-order quantification.

reverse L K :- pi rv\ pi aux\ (
(pi L\ rv nil L :- aux L) =>
(pi L\ pi M\ pi N\ pi X\
rv (X::M) L :- acc N, acc (X::N) -o rv M L) =>
aux nil -o rv L K).

Figure 9.10: A specification of reverse in £¥.

(Note that the variables L and K are bound in different ways: implicitly
around the entire clause and explicitly within this clause.) Given that this
formula is provable, the result of universally generalizing on the two new vari-
ables (i.e., attaching the quantifiers Vrv.Yaux. to this formula) must also be
provable. We can then see that this formula is (logically equivalent) to the
body of the specification of reverse in Figure 9.10. Thus, purely logical ma-
nipulations and the metatheory of | £§ proofs allow us to conclude that if
the atomic formula reverse L K is provable from Figure 9.9 then it is also
provable from Figure 9.10.

g Y

Exercise 9.16. Prove the converse of the statement just made. That is,
if the atomic formula reverse L K is provable from Figure 9.10, then it is
also provable from Figure 9.9. Such a proof will likely be an inductive argu-
ment on the structure of || L5 -proofs. Explain why this converse cannot be
proved if the rev predicate variable in the discussion above was instantiated,
instead, with the term A\LAK. XM.aux K = rv L M.
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9.9 Synthetic rules and higher-order logic

The concept of synthetic inference rules introduced in Section 5.7 allowed
replacing Ly formulas of clause order 2 or less with inference rules involving
only atomic formulas (see Exercise 5.37). Although it is possible to extend
the notion of synthetic inference rule to £ and Lo formulas, extending this
notion to £§ is problematic since neither clause order nor the status of being
atomic is stable under the substitution of higher-order variables. We illustrate
two problems next.

The first problem is that the clausal order of formulas is not stable under
instantiation. Consider, for example, the following simple clause.

type call o —-> o

call G :- G.

Using the definition of clausal order in Section 2.4, this formula has order 1.
However, instantiating the variable G in this clause with a formula of order
n results in a clause of order n 4+ 1. Thus, the instantiation of a Horn clause
might no longer be a Horn clause.

To describe the second problem, we first introduce some terminology. We
say that the formula A is a rigid atomic formula if A has a non-logical constant
as its topmost symbol and is a flexible atomic formula if A has a variable as
its topmost symbol. Note that the substitution instance of a rigid atomic
formula is a rigid atomic formula. The second problem arises when the head
of a clause is a flexible atom. In this case, a great deal of nondeterminism can
be introduced into the goal-directed search for proofs. For example, consider
having the clause V,p.p D p as a member of the logic program I'. In the simple
setting of two-sided sequent calculi for intuitionistic logic, the inference rule

>:T'FB

>»uT'+B
is built using VL, D L, and init. Although Mints [1992] has considered such a
repetition rule, its presence in the proof-search setting is not useful. Similarly,

the use of Leibniz equality is also problematic. If a and b are two constants of
type 7, the formula V. P.Pa O Pb can motivate the inference rule

YuI'EPb
YuI'F Pa

Here, the schema variable P has type 7 — o0, and, as a result, P can be sub-
stituted by expressions of the form Az.B, where B can be a complex formula
and x may have zero or more occurrences in B. In particular, if x is not free
in B, then this rule is another instance of the above repetition rule. Even if
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we were to restrict this rule from being applied when the right-hand side is
an atomic formula, there is much nondeterminism present with this rule. For
example, assume that the right-hand side is the atomic formula A and that
there are n occurrences of the constant b in A. There are 2" terms Az.B such
that (Az.B)b A-reduces to A.

This issue with having flexible atoms at the head of clauses has led to the
following definitions of higher-order versions of Horn clauses and hereditary
Harrop formulas.

Higher-order Horn clauses These formulas are defined as the D-formulas
in the following definition.

G::t’A’Gl/\G2|G1\/G2‘3x.G
D:ZAT|GDAT|\V/IL‘.D|D1/\D2.

Here, the syntactic variable A, ranges over rigid atomic formulas. Addition-
ally, all formulas are restricted so that the connectives D and V are not allowed
within atomic formulas. It is proved in Miller and Nadathur [1986] and Na-
dathur and Miller [1990] that uniform proofs are complete for classical logic for
sequents in which the left-hand sides are D-formulas and the right-hand sides
are G-formulas. Note that the clauses displayed in Figure 9.2 and Figure 9.7
are all examples of higher-order Horn clauses.

Higher-order hereditary Harrop formulas These formulas are defined
as the D-formulas in the following definition.

G::t‘A‘Gl/\GQ’Gl\/GQ|V(E.G‘H$.G|DDG
D::AT|G3AT|Vx.D|D1/\D2.

Again, the syntactic variable A, ranges over rigid atomic formulas. Addi-
tionally, all formulas are restricted so that the connective D is not allowed
within atomic formulas. It is proved in Miller et al. [1991] that uniform proofs
are complete for intuitionistic logic for sequents in which the left-hand side
contains D-formulas, and the right-hand side is a single G-formula.

The restriction to rigid atoms in the definition of the higher-order general-
izations of Horn clauses and hereditary Harrop formulas makes it possible to
know how many left-introduction rules are in a left-introduction phase. For
example, if D is a higher-order hereditary formula, then a left-introduction
phase above a sequent of the form X :: W:I" || D F A; T is limited by the shape
of D: in particular, higher-order instantiations during the left-introduction
phase will not affect this shape.

Another consequence of using rigid atomic formulas is that it is possible
to conclude that a given set of higher-order hereditary Harrop formulas must
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be consistent in the sense that not just any formula is provable. In particular,
if ¢ is a propositional symbol that does not appear in such a set of formulas,
then ¢ cannot be proved from that set.

9.10 Bibliographic notes

The textbooks by Andrews [1986] and Farmer [2023] provide a good back-
ground in higher-order logics similar to the Simple Theory of Types in Church
[1940]. The implementation of proof search strategies for logics containing
simply typed A-terms usually starts with the problem of how to unify such
terms. Huet [1975] described the (pre)unification of simply typed A-terms,
and in Huet [1973b], he also showed how such unification can be incorpo-
rated into a prover based on resolution refutations. Andrews led a long-term
effort to build an automated theorem prover for Church’s Simple Theory of
Types. His system, the TPS theorem-proving system, described in Miller et al.
[1982], Andrews et al. [1986], Andrews et al. [1996] and Andrews et al. [2000]
employed Huet’s unification procedure. Interpreters employing focused proof
search and Huet’s unification procedure have been described for higher-order
Horn clauses (see Nadathur [1987] and Nadathur and Miller [1990]) and for
higher-order hereditary Harrop formulas, the foundations of AProlog (see Na-
dathur and Miller [1988] and Miller and Nadathur [2012]).

It is important to note that the unification of simply typed A-terms is, in
general, undecidable, and when unifiers are known to exist, there might not
be a most general unifier. If one moves instead to the weaker setting of higher-
order pattern unification introduced in Miller [1991b], one loses expressiveness
but regains the decidability of unification as well as the existence of most
general unifiers for unifiable terms. Both the Isabelle theorem prover (see
Nipkow et al. [2002]) and the Elf implementation (see Pfenning [1991]) of the
LF specification language of Harper et al. [1993] implement unification of typed
A-calculi. The handbook chapter by Benzmiiller and Miller [2014] provides an
overview of different approaches to the automation of higher-order logic.

Finding instantiations for predicate variables during proof search in higher-
order logic is a difficult and largely open problem. Some early steps in that
direction were taken by Bledsoe [1979], Bledsoe and Feng [1993], and Felty
[2000].

Exercise 9.2, which is taken from Baaz and Leitsch [2000], illustrates that
simple higher-order assumptions, such as Vp.(p O p), can mask or simulate
cut rules. Benzmiiller et al. [2009] show that such cut-simulation can also be
done using other higher-order formulas such as those used by Church [1940]
to formulate the axioms of extensionality and choice.

There are significant challenges to making model-theoretic semantics for
higher-order versions of Horn clauses and hereditary Harrop formula, espe-
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cially since the proof systems we have adopted here are not extensional in the
sense that the equivalence V,z.pr = gx might be provable while the equation
p = ¢ might not be provable. For example, in the proof system |} £, the
terms Az.px & qr and Az.qx & px are not Sn-convertible and, hence, are not
equal. Models dealing with such non-extensional logics have been considered
by Andrews [1971, 1972], Benzmiiller et al. [2004], Lipton and Nieva [2018],
and others.

The proof that reverse is symmetric using higher-order instantiations is due
to Miller [1997]. As is argued in Miller and Nadathur [2012], this proof can be
done without reference to linear logic: while the same higher-order substitution
involving negation and the use of contrapositive forces the underlying proof
theory to move from intuitionistic to classical logic, the transformed clauses
are only Horn clauses. As a result, Proposition 5.5 ensures that a classical
logic entailment can be replaced by an intuitionistic logic entailment.

The use of quantification to hide predicates can also be applied to hide the
constructors used to build a given data structure. This approach has been used
proposed by Miller [1989a] and Miller and Nadathur [2012] as a mechanism
for building abstract data types within AProlog.
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o 1

Specifying computations
using multisets

This chapter provides an extended example that illustrates how higher-order
linear logic and || £5-proofs can specify some well-known concepts of compu-
tation, including finite automata and pushdown automata. Since all examples
in this chapter are based on the notion of multiset rewriting (developed in
Sections 8.4 and 8.6), we start by providing some simple illustrations of using
multisets to encode data and rewriting to encode computation.

10.1 Numerals as multisets

Figure 5.3 encodes the natural numbers with the following specification.

kind nat type.

type z nat.

type s nat -> nat.
nat z.

nat (s X) :- nat X.

The following specification provides an alternative approach to encoding nat-
ural numbers, this time using atomic formulas.

type zero o.

type succ o —-> o.
Zero.

succ X :- X.

This second encoding makes zero a proposition denoting zero, and succ en-
codes successor as a predicate. If we let P be this logic program, then the
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following is easily proved: for every natural number n, -:: P; - I succ”™(zero); -
has a |} £§-proof. Here, of course, succ” denotes the n-fold application of
succ. A following variant of this sequent is also provable for all natural num-
bers n.

- Vx.(r —o succ z);zero b succ”(zero); -

Note that in this sequent, zero occurs in the left-bounded zone.

Let x be a token of type 0. The natural number n can be encoded using
the multiset that consists of x with multiplicity n. In particular, let ™ denote
{*,...,x} where x occurs exactly n times. If n is 0, then +" is the empty
multiset.

[Exercise 10.1.(1) Give a |} LY -proof of (Vx.(z —o % B x)) oo (L —o x). ]

By reclassifying a couple of tokens from being non-logical constants to
being eigenvariables, the sequent displayed above can be written as follows.

Zero : 0,succ : 0 — o0 = Va.(x —o succ z);zero k- succ”(zero); -
Consider the following instantiations for zero and succ.
zero — | succ — Aw.x B w.

By using Proposition 9.12 and this substitution, as well as the equivalence
from Exercise 10.1, we have that

cnl —ox LEXx® WXL

must be provable, where there are n occurrences of x on the right. (Of course,
this simple result could be proved directly without using a higher-order in-
stantiation argument.) This observation provides a separate characterization
of natural-numbers-com-multisets: If A is a multiset of atomic formulas, then

cul —x LEA;-

has a || £%-proof if and only if A is «” for some natural number n.
Let the non-logical signature Yy contain at least the declarations x : o,
z :nat, s : nat — nat, and f : nat — o, and let P be the following specification.

f =z
f(sz)%
Va. (f o — [ (sx) — [ (s (s 2)))

This logic program specifies the Fibonacci numbers in the following sense. If
A is a multiset of atomic Yg-formulas then the sequent

P b (" 2) A
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has a |} £5-proof if and only if A is *™ where m is the n" Fibonacci number.
Here, the zeroth Fibonacci number is 0, the first is 1, and the remaining are
the sum of the preceding two: e.g., the twelfth Fibonacci is 144.

4 )\
type star o.
type zero, one, two 0.
type suc o —-> o.
type plus o -> o0 -> o.
zZero
one || star.
two || star || star
three || star || star || star.
suc P || star :- P.
plus P Q :- P :- Q
Figure 10.1: Using multisets of tokens to do simple arithmetic.

7

Exercise 10.2. Let P be the logic program in Figure 10.1. Prove that the
following equivalence holds: If A is a multiset of atomic formulas then

-2P; L Fplus (plus (suc three) two) three, A;-
has a | LS -proof if and only if A is the multiset that contains star with

multiplicity 9.

\. J

10.2 Letters and words

Let A be a finite and nonempty set. We use this set as an alphabet: that is,
members of this set are the tokens that denote letters used to build words. A
word is a finite list of letters written using concatenation. The empty word is
denoted as €. By A*, we mean the set of all words that can be formed using
the letters in A: e.g., the set {a,b}* contains ¢, aba, and baabba.

Letters in X are encoded in logic as constants of type o — o and a word
is encoded as a term of type o — o built from the tokens denoting letters:
e.g., \x.(u (v (u x))), Az.(v (v x)), and Az.z denote the words uvu, vv, and e,
respectively. Note that the concatenation of two words w and w’ is given by
function composition at the level of terms, namely, Az.w(w'x). In this chapter,
the set of non-logical symbols ¥y will generally contain A.
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10.3 Encoding finite automata

Let @ and A be two nonempty, finite sets of non-overlapping tokens. Elements
of () will be used as the states of an automaton, while A will be used as the
alphabet of the input language to an automaton. A finite automata F is a
quintuple (@, A, d, s, F) where Q and A are given as above and where

1. s € QQ is the initial state,
2. F C @ is the set of final states (possibly empty), and
3. 0 CQ x A* x Q is the set of transitions.

We write p — ¢ to denote the fact that (p,w,q) € 8. The transition
p — q is called an e-transition. The three-place relation p —" ¢ is defined
as the smallest relation such that: (i) p ——* p holds for all p € Q, and (i)
if p — r and r —" ¢ then p —" ¢. A word w is accepted by F if there is
a final state f € F such that s ——" f. The set L(F) is defined as the set of
words accepted by F.

We now encode finite automata into linear logic in such a way that we use
no primitive type other than o. The members of ) are encoded as constants
of type o, and, as such, will also be members of the signature of non-logical
constants ¥g. A transition relation, §, will be encoded as the theory T ()
composed of one clause of the form

VegB x—op® (wax)] forevery (p,w,q) € 0.

The e-transition p ATy q is therefore encoded as the formula Vz.[¢ ¥ = —o
p ¥ x|, which is logically equivalence to the formula ¢ — p. Let T7(d) be
the same as 7 (0) except that e-transitions are written as ¢ —o p instead of
Va.[q ® x — p X z|. Clearly, T'(§) and T (d) prove the same formulas.

Exercise 10.3. Let p,q € Q. Give || LS -proofs that Va.[¢ B x — p & z]
entails ¢ — p and vice versa.

The formulas in 77(d) give rise to synthetic inference rules of the following

two kinds.
xT(0);T g, A;- = T(0); T F gt A -
. (p,€,q) . (p,w,q)
= T(0); T Fp, A =T (0); T Fp, (wt),A;-

The first of these corresponds to the e-transition p — ¢ and the second to the
transition p —» ¢ where w encodes a nonempty word. Here, ¢ is some X-term
of type o. The following collection of inference rules in Lo justifies the second
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of these synthetic rules.

caT(0); T gt A nTNO) - Upbpse - aT(6); U (wt) F (wit);
a2 T T EgR L A;- xTO); Up B (wit)Fp, (wt);-
T T hgBt—p® (wt)bp,(wt),A;-
n TN T Ve gB e —op® (wx)| b, (wt),A;-
=TT Fp, (w t), A; -

decide!

We can now prove that the cut-free || £§-proofs can faithfully model tran-
sitions within a finite automaton.

Proposition 10.4. Let F = (Q,A,d,s,{f1,..., fn}) be a finite automata.

1. The transition p —" q holds if and only if the sequent
2T0); FVzgBz —p® (wa);-

s provable in | L%
2. The word w € L(F) if and only if the sequent

nTO);-FVe(fi&-- & fr) B —os T (w x)];-

is provable in | L.

Proof. To prove item 1 above, assume that p —" g. We proceed by induction
on the definition of this proposition. Given the base case p —" p, it is trivial
to show that Vx.[p ® © — p @ z] is provable. For the inductive case, assume
that there are words u and v such that w is uv and a state r € ) such that
both p — r and r —" ¢ hold. By the inductive hypothesis, it is the case
that

nT0); FVegBx —r B (va);-

is provable. By invertibility, it must be the case that
z:0:T(0);qBxbr (va);-

has a |} £4-proof. The desired proof then adds the following synthetic inference
rule plus a right-introduction phase to that proof.
z:0:T(0);qBxbr (va);-
z:0:T(0);gBxbp,(u(va));-
cxT0); FVae[qBz —p B (u (v )

(p,u,m)
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To prove the converse of item 1 above, assume that
2T0);-FVzgBx —p%® (wa);-

has a |} £§-proof. Since they prove the same formulas, we can replace T (6)
with 77(9) in this sequent. Using the invertibility of right-introduction rules,
we can conclude that the sequent

r:0:T'(8);q B xtp,(wx);

has a || £%-proof say =. We proceed by induction on the decide depth of =.
The last inference rule of = is a decide; or decide!. If decide; is used, the focus
must be on ¢ % x: this only leads to a proof if p and ¢ are the same and w is
Az.z. Thus, p —" ¢ holds. If decide! is used, this rule must select a formula
in 77(9) as its focus. If that formula encodes an e-transition, it is of the form
r —o p for some r € ). In this case, the proof = ends in the synthetic inference
rule determined by r —o p, that is, Z is of the form

=/
x:0:T'(0);q®xtr (wx);-
x:0:T'(0);¢ Bzt p,(w x);-

(p,€,7)

By the inductive assumption, =’ encodes r —* ¢, which together with the
e-transition p — 7 yields p —* ¢. On the other hand, assume that the
focused formula is of the form Vz.[r ¥ x — p % (u x)] where u is a prefix of
w (meaning that there is a word v such that w is uv) and r € Q. Thus, = is
of the form

=/
x:0:T'(0);¢Bxbr (vx);-
x:0:T'(0);¢B zFp,(u(va));-

(p,u,m)

The inductive hypothesis ensures that r —* ¢ and, therefore, p —" q.
To prove point 2 above, assume that w € L(F'). Thus, there is an f;
(i € {1,...,n}) such that s —* f;. By point 1 above, this implies that

nT0); FVe[fi B — s (wx)];
has a || £%-proof. By invertibility, the sequent
x:0:TO);fi Bab s, (wax);-
also has a || £%-proof. Given that there is a simple |} £%-proof of

z:ous(fi& & f) Bk fi B,
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the cut rule Figure 7.1 along with the cut-elimination theorem (Theorem 9.13)
yields a proof of z:0:T(0);(f1& - & fn) Bz F s, (w x); -, which concludes
the forward direction of point 2. To prove the converse, assume that

nTO); FVe ik & fn) B —sT (wx)];-

has a || £-proof. Reading this proof from conclusion to premises, it is a series
of synthetic rules based on formulas selected from 7 (§) ending with a decide
rule with the conclusion

zious(fik- & fp) Bk fi Ba;-.

We can now modify that proof by replacing all occurrences of (f1 & -+ & fp)
with f; and this will give us a proof of

2 T(0); - FVe[fi B — s T (wa)];-

Thus, by point 1, this is equivalent to s —" f; which is also equivalent to
w € L(F). O

Exercise 10.5. If we only attempt to compute words that label paths be-
tween two states (as in Proposition 10.4), then we do not need to use the
% connective. Let par be a new constant of type o — o — 0. Show how the
formula p B t can systematically be replaced in T (6) by the atomic formula
(par p t) in such a way that capturing a transition from p to q by word w is
captured by proving the implication Vz.[(par q x) — (par p (w x))]. Prove
also that this encoding task can be reduced further by replacing all occur-
rences of —o with =. The result of such a transformation on T (0) would
yield a collection of binary clauses, i.e., formulas of the form Vz.[A = A'],
where A and A’ are atomic formulas. (See also Section 13.5.)

\. J

10.4 Properties about finite automata

Once finite automata are defined, one usually attempts to introduce different
versions of such machines (e.g., deterministic finite automata), and to prove
various properties of these various machines and the languages they accept.
Many of those developments could be attempted in this setting, although there
is no guarantee that our proof-theoretic setting would make establishing those
results easier. We can, however, illustrate a few occasions where using the
proof-theoretic setting is interesting or illuminating in this setting.

Since proofs allow for the substitution of eigenvariables and since constants
can be considered eigenvariables within our higher-order logic setting, it is
immediate to prove the following.
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Let h is a mapping from A to A*. By the homomorphic extension of A we
mean a mapping from A* to A* (which we also write as h) given by setting
h(uiug .. .uy,) to the concatenation of the words h(uq), h(uz), ..., h(uy,).

Proposition 10.6. Let h be a mapping form A to A*. If L is a language
accepted by a finite automaton, then the language h(L) = {h(w) | w € L}
s also accepted by a finite automata.

Proof. Let Fy = (Q,A,d,s,{f1,..., fn}) be a finite automata that accepts L.
Let A be the set of letters {vy,...,v,} (n > 1).

We first pick a new alphabet that is essentially a copy of A. Let A be
the set of letters {v1,...,0,}, all of which are assumed to be new (i.e., not
members of @ or A). For w € A*, let @ denote the word in A* that results
from relabeling the letters v in w with ©. Finally, let the mapping h from A*
to A* be defined by h(w) = h(w).

Let F» be the automaton (Q, A, h(d), s, {f1,..., fu}) where its transitions
are given by

_ h(w) w
h(6) ={p — q|p— q€d}.

We now show that F accepts the language h(L).

Let w € L(Fy). Thus, there is m > 0, words wy, ..., w,, in A*, and states
PO, - - -, Pm such that pg is s, pp, € {f1,..., fn}, and the transition p; judans Pit1
is in h(d) (0 < i < n). Thus, there are words {z1,...,2,} € A* such that
h(z) = w; and p; AR pit1 isin § (0 < i < n). Thus, the string z1 - - - 2, is
accepted by Fy and h(z; ---2,) = w. Thus, w € h(L(F})) = h(L).

Conversely, assume that w € h(L). Thus, there is a word z € L such that

w = h(z). By Proposition 10.4, the sequent
nT0); EVe ik & fr) Bo— s B (wa);-

has a || £§ proof. By repeatedly applying Proposition 7.7 with the substitu-
tions v — h(v) (v € A), we can conclude that

Q,A=T(h(0); - FVo[(fik & fn) Bx—o5% (h(w) z)];

is provable. (These substitutions can be applied in any order since the letters
in the domain do not appear in the range: this is the reason why the alphabet
A was introduced.) Thus, h(w) is accepted by F.

We have now shown that k(L) is accepted by the automaton F». Finally, if
we let F3 be the automaton that is identical to F5 except that all occurrences
of the letter @; are replaced by wu;. It is then the case that h(L) is accepted by
the automaton F3. O
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Given that this is a rather direct theorem, the use of a proof-theoretic
characterization of finite automata in this proof is rather minor.

Assume that we have a finite automaton in which we have a transition
p — ¢ for words w and v. It is an easy matter to modify that automaton
by adding a new state, say r, and by replacing that transition with the two
transitions p — 7 and r — ¢. At the level of a linear logic specification,
consider the following two formulas.

D, = Vae.[g B x—p B (u(v z))]

Dy= 3] Va[gBz—orB (va)®
Ve r Bz —op® (uz) |

Let D) be the formula under the existential quantifier of Ds: i.e., Dy is 3r.Dj.
The linear implication Dy —o Dj is equivalent in linear logic to Vr.(Dj — Dy).
It is an easy matter to prove this formula since there is a short |} £ proof
of the sequent r : 0 -; D5 F Dy;-. Thus, by using cut and cut elimination
with our logic specification, any word accepted by the original machine must
be accepted by the modified machine. The converse entailment does not,
however, hold, as is evident from the fact that the formula p % (u T) is
provable from Dy but not from D;. Although D is technically stronger than
D1, inductive arguments about || £%-proofs in which the structure of atomic
formulas is restricted to be related to sequences of letters can prove such a
converse relation.

Given this result, we can always replace a transition with two or more
letters with two transitions with shorter transitions. If we repeat this process
enough, we can build a machine in which transitions are limited to either a
letter or the empty word. This argument can introduce a restricted form of
finite automata in which the restriction on the relation § can be changed from
being @ x A* x @ to being @ x (AU {e}) x Q.

The finite automata defined here are nondeterministic in the sense from
state p and word w, there can be d-transitions to several states, say, q1,-..,qn
(n > 0). As formulas in linear logic, 7(d) can contain the clauses

Ve[ B x —p B wr

Vg, B x — p B wr]

The conjunction of these n formulas (using &) is logically equivalent to the
single formula
Ve @@ qn) Bz —op% (w )]

Thus, some aspects of nondeterminism within the specification of a finite au-
tomata can be captured using the additive disjunction in such an explicit
fashion.
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Given that observation, it is certainly possible to consider a variation of
finite automata where this additive disjunction is replaced with an additive
conjunction. That is, one could allow logic specifications such as

Ve g & &aqn) Bz —op® (w x).

Such a clause would specify that the string wu is accepted starting from p if
u is accepted starting at ¢; for every ¢ = 1,...,n. Variants of such machines
are known as alternating finite automata.

10.5 Encoding pushdown automata

A simple extension to the specification we used for finite automata yields an
encoding of pushdown automata. As in the definition of finite automata, let
@ and A be a set of states and an alphabet. Let 2 be an additional set
of tokens to be used as the set of stack symbols: this set is assumed to be
finite and disjoint from @@ and A. A pushdown automaton F is a sextuplet
(Q, A, 9,9, s, F) where @, A, and 2 are given as above and where

1. s € Q is the initial state,
2. F C (@ is the set of final states (possibly empty), and
3.0 CQ x A" x Q" x @Q x QF is the set of transitions.

We write p, 7 — ¢,7' to denote the fact that (p,w,v,q,7') € §. The fact
that § contains the tuple (p,w,~, ¢,7’) indicates that this pushdown automa-
ton can make a transition when (i) the automata is in state p, (i7) the top of
the automata’s stack is vy, and (ii7) the input word has w as a prefix. If these
three conditions hold, then the automata can transition to state ¢, and the
state is changed by dropping the = prefix (popping symbols from the stack)
followed by concatenating 7" onto the stack (pushing symbols onto the stack).
Of course, the w prefix on the input string is dropped during this transition.

This informal specification can be made precise by directly encoding it into
linear logic. To do this, we repeat the encoding of state and alphabet symbols
as constants of type o and o — o, respectively. In addition, stack symbols
will also be encoded as constants of type o — o. Furthermore, the transition
relation, J, is encoded as the theory 7 (d) composed of one clause of the form

VeNylg Bz B (Yy) —-p B (wx) B (v y)]

for every tuple (p,w,~,q,7’) € §. Note the difference between the treatment
of the input string and the stack: when reading this implication from right
to left, the input string does not grow while the stack might become longer.
It is also the case, that w can be Az.x, in which case the input string does
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not change during the transition. If v is empty and +' is not empty, then the
stack is treated as a push with the symbols in 7/. Conversely, if 7' is empty
and ~ is not empty, then the stack is treated as a pop of the symbols in ~y. If
both v and 7/ are empty, the stack does not change, and if both v and +' are
not empty, then a push and pop operation occurs simultaneously during this
transition.

In the case that €2 is empty, the only member of Q* is the empty word. In
that case, every transition will be encoded as a clause of the form

VeNVygB e By —-op% (wax) Ry
which is logically equivalence to the formula
Ve g B x —op® (w ).

In this sense, a pushdown automaton with an empty set of stack symbols is a
finite automaton.

In a complete analogy with finite automata, a word is accepted by the
pushdown automaton (@, A, 2,9, s, F) if the following sequent is provable in
linear logic.

TO)FVYeNVy[(fi&k - &fn) BBy —osB(wzx)By|

Note that the stack starts empty and must be empty again at the end of an
accepting run.

10.6 Bibliographic notes

The connection between multiset rewriting and Fibonacci numbers has been
developed by Kanovich [2014] to provide new proofs of results in the theory
of additive partitions of natural numbers. Kanovich [1996] has also explored
the use of linear logic to specify various kinds of machine models.

The encoding of words into A-terms given in Section 10.3 goes back to at
least the proof in Huet [1973a] that third-order unification is undecidable, a
proof that reduces the Post correspondence problem to solving such unification.

An important precursor to linear logic was the work of Lambek [1958,
1988], in which he studied Gentzen’s original sequent calculus but without
any of the structural rules: i.e., he shuns the exchange rule as well as the
weakening and contraction rules. In that setting, the contexts in sequents are
lists and not multisets. A noncommutative variant of linear logic arises in that
setting, and words can be encoded directly as lists of tokens (encoding letters)
of type o instead of type o — o. See the handbook chapter by Moortgat [1996]
for more on this approach to deduction without exchange.
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o] 1

Collection analysis for Horn
clauses

In this chapter, we use both proof theory and linear logic to provide a cer-
tain kind of static checking—called collection analysis—of Horn clause logic
programs.

11.1 Introduction

Static analysis of logic programs can provide useful information for program-
mers and compilers. Type checking, an example of a static analysis, is valuable
during the development of code since type errors often represent program er-
rors that are caught at compile time when they are easier to find and fix
than at runtime when they are much harder to locate. Static-type informa-
tion also provides valuable documentation of code since it provides a concise
approximation to what the code does.

To illustrate what is called collection analysis, consider a Horn clause spec-
ification of list sorting that maintains duplicates of elements (see, for example,
Figure 5.6). Part of the correctness of a sort program includes the fact that if
the atomic formula (sort t s) is provable, then s is a permutation of ¢ that is
in order. The proof of such a property is likely to involve inductive arguments
requiring the invention of invariants: in other words, this may not be a prop-
erty that can be inferred statically during compile time. On the other hand, if
the lists ¢ and s are approximated by multisets (that is, if we forget the order
of items in lists), then it might be possible to establish that if the atomic
formula (sort t s) is provable, then the multiset associated to s is equal to the
multiset associated to ¢. If that is so, then it is immediate that the lists ¢ and
s are, in fact, permutations of one another (in other words, no elements were
dropped, duplicated, or created during sorting). As we shall see, such prop-
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erties based on using multisets to approximate lists can often be established
statically. As a result, at least part of the correctness of the sort specification
can be established automatically. Besides lists, other data structures, such as
trees, can be approximated by various collections of the items they contain.
Such approximations can provide partial correctness properties of Horn clause
logic programs.

We present a scheme by which such collection analysis can be structured
and automated. Central to this scheme is the use of linear logic as a compu-
tational logic underlying the logic of Horn clauses.

11.2 The undercurrents

Various themes underlie this approach to inferring properties of Horn clause
programs. We list them explicitly below. The rest of this chapter can be seen
as a particular example of how these themes can be developed.

If typing is important, why use only one type system? Types and
other static properties of programming languages have proved important on
several levels. Typing can be useful for programmers: they can offer impor-
tant invariants and code documentation. Compilers can also use static anal-
ysis to uncover useful structures that allow compilers to make choices that
can improve execution. Although compilers might use multiple static analy-
sis regimes, programmers do not usually have convenient access to multiple
static analyses for the code they are composing. Sometimes, a programming
language provides no static analysis, as is the case with Lisp and Prolog.
Other programming languages offer exactly one typing discipline, such as the
polymorphic typing disciplines of Standard ML and AProlog. It seems clear,
however, that such code analysis, if it can be done quickly and incrementally,
might have significant benefits for programmers while writing code. For exam-
ple, a programmer might find it valuable to know that a particular recursive
program has linear or quadratic runtime complexity or that a particular re-
lation defines a function. An open set of properties and analysis tools is an
interesting direction for designing a programming language. The collection
analysis we discuss here could be just one such analysis tool.

Constants and eigenvariables During the search for cut-free proofs, eigen-
variables act as scoped constant. Once an eigenvariable is introduced into a
proof, it does not vary. When eliminating cut rules, it is the case that eigen-
variables are instantiated (i.e., they act as variables): see Propositions 5.25
and 7.7. Thus, within cut-free proofs, the difference between a constant and an
eigenvariables is really only one of scope: a constant has a global scope, while
an eigenvariable has scope only within the subproof into which it is introduced
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(using the VR rule). This scoped nature of constants has also been hinted at
by the introduction of three different kinds of signatures in Section 2.4: the
signature of the logical connectives used in a logic is written as X_;, the sig-
nature of non-logical constants used in logic programs is written as ¥, and
the part of sequents used to bind eigenvariables is usually written as . In a
higher-order setting, it is possible to move all the constants in ¥y into ». In
this chapter, we shall use the substitution of non-logical constants in order to
“split the atom:” for example, by substituting for the predicate p in the atom
p(t1,...,tn), we replace that atom with a formula, which, in this chapter, will
be a linear logic formula.

Linear logic underlies computational logic As we have illustrated re-
peatedly in this book, linear logic is able to explain the proof theory of various
logic programming languages, even those that were not originally conceived
as being built on linear logic. Linear logic is also able to provide natural
means to reason about resources, such as items in multisets and sets. Thus,
linear logic will allow us to sit within one declarative framework to describe
both usual logic programming as well as “sub-atomic” reasoning about the
resources implicit in the arguments of predicates.

11.3 Abstraction and substitution in proof theory

We now outline three ways to instantiate items appearing within the sequent
calculus.

Substituting for types The primitive type o is fixed in this book as the
type used by logical formulas. All other primitive types can be considered non-
logical since these are provided when one specifies logic programs. We shall
allow for the formal substitution of non-logical primitive types with some
simple type. It is an easy matter to show that if one takes a proof with a
primitive type constant o and replaces it everywhere with some type, say,
T, one gets another valid proof. Since we have used polymorphic typing for
lists in this book, we shall consider a particular instance of the list type, e.g.,
(1list nat) as a primitive type.

Substituting for non-logical constants Assume that the following se-
quent has a || £§-proof.

Y,p:7uDy, Do T Fp(te, ... tm); -,

Here, assume that the type 7 is a predicate type (i.e., it is of the form 7 —
- — T, — o) and where p appears in, say, D; and Dy and in no formula
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of I'. Let 6 be the substitution [p — Az; ... Ax,,.S], where S is formula (i.e.,
a term of type o) over the signature ¥ U {z1,...,z,,}. By an application of
Proposition 7.7, there is a | £4-proof also of

Y D10,Do0,T;- F S[ty /a1, ...t/ Tm); -

As this example illustrates, it is possible to instantiate a predicate (here, p)
with an abstraction of a formula (here, Azq...Azy,. S). Such instantiations
carry a provable sequent to a provable sequent. Depending on the structure
of the formula S, the formula D;# may have a complicated logical structure
even if D; is simply a first-order Horn clause.

Substituting for assumptions An instance of the cut rule is the following.

DIREN N el O >uI,C;-+ B;-
uI'- - B;-

cut!

This inference rule (especially when associated with the cut-elimination pro-
cedure) provides a way to merge (substitute) the proof of a formula (here, C)
with the use of that formula as an assumption. For example, consider the
following situation. Continuing the example above, assume that we can prove

Xuly-F D16y and X =T -F Dof;-

Using two instances of the cut rule, the proofs of these sequents, and the cut-
elimination theorem, it is possible to obtain a cut-free proof of the sequent

Yol F Stz .o tm/Tm]; -
Thus, by a series of instantiations, it is possible to move from a proof of
Y.p:7:uDy, Do, T Fp(te, ... tm);-

to a proof of
Yul'y- S[tl/xl,...,tm/xmh"

We shall use this style of reasoning several times in this chapter. Such reason-
ing will allow us to replace the atomic formula p(¢1,...,t,,) with the formula
Slt1/x1, ... tm/xm] and to transform proofs of that atom into proofs of this
new formula. In what follows, the formula .S will be a linear logic formula that
provides an encoding of some judgment about the data structures encoded in
the terms tq1,...,tp,.
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11.4 Multiset approximations

From the purposes of this chapter, a multiset expression is a formula in linear
logic built from the predicate symbol item (denoting the singleton multiset),
the linear logic multiplicative disjunction % (for multiset union), and the unit
1 for @ (used to denote the empty multiset). We shall also allow variables
of type o to be used to denote a (necessarily open) multiset expression. An
example of an open multiset expression is item (f X) ¥ L X Y, where YV
is a variable of type o, X is a first-order variable, and f is some first-order
term constructor. A closed multiset expression denotes an actual multiset that
arises from collecting the arguments of all items in it. If S is a closed multiset
expression, we write ".S™' to denote this multiset of atomic formulas denoted
by S. Thus, "item (f a) ¥ L % itema % item a™ is the multiset {a,a, (f a)}.

Let S and T be two multiset expressions. The two multiset judgments
that we wish to capture are multiset inclusion, written as S = 7', and equality,
written as S = T. We use the syntactic variable p to range over these two
judgments, which are formally binary relations of type o — 0 — 0. A multiset
statement is a formula of the form

VZ[S1 pr Ty & - - & Sy pn Trn = So po To)

where the quantified variables T are either first-order or of type o and formulas
S0, 70, . ..,Sn, T, are possibly open multiset expressions.

If S and T are closed multiset expressions, then we write =, S T T
whenever ~S7 is contained in "T7, and we write =, S = T whenever the
multisets TS and T are equal. Similarly, we write

Em VZ[S1p1 T1 & - & Sy pn T = So po To)

if for all closed substitutions 6 such that =, (5;0) p; (T30) for alli =1,...,n,
it is the case that =, (So8) po (To0).

Assume that S and T are closed multiset expressions. The following are
proved by simple inductions and references to the invertibility of %R and 1R
(see Exercise 8.1).

1. The following are equivalent: (a) the judgment =,,s S = T holds, (b)
ST and T are the same multiset, (¢) 7" — S is provable, (d) S — T
is provable, and (e) S o— T is provable.

2. The following are equivalent: (a) the judgment |=,,s S T T holds, (b)
TT7is a multiset of the form "STUA, for some multiset A of item-atoms,
and (¢) the formula S % 0 — T is provable.

The following proposition is central to our use of linear logic to establish
multiset statements for Horn clause programs.
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Proposition 11.1. Let Sy, Tp,...,Sn, T (n > 0) be multiset expressions,
all of whose free variables are in the list of variables . For each judgment
s pt we write s pt to denote (s 0 —ot) if p is T and s oo t if p is =. If

VZ[S1pr Th & ... & Sy p,, T = So Po To] ()
is provable in linear logic, then

Ems VISt p1t Th & - & Sy, pn Ty = So po To)

Proof. Assume that the formula (x) is provable in linear logic. Let 6 be a
closed substitution such that =, (S;0) p; (T;0) for all i = 1,...,n. By the
observations above, we have F (S;0) p; (T;0) for all i = 1,...,n. Using the
provability of (%) and cut-elimination, we conclude that + (So8) py (1To6) and,
hence, F=ms (S00) pg (To6). O

This proposition shows that linear logic can infer valid multiset statements.
Note that the converse does not hold: the statement

IE

Vavy.(z Ey) & (yC z) = (z =)
is valid, but its translation into linear logic is not provable.

To illustrate how deduction in linear logic can establish the validity of
a multiset statement, consider the first-order Horn clause program in Fig-
ure 11.1. Three predicates—append, split, sort—are defined in that figure,
while two other predicates—1leq, gr—denote order relations, are apparently
defined elsewhere.

If we think of lists as collections of items, then we might want to check that
the sort program, as written, does not drop, duplicate, or create any elements.
That is, if the atom (sort s t) is provable then the multiset of items in the
list s is equal to the multiset of items in the list ¢. If this property holds then
t and s are lists that are permutations of each other: of course, this does not
say that it is the correct permutation but this more simple fact is one that, as
we show, can be inferred automatically.

Computing this property of our example logic programming follows the
following three steps.

First, we provide an approximation of lists using multiset: more precisely,
as formulas denoting multisets. The first step, therefore, must be to substi-
tute 1list nat with o in the signature of Figure 11.1. Next we map the list
constructors into linear logic expressions using the substitution

nil— |, e Az dy. itemax B y.
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(

type append 1list nat -> list nat -> list nat -> o.
type sort list nat -> list nat -> o.
type split nat -> list nat ->
list nat -> list nat -> o.
type leq nat -> nat -> o.
type gr nat -> nat -> o.

append nil K K.
append (X::L) K (X::M) :- append L K M.

split X nil nil nil.
split X (A::R) (A::S) B :- leq A X, split X
split X (A::R) S (A::B) :- gr A X, split X

=
n w

=
w w

sort nil nil.
sort (F::R) S:- split F R Sm B, sort Sm SS, sort B BS,
append SS (F::BS) S.

Figure 11.1: Some Horn clauses for specifying a sorting relation.

append — AzAyAz. (z B y) oo 2
split — AulxAyAz. (y B z) oo x
sort — AxAy. x ooy
leq — AzAy. 1
gr — Aziy. 1

Figure 11.2: An instantiation for various predicate symbols.

VEK(LBK oo K)

VX, L, K, M(LBK oo M) = (item X B LB K o—o item X ¥ M)
VX (LB L oo 1)
VX,A,B,R,S.(S®BooR)=1= (item AR S% B oo item AB¥ R)
VX,A,B,R,S.(SB®B oo R)=1= (S¥item A% B oo item A% R)
(Lo 1)

VF,R,S,Sm,Bg,SS, BS.
[(Sm% B oo R) & (Sm oo SS) & (B oo BS) &
(SS®item FBS oo S)| =
(item FZ R o— 5)

Figure 11.3: The result of instantiating these various predicates.
\_

_/
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Under such a mapping, the list (1::3::2::nil) is mapped to the multiset
expression item 1 % item 3 % item 2 % L.

Second, we associate with each predicate in Figure 11.1 a multiset judg-
ment that encodes an invariant concerning the multisets denoted by the pred-
icate’s arguments. For example, if (append r s t) or (split w ¢ r s) is provable
then the multiset union of the items in r with those in s is equal to the multiset
of items in ¢, and if (sort s t) is provable then the multisets of items in lists
s and t are equal. This association of multiset judgments to atomic formulas
can be achieved formally using the substitutions in Figure 11.2. The pred-
icates leq and gr (for the least-than-or-equal-to and greater-than relations)
relate numbers and not the items being collected so that they are substituted
with the trivial tautology 1. Figure 11.3 presents the result of applying these
mappings to Figure 11.1.

Third, we must now attempt to prove each of the resulting formulas. In
the case of Figure 11.3, all the displayed formulas are trivial theorems of linear
logic.

Having taken these three steps, we now claim that we have proved the
intended collection judgments associate with each of the logic programming
predicates above: in particular, we have now shown that our particular sort
program computes a permutation.

Exercise 11.2.(1) Use the same kind of argument to prove that the stan-
dard Horn clause encoding of reverse (given below) yields a permutation of
its elements.

reverse L K :- rev L nil K.
rev ntl L L.
rev (X::M) N L :- rev M (X::N) L.

11.5 Formalizing the method

The formal correctness of this three stage approach is easily justified given the
substitution properties we presented in Section 11.3 for the sequent calculus
presentation of linear logic.

Let I' denote a multiset of formulas that contains those in Figure 11.1.
Let 6 denote the substitution described above for the type (1ist nat), for
the constructors nil and ::, and for the predicates in Figure 11.1. If X is
the signature for I' then split ¥ into the two signatures >; and Yo so that ¥
is the domain of the substitution 6 and let X3 be the signature of the range
of # (in this case, it just contains the constant item). Thus, I'0 is the set of
formulas in Figure 11.3.

Assume now that X1, 39;T' F sort(t, s) is provable. Given the discussion
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in Section 11.3, we know that
31,2310 F th oo sO

is provable. Since the formulas in I'§ are provable, we can use substitution
into proofs (using the cut rule) to conclude that ¥1,33; F t6 oo sf. Given
Proposition 11.1, we can conclude that =, t0 Z s6: that is, that t0 and s
encode the same multiset.

Consider the following model-theoretic argument for establishing similar
properties of Horn clauses. Let M be the model that captures the invariants
that we have in mind. In particular, M contains the atoms (append r s t) and
(split w t r ) if the items in the list r added to the items in list s are the
same as the items in ¢. Furthermore, M contains all closed atoms of the form
(leqt s) and (gr t s), and closed atoms (sort s t) where s and t are lists that
are permutations of one another. One can now show that M satisfies all the
Horn clauses in Figure 11.1. Due to the soundness of first-order classical logic,
any atom provable from the clauses in Figure 11.1 must be true in M. By the
construction of M, the desired invariant holds for all atoms proved from the
program.

The approach suggested here—using linear logic and deduction—remains
syntactic and proof theoretic. In particular, deduction within linear logic
replaces showing that a model satisfies a Horn clause.

11.6 Set approximations

The method just described for using multisets to reason about list structures
can be modified to reason about sets instead. In particular, we shall switch
from relying on the multiplicative connective % to the additive connective &.
In particular, the set {z1,...,2z,} can be encoded as the formula item z1 &
- & item .

A set expression is a formula in linear logic built from the predicate symbol
item (denoting the singleton set), the linear logic additive disjunction & (for
set union), and the unit T for & (used to denote the empty set). We shall also
allow a predicate variable (a variable of type o) to denote a (necessarily open)
set expression. An example of an open set expression is (item (f X)) & T &Y,
where Y is a variable of type o, X is a first-order variable, and f is some
first-order term constructor. A closed set expression denotes an actual set
that arises from collecting the arguments of all items in it. If S is a closed
set expression, we write LS. to denote the set of atomic formulas in S. Thus,
Litem (f a) & T & item al is the set {a, (f a)}.

Let S and T be two set expressions. The two set judgments we wish to
capture are set inclusion, written as S C T, and set equality, written as S = 7.
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4 A
split X nil nil nil.
split X (X::R) S B :- split X R S B.
split X (A::R) (A::S) B :- 1t A X, split X R S B.
split X (A::R) S (A::B) :- gr A X, split X R S B.

Figure 11.4: Splitting a list while dropping duplicates.

VX.((item X & T) < (item X & T & T))
VX,B,R,S. ((item X & R) < (item X & S & B)) =
((item X & (item X & R)) < (item X & S & B))
VX,A,B,R,S. 1& ((item X & R) < (item X & S & B)) =
((item X & (item A& R)) < (item X & item A& S & B))
VX,A, B,R,S. 1& ((item X & R) < (item X & S & B)) =
((item X & (item A& R)) < (item X & S & item A & B))

Figure 11.5: The set statements produced by the split program above.
\ J

We shall use the syntactic variable p to range over these two judgments, which
are formally binary relations of type o — 0 — 0. A set statement is a formula
of the form

VZ[Sy pr Ty & - - & Sy pn Trn = So po To)

where the quantified variables Z are either first-order or of type o and formulas
1o, S0, - - -, Ty, Sy are possibly open set expressions.

If S and T are closed set expressions, we write =5 S C T whenever LS C
LT, and =5 S Z T whenever the sets LS_ and LT'J are equal. Finally, we
write

EsVZ[S1pt Ti & - & Sy pn Tro = So po To)

if for all closed substitutions 6 such that =5 (5;0) p; (130) for alli =1,...,n,
it is the case that =5 (S00) po (T00).

Assume that S and T are closed set expressions. It is easy to prove (using
the invertibility of &R and TR) that the judgment =, S C T holds if and
only if the formula T" — S is provable. Notice also that T — S is provable
in linear logic if and only if T" = S is provable in linear logic. Similarly,
s S = T holds if and only if the formula T o— S is provable in linear logic.
Also, T o—o S is provable if and only if T' < S is provable. Here, we abbreviate
(B=C)&(C=B)by B&C.

For a simple example of using sets as approximations, consider modifying
the sorting program provided before so that duplicates are not kept in the
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sorted list. We achieve this modification by replacing the previous specification
for splitting a list with the clauses in Figure 11.4. That figure contains a new
definition of splitting that contains three clauses for deciding whether or not
the pivot for the splitting X is equal to, less than (using the 1t predicate),
or greater than the first member of the list being split. Using the following
substitutions for predicates

append — AzAyAz. (z&y) & 2
split — AudzdyAz. (itemu & z) & (itemu & y & z)
sort = Ax\y. x &y

(as well as the trivial substitution for 1t and ge), we obtain new linear logic
formulas: those formulas arising from the clauses for split are in Figure 11.5.
By proving that those formulas are all linear logic theorems, we show that
sort relates two lists only if the same set approximates those lists.

The following proposition is analogous to Proposition 11.1.

Proposition 11.3. Let Sy, Tp,...,Sn, T, (n > 0) be set expressions all of
whose free variables are in the list of variables . For each judgment s p t
we write s pt to denote t = s if p is C and t < s if p is =. If

V:E[Sl p1 Tl&&snﬁn T, = So ﬁOTO]
1s provable in linear logic, then

):sVi’[SlplTl&-"&snpnTn:>SOp0To]

Proof. We only need to consider the case where the judgment p is C, since
Z is a conjunction of two inclusion judgments. The proof here is similar
and simpler than for Proposition 11.1 and the observation that the judgment
=5 S C T holds if and only if the sequent - :: ;T S;- has a | £4-proof. [

Lists can be approximated by sets by using the following substitution:
nil — T, e Az Ay, itemax & .

Under such a mapping, the list (1::2::2::1nil1) is mapped to the set expres-
sion item 1 & item 2 & item 2 & T. This expression is equivalent (o—) to the
set expression item 1 & item 2.

11.7 Automation of analysis

We describe how to automate proving the set and multiset statements de-
scribed in Propositions 11.1 and 11.3.
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e N
jel {R|DVA;|iel}

R & A; - A, R|DF &icA;

R,B = (&zGIAz) ‘ DF Aj

BC

The schematic variable A ranges over with propositional variables or
formulas of the form itemt, for some term ¢. A set expression can be
written as &;crA; for some finite index set I. If that index set is the
empty set, then this expression denotes T.

Figure 11.6: Specialized proof rules for proving set statements.
\_ J

We first consider the treatment of set statements. Note that in this case,
there is no loss of generality if we only consider the subset judgment since set
equality can be expressed as two inclusions. Figure 11.6 contains a small proof
system that can decide if a set expression is provable. This proof system uses
sequents of the form R | S+ T where S and T are set expressions and where
R is a multiset of set judgments (inclusions).

Proposition 11.4. Let Sy, Tp,...,Sn, Ty (n > 0) be set expressions, all of
whose free variables are in the list of variables T. The formula

VZ[(S1=T) & ... & (S, = T,) = (So = To)]
is provable in linear logic if and only if the sequent
Sl éTl,...,SnéTn ’ S()FTO

is provable using the proof system in Figure 11.6.

Proof. Given a proof using the rules in Figure 11.6, a proof in |} £% can easily
be constructed. The completeness of that proof system also follows simply
from the completeness of |} £4 (Proposition 7.18). Note that this proof system
treats the quantified variables Z in the linear logic formula above as constants.

O]

It is easy to note that proof search using the rules in Figure 11.6 is de-
cidable. In particular, when one attempts to find a proof of a sequent by
searching from conclusion to premise, the left-hand side of sequents does not
change, and only a finite number of atomic right-hand sides can appear. Thus,
any looping proof search can be terminated.
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4 )
T|SkA T |S+T, T, A T|S+B,A
— 22 R R BC
T[SFLA T [SFT. BT, A T[SFAL... AyA
ASEA ATEA [ TaEAy
T A decide T T F ALAy 0

"J—T 1L m oL m init

The schematic variable A ranges over atomic formula (i.e., propositional
variables or formulas of the form item t, for some term t). The decide
and BC rules have the proviso that the right side of the conclusion
contains only formulas that are either atomic or 0. Additionally, the
BC inference rule is constrained so that n > 0 and I' contains the
formula B — (A1 ¥ --- % A,).

Figure 11.7: Specialized proof rules for proving multiset statements.
\_ J

The proof system in Figure 11.7 can characterize the structure of proofs
of the linear logic encoding of multiset statements. Let

Vf[slﬁlTl&...&SnﬁnTn:>SOﬁ0T0]

be the translation of a multiset statement into linear logic. The provability of

this formula can be reduced to attempting to prove Sy gy Tp from assumptions
of the form (B1 ® -+ % B,,) — (A1 ® -+ ® A,), where Aj,..., A, are
atomic, and Bq,..., B, are atomic or 0.

Proposition 11.5. Let Sy, Ty, ..., Sn, T (n > 0) be multiset expressions,
all of whose free variables are in the list of variables . The formula

Vz[(S1 —T1) & ... & (S, — T),) — (Sop — Tp)]
is provable in linear logic if and only if the sequent
S;—T1,...,8, =T, | So+ To

is provable using the proof system in Figure 11.7.

Proof. Since the proof system in Figure 11.7 is essentially the focused proof
system for |} £%, soundness and completeness follow from the soundness and
completeness of the |} £ proof system. O
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Note that the proofs using the rules in Figure 11.7 are straight-line proofs
with no branching until the point where the decide inference rule is used. Dur-
ing the search for proofs, the left-hand side of sequents remains constant during
this non-branching part, but the right-hand side captures multiset rewriting
based on the rewrite rules encoded by the left-unbounded zone. Given this
observation, this proof system captures multiset rewriting and, since such
rewriting can easily encode the reachability problem of Petri Nets (as shown
in Esparza and Nielsen [1994] and Leroux and Schmitz [2019]), the complexity
of proving judgments in this logic has a TOWER lower bound by a result in
Czerwinski et al. [2020]. It is likely that in the context of multiset collection
analysis of Horn clause representing actual Prolog programs, the proof system
in Figure 11.7 is more effective than this lower bound suggests.

11.8 List approximations

Collection analysis can be used with other structures than the lists structures
we illustrated in Sections 11.4 and 11.6. For example, a binary tree might be
approximated by a collection of its leaves. In such a setting, lists themselves
might be a useful structure for collecting together items: that is, we might
consider using lists of items instead of multisets and sets of items. Since lists
have more structure than sets and multisets, encoding and reasoning with
them is more involved. We only illustrate their possible encoding and use
here.

Since the order of elements in a list is important, encoding lists into linear
logic must involve a connective that is not commutative. Linear implication
provides a good candidate for encoding the order used in lists. For example,
the list (a::b::nil) can be encoded as the formula

(((L —o p) —o item b) —o p) —o item a
for some (fixed) propositional constant p. This formula is equivalent to
itema X (p= @ (itemb 3 pr)).

The example above suggests that lists and list equality can be captured
directly in linear logic using the following encoding:

nil— AL L 2= AZARM. (R1) — 1) —o item x
The encoding of the list (a::b::nil) is given by the A-abstraction
AL(((L —o 1) —oitem b) —o [) —o item a.

The following proposition can be proved by induction on the length of lists.
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Proposition 11.6. Let s and t be two lists (built using nil and ::) and
let S and T be the translation of those lists into expressions of type o — o
via the substitution above. Then Y1.(Sl) o— (T1) is provable in linear logic
if and only if s and t are the same list.

This presentation of lists can be degraded to multisets simply by applying
the translation of a list to the formula L. For example, applying the translation
of (a::b::nil) to L yields the formulas

(L — L) —itemb) —o L) —o itema,

which is linear logically equivalent to item a % item b.

Given this presentation of lists, there appears to be no simple combinator
for, say, list concatenation, and, as a result, there is no direct way to express
the judgments of prefix, suffix, and sublist. Thus, beyond equality of lists (by
virtual of Proposition 11.6) there seem to be few natural judgments that can
be stated for lists.

11.9 Bibliographic notes

Probably the most common form of static analysis of logic programs is typing.
Polymorphic typing is available in AProlog: see Nadathur and Miller [1988]
and Nadathur and Pfenning [1992]. Various other forms of typing have also
been explored for logic programming languages: see Pfenning [1992] for a
collection of papers on this topic. The Ciao system preprocessor described in
Hermenegildo et al. [2005] allows a programmer to write various properties
about code that the preprocessor attempts to verify statically.

In Section 11.8, the linear logic formula used to represent a list could be
viewed as an asynchronous process that alternates between the output of list
elements and the input of a control token. See Chapter 12 for more on encoding
asynchronous processes in linear logic in this way.

In the case of determining the validity of a set statement, the use of linear
logic here appears to be rather weak when compared to the large body of
results for solving set-based constraint systems: see Aiken [1994] and Pacholski
and Podelski [1997].

This chapter is based on two papers by Miller [2006, 2008a].
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Encoding security protocols

By extending the encoding of multiset rewriting in linear logic that was pre-
sented in Section 8.6, we find a natural setting to encode some features of
communicating processes. By exploiting a mild form of higher-order quantifi-
cation, we can also capture some aspects of communicating securely over a
public communication structure.

12.1 Communicating processes

The left side of Figure 12.1 depicts a common view of a data structure based
on pointers. If we have access to the pointer in the top left corner, then we
also have access to both resource A and resource B (computer memory serves
as a good example of a resource). Viewed in this way, the pair of pointers to
A and B exhibits a similarity to linear logic’s ® conjunction. Naturally, it is
tempting to apply linear logic’s negation to this diagram and the conjunction
to obtain a dualized representation of this fundamental resource characteristic.
To this end, consider the right side of the figure. Here, the arrows have been
inverted, and the static resource (something that is accessed) has been dual-
ized into a process (the entity that performs the accessing). The operational
interpretation of this right-hand diagram is that two processes, P and @, con-
verge (synchronize) at the % symbol and are then replaced by a new process.
This interpretation precisely aligns with the intended meaning of backchaining
on a clause of the form

PXQo— R,

where R represents the process resulting from the interaction between P and
Q. Therefore, the % connective signifies a location, a forum, where processes
can interact. This aspect of % is the origin of the name “Forum” for the
programming language based on the |} Lo proof system.
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4 )

\
9

.:E\

Figure 12.1: Illustrating how to interpret the operational reading of the
dual connectives ® and %.

To illustrate this approach to encoding processes using linear logic as a
logic programming language, we consider here briefly the m-calculus of Milner
et al. [1992a]. The principle computation mechanism of the 7-calculus is the
synchronization of two agents during which a name is transferred from one
agent to another. The expression Zz.P describes an agent willing to transmit
the name z on the wire with the name x. The expression z(y).Q) denotes
an agent that is willing to receive a name on wire x and formally binds that
value to y. The bound variable y in this expression is scoped over ). The
central computational step of the w-calculus is the reduction of the parallel
composition Zz.P | z(y).Q to the expression P | Q[z/y]. The agents P and
Q[z/y] are now able to continue their interactions with their environment
independently.

Another important aspect of the m-calculus is the notion of scope restric-
tion: in the agent expression (x)P, = is bound and invisible to the outside. The
scoped value x, however, can be communicated outside its scope, providing a
phenomenon known as scope extrusion. For example, (2)(Zz.P | Q) | z(y).R
is structurally equivalent to (2)(zz.P | Q| z(y).R), provided that z is not free
in z(y).R. This proviso is always easy to accommodate since we assume that
a-conversion is available to change the name of bound variables. This ex-
pression can be reduced to (z)(P | Q| R[z/y]): the restricted name z has now
moved into the agent R[z/y]. This mechanism of generating new names (using
a-conversion) and sending them outside their scope is an important part of
the computational power of the w-calculus.

For an example, consider the following process expression where a, b, and
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x are free names.

(z(y).ya.yb.0) | (2)(Zz.2(u).2(v).uv.0)

(Here, 0 is the null process.) Given the informal description of how a 7-
calculus expression evolves, the scope of the (z) restriction enlarges to yield
the expression

(z)((a:(y).ga.gjb.O) | (gzz.z(u).z(v).m.()))

Next, communication can take place within the scope of the restriction, yield-
ing the expression

(z)((za.zb.()) | (z(u).z(v).ﬂv.O))

Two more internal communication steps yield the expression

(2) (0 | (ab.O)).

Since z is not free in the scope of the restriction (z) and since 0 is the unit of
parallel composition, this last expression is essentially the same as the expres-
sion (@b.0).

We encode some of the behavior of the m-calculus as proof search within
| £5 using the following primitive type and four non-logical symbols.

kind name type.

type or o -> o0 —-> o.

type send name -> name -> 0 —> O.
type get name -> (name -> o) -> o.
type match name -> name -> 0 —-> O.

As is clear from these types, the bound variable of the input prefix get will be
mapped to the A-abstraction in logic. The following mapping translates some
m-calculus expressions into linear logic.

(PIR)=(PYF (@)  ((&)P) =Vz.(P)  (0) =1

(zy.P) =send z y (P)  (z(y)-P) = get x Ay{(P)
(P+Q) =or (P) (@)  ([r=y|P) =match zy (P)

To describe the meaning of the four non-logical constants, we have the follow-
ing L4 specification.

get X R || send X Y Q :- R Y || Q.
match X X P :- P.

or PQ :- P.

or P Q :- Q.
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Note that these axioms are higher-order in the sense that they allow quantifi-
cation over predicate symbols (such as P and Q) as well as variables of type
name — o (such as R).

Exercise 12.1. Show that the informal reduction of the mw-calculus expres-
sions given above can be reproduced in L% as follows. Let ¥ be the declara-
tion that a and b are names, and let U be the multiset of the four formulas
listed above. Build the L5 proof of the sequent ¥ ::V; Py = Py; - where Py s
the expression

get z (y\ send y a (send y b bot)) [/
pi z\ (send =z z (get z u\ (get z v\ send u v bot)))

and Py is the expression (send a b bot).

e Y

Exercise 12.2. Let Q be the expression

get z y (or (match y a (send = a bot))
(match y b (send = b bot)))

Also let P,, P,, and P. be the expressions (send = a bot),
(send ¢ b bot), and (send = ¢ bot), respectively. Show that the two

§ sequents L=V, Py Py | Q;- and ¥ :: W, Py = Py | Q; - are provable but
that ¥ = ; P, + P.| Q;- is not provable.

\. J

A goal of this kind of encoding of process calculus into linear logic would
be to identify the notion that “process P reduces to Q7 with the provability
of the £§ sequent X = ¥; (Q)) F (P));-. Although this encoding into linear
logic captures some of the nature of computation and communication in the
m-calculus, we list two of its flaws.

1. One flaw is the fact that only some combinators of the m-calculus are
translated into linear logic connectives, while others are encoded using
non-logical constants. For example, it is tempting to encode the -
calculus’s + using the linear logic @. Although the right-introduction
rules for @ in linear logic does encode the nondeterministic (local) choice
of the m-calculus, the left-introduction rule for @& would force us to accept
the following reduction strategy: if P reduces to ()1 and to )2, then P
reduces to Q1 + @2, which is a principle that is not generally seen as a
proper reduction in the m-calculus literature. It is for this reason that
the encoding of + is made with a non-logical symbol: backchaining on its
axiomatization mimics the right-hand introduction rule for & but does
not make the left-hand introduction possible.

2. The left rule for V is also problematic since Va.Vy.Pxy + Vz.Pxz is
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( )

Message 1 A — S: A,B,ngy

Message 2 S — A: {na, B,kap,{kaB, Atkps thas
Message 3 A — B: {kap, Alkyg

Message 4 B — A: {npli,p

Message 5 A — B: {np, Secret}j,,

Figure 12.2: The Needham-Schroeder Shared Key Protocol.
\_ _J

provable in every quantificational logic in this book. In the setting of the
m-calculus, this would mean that we would need to accept the reduction
of (x)Za.zb.0 to the process (x)(y)Za.yb.0, which is again not an accepted
reduction in the 7-calculus.

Chapter 13 contains a different specification of the m-calculus in which process
expressions are not encoded as formulas but as terms. With that encoding, a
more precise encoding of the m-calculus can be achieved.

In the rest of this chapter, we shall consider a calculus for communication
that is, in some senses, weaker than that of the m-calculus. In this weaker
setting, provability in linear logic is much more accurate and flexible.

12.2 Specifying communication protocols

Assume that Alice and Bob want to use a trusted server to help them es-
tablish their own private channel for communications. At the start of this
protocol, Alice and Bob have private encryption keys allowing them to com-
municate securely with a server. At the end of this protocol’s execution, Alice
and Bob should be sharing an encryption key that allows them to exchange
messages securely between themselves, without any additional need for the
trusted server.

Figure 12.2 is a presentation of the Needham-Schroeder Shared Key Pro-
tocol (abbreviated NS) using a standard kind of description. Here, A, B,
and S denote the agents Alice, Bob, and server, respectively. The notation
A — S: M implies that Alice (A) sends the message M to another agent,
say a server (S). Encryption keys and nonces are denoted by the schematic
variables k and n, respectively. Messages are tuples of data items that include
structures of the form {¢1,...,¢,}x, denoting the result of encrypting the tuple
t1,...,ty using the key k.

One of our goals is to replace this specific syntax with one based on a
direct use of logic. We do this now by identifying a sequence of aspects of this
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conventional presentation that can be captured in linear logic.

12.2.1 Communicating on a public network

The notation A — B: M is misleading since it seems to indicate a “three-way
synchronization” between Alice, Bob, and a message M. However, it is impor-
tant to understand that the intended communication is, in fact, asynchronous,
in the sense that Alice is meant to put the message M into a public network
(say, the internet) and that at some time later, Bob is meant to retrieve that
message from that network. It should be possible to interleave these two ac-
tions with some actions of an intruder who might read, delete, and/or modify
the message M. Thus, a better syntax is inspired by multiset rewriting (we
use N- to denote network messages). We use | as the multiset constructor.

A — A|NM
B|NM — B

E|NM — E'|NM

Here, the first line indicates that Alice in state A puts a message on the
network and transitions to state A’. The second line indicates that Bob in
state B makes a transition only if there is a message in the network: when
there is such a message, that message is consumed, and Bob moves to state
B’. The last line encodes an eavesdropper E who waits for a message and
after consuming it, readmits it while moving to state E’. This last state might
store information contained in that message in the agent’s internal memory.
More generally, we can imagine that the action of an agent could be described
as
A|NMy |- |NM, — A"|NP|---|NP,

where p, ¢ > 0. This line specifies that Alice in state A can consume messages
My, ..., M, and then transition to state A" while posting messages P, ..., P,.

12.2.2 Static distribution of keys

Consider a protocol containing the following steps.

Message i A —» S: {M}g
Message j S — A: {P}y

In the general setting, we need to declare exactly which agents have access to
which keys: in the steps above, we know two places where the k is used, but
we must separately declare, for example, that the key is not known to any
other agents. This declaration is critical for modularity and for establishing
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correctness later: it can also be made statically by using a local declaration,
such as the following.

A — A N{M}y

local k. S| N{P} — &

This declaration appears to be similar to a quantifier. The intention is that
we can statically examine all occurrences of the bound variable k in the scope
of this quantifier and thereby know which agents do and do not contain occur-
rences of this key. If there are lines of the protocol that are outside the scope
of this bound variable, then that key is not statically available to the agents
and messages listed in that part of the protocol.

12.2.3 Dynamic creation of new symbols

During the execution of a protocol, new symbols representing nonces (used to
help guarantee “freshness”) and keys for encryption are needed in protocols.
Using the syntax in Figure 12.2, one needs to explicitly point out that, for
example, na, ny, and kap need to be freshly generated symbols during the
execution of this protocol. The following more explicit syntax seems better
for this purpose.

a; S — new k. (a2 k S) | N{M }

This new operator resembles, of course, a quantifier: it should support a-
conversion and seems to be a bit like reasoning generically. The scope of new
is over the body of this rule. Here, we have also replaced the simple token
denoting Alice with a structured object that encodes different stages of an
agent and her memory at different points of the protocol.

12.2.4 Mapping the new notation into linear logic

There are two approaches to view the new notation we have introduced as
logical connectives.

‘ |  unit — new local
disjunctive | % L o— v =
conjunctive | ® 1 —o 3 v

The disjunctive approach allows protocols to be seen as specifications within
L%. The conjunctive approach is also popular and has been used in, say, the
MSR system of Cervesato et al. [1999]. From the linear logic perspective,
these two approaches yield essentially the same dynamics when doing proof
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search: the only difference is that what happens in the right-hand side of
sequents using the disjunctive approach happens essentially unchanged on the
left-hand side using the conjunctive approach.

For the rest of this chapter, we assume that the primitive types are S =
{0,d}. We use the type d to encode the data within messages. For convenience,
we shall assume that all strings are included in this type. The tupling operator
(+,+), for pairing data together, has type d — d — d. Expressions such as
(-y+y...,) denote pairing associated to the right.

Finally, the communications network is represented as a multiset of atomic
formulas all with the predicate N of type d — o. For example, the following
are examples of network messages.

N("alice", "account34") N ("bob", "45euros")

Such network messages could be used to facilitate a financial transaction. Since
we model the public network as an evolving multiset of atomic formulas repre-
senting network messages and agents, all agents—not just Alice and Bob—can
access and read all messages. It is likely that we do not intend these financial
transactions to be viewable and mutable by just anyone with access to the
network.

12.2.5 Encrypted data as an abstract data type

A final step of encoding communicating protocols involves encryption keys and
encrypted data. We shall assume that an encryption key is a symbolic function,
say, k of type d — d, and that the encrypted message {M }}, is encoded as the
simple application (k M). If an agent has access to the data constructor,
which is an encryption key, then via a simple matching operation within logic,
decryption can take place. If, however, the encryption key is not available to
the agent, then decryption is impossible. Thus, we are representing encrypted
data as an abstract data type: that is, as a type in which the constructors are
given a limited scope using appropriate quantification. In order for encryption
keys to be inserted into data objects, we introduce the postfix constructor (-)°
of type (d — d) — d that can coerce such keys into terms of type d. The use of
higher-order types means that we will also use the equations of A-conversion
when processing encrypted data.
Consider the following specification, which contains two encryption keys.

ks Ikps.| @y (M, S) o— ay S I N (kes M).
by T BN (ks M) o— by M T.
51 BN (kgs P) o N(kys P). ]

(Here as elsewhere, quantification of capital letter variables is universal with
scope limited to the clause in which the variable appears.) In this example,
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Alice (aj,a2) communicates with Bob (b1,b2) via a server (s1). To make
the communications secure, Alice uses the key ks to communicate with the
server while Bob uses the key kps. The server is deleted immediately after it
translates one message encrypted for Alice to a message encrypted for Bob.
The existential quantifiers establish that the occurrences of keys, say, between
Alice and the server and Bob and the server, are the only occurrences of those
keys. Even if more principals are added to this system, these occurrences
are still the only ones for these keys. Thus, the existential quantifier helps
determine the static or lexical scope of key distribution. Of course, as protocols
evolve, keys may extrude their scope and move freely onto the network. This
dynamic notion of scope extrusion is similar to that in the w-calculus.

12.3 Protocols as theories in linear logic

In order to encode communication protocols as theories in linear logic, we
make the following few definitions. An agent identifier is a symbol, say, p.
For some number n > 1 and for ¢ = 1,...,n, the pair p; of an agent identifier
and an index is an agent state predicate all of whose arguments (if any) are of
type d. These state predicates encode an agent’s internal states as a protocol
progresses. An agent state atom is an atomic formula of the form p; t1 ... t,,
where m > 0, t1,...,t, are terms of type d, and p; is an agent state predicate.
An agent clause is a linear logic formula of the form

V:cl."-Va;i.[al 75) te 7? Qqp, O— Vyl. '--Vyj.[bl 75) e ?X bnﬂ

where m > 1 and ¢, j,n > 0. Here, the head of such a clause is the formula
a1 ¥ -+ % ap, and the body is Vyy.---Vy;.[b1 ¥ --- X by]. Agent clauses also
have the following restrictions: all the atoms a1, ..., am,b1,...,b, are either
network messages (atomic formulas with predicate N) or agent state atoms
such that the following hold.

1. There must be exactly one agent state atom in the head and at most
one in the body.

2. If the agent state atom in the head is (p; t) and if there is any agent
state atom in the body, say, (,0; 5), then p and p’ must be the same agent
identifier and 7 < j.

Thus, an agent clause involves, at most, a single agent (and possibly network
messages): this implies that agents cannot synchronize with other agents di-
rectly, and that one agent cannot evolve into another agent. It is allowed for
an agent to be deleted since no agent state atom must appear in the body. It
is also the case that all agents have finite runs.
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e 2
Tkas- Thps{

ay S o— Vng. az ng S % Nalice,bob, n,).
ag N S B N (kas(N,bob, K, E)) o— a3 K S®NE.
az Key® S % N (Key Np) o— as B N (Key(Np, S)).
b1 % N (kps(Key®, alice)) o— Vny. ba ny Key® % N (Key ny).
by N, Key® 7% N (Key (N, S)) o— bs S.
s1 2% N (alice, bob, N) o— Vk.N (kas(N, bob, k°, (kps (k°, alice)))).
}

Figure 12.3: Encoding the NS protocol.

A agent theory is a linear logic formula of the form
Jxq.- - Fy. [C1 @ -+ @ O],

where r,s > 0, C1,...,Cs are agent clauses, x1,...,x, are variables of type
d or d — d, and whenever C; and C; have the same agent state predicate in
their head then ¢ = j. This last condition implies that agents in protocols
are deterministic. This condition can easily be relaxed within linear logic if
nondeterministic agents are of interest.

Many other restrictions or generalizations could be considered here for the
definition of agents theory and agent clauses, but for our simple considerations
here, this definition is sufficient. Ultimately, we will introduce a different
syntax for agents that will not need to use these rather awkward agent state
predicates.

Figure 12.3 contains a linear logic implementation of the NS protocol con-
tained in Figure 12.2. Let C1, ..., Cg be the six agent clauses in Figure 12.3 (re-
membering that there are implicit universal quantifiers around agent clauses).
It is easy to show that this protocol implements the specification

Va.jay © % by B 51 0— ag B b3 x],
in the sense that there is a simple |} £5-proof of the sequent
E,kas,k}bs b Cl,...,Cﬁ;- FV.T}.[GA ??bg r —oa3 T x b1 x 81];-

That is, this protocol can transform the initial states of Alice (with some
secret), Bob, and the server to the final states of Alice and Bob (now with the
secret).

For another example, consider the following two clauses for Alice.

a K°®N(K M) o—a M. (3.1)
a BN(K M) o—ad M. (3.2)
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In the first case, Alice possesses an encryption key and uses it to decrypt
a network message. In the second case, it appears that she is decrypting a
message without knowing the key, an inappropriate behavior, of course. Note
that (3.2) is logically equivalent (and, hence, operationally indistinguishable
using proof search) to both of the formulas

VMVYX.Ja ®NX o—a' M] and VX.[]a BNX o— IM.d" M].

This last clause clearly illustrates that Alice is not actually decoding an exist-
ing message but simply guessing (using J) at some data value M, and contin-
ues with that guess as @’ M. If we think operationally instead of declaratively
about proof search involving clause (3.2), we would consider possible unifiers
for matching the pattern (K M) with a network message, say, (k secret), for
two constants k and secret. Unification on simply typed A-terms yields exactly
the following three distinct unifiers:

[M +— (k secret), K — Aw.w| [Mw— s, K— k| [Mw— M,K+— \w.k secret]

Thus, M can be bound to either (k secret) or s or any term: in other words,
M can be bound to any expression of type d.

Logical entailment can help in reasoning about agent clauses and theories.
As the following exercise illustrates, such entailments are strengthened by the
presence of quantification at type d — d.

Exercise 12.3.(1) The following clauses specify that Alice takes a step that
generates a new encryption key and then outputs a message (either m or
m’) using that encryption key.

a; o— Vk.N(k m) a; o— Vk.N(k m').

In both cases, Alice has no continuation, and, therefore, she and access to
the key disappear. These two clauses are operationally similar since they
both generate an unreadable message. Show, in fact, that these two formulas
are logically equivalent.

12.4 Abstracting internal states

The internal states of agents are denoted by predicates that have limited roles:
they can only be used internally by an agent. It is possible to use existential
quantification over predicates (in particular, agent state predicates) to provide
an interesting rewriting of the structure of agent theories. To illustrate this,
we step back from considering only agent theories for a moment.

General n-way synchronization (n > 3) is allowed within the setting of
multiset rewriting. Such synchronization can be rewritten using only 2-way
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synchronization by the introducing new, intermediate, and hidden predicates.
For example, the following two formulas are logically equivalent.

CLQXbO—ll
1.3l 1 Bco— 13 R e G aBbBco—dBeN f
loo—d? f

The clause on the right specifies a 3-way synchronization and the spawning of
3 atomic formulas, whereas the formula on the left is limited to rewriting at
most two atoms into at most 2 atoms. The proof of the forward entailment
in linear logic is straightforward, while the proof of the reverse entailment
involves the two higher-order substitutions of a % b for 3l; and d % f for Jls.
As long as we use logical entailment, these two formulas are indistinguishable
and can be used interchangeably in all contexts. If instead, we could observe
possible failures in the search for proofs, then it is possible to distinguish these
formulas: consider the search for a proof of a sequent containing a and b but
not c¢. The proof theory of linear logic we have presented here does not observe
such failures since that proof theory is generally involved with reasoning about
complete proofs.

Existential quantification over program clauses can also hide predicates
encoding agents. In fact, one might argue that the various restrictions on sets
of process clauses (no synchronization directly with atoms encoding agents
and no agent changing into another agent) might all be considered a way
to enforce locality (i.e., hiding) of predicates. Existential quantification can,
however, achieve this same notion of locality but much more directly. For
example, the following two formulas are logically equivalent.

al 7?ng o— as Q?le
das.Jas. < as B Nmg o— az % Nmg -+
az3 ¥ Nmy o— ag B Nms

a; B Nmg o— (Nmyq o— (Nmg o— (Nmg o— (Nmy o— (Nms % ayq)))))

The changing of polarity that occurs when moving to the right of a o— flips
expressions from output (e.g., Nmq) to input (e.g., Nms), and back again. We
develop this observation further in the next section.

12.5 Agents as nested implications

The observation that abstracting over internal states results in an equivalent
syntax with nested o— suggests an alternative syntax for agents. Consider the
following two syntactic categories of linear logic formulas.

H:=A|L|H®H K:=H|Ho— K |Vz.K
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Here, A denotes the class of atomic formulas encoding network messages (in
particular, formulas of the form N-). Formulas belonging to the class H denote
bundles of messages used as either input or output to the network. Formulas
belonging to the class K can have deep nesting of implications. As we shall see,
the nesting of o— can model the alternation between a process that outputs a
message to one that is willing to input a message. We call K formulas agent
formulas, and they can replace agent clauses. Note that the only predicate in
an agent formula is N.

To see this mechanism in the proof search setting, consider building proofs
of the || £4 sequent ¥ = ;' = A, A; -, where both A and I' are multisets of
K formulas and A is a multiset of atomic formulas (hence, formulas with the
predicate N). The right-introduction phase captures the process of performing
all the possible output actions by all processes in A while the left-introduction
phase captures the input action of any agent formula chosen to be the focus.
For example, let P be the formula

Var Vay.(N (fz) B N (gay) o— Pxy)

Here, we assume that f is a constructor of type d — d, g is a constructor of
type d - d — d, and ny is K-formula possibly containing z and y free. If
P is on the right of a sequent, the right-introduction phase for this sequent
yields the derivable inference rule

2,1'72913 ,F,Pwyl—A,A,N(fm),N(gxy),
YusTHAAP;-

This rule can be read as the process P creates two new tokens x and y, outputs
to the network the atomic formulas N (fz) and N (gxy), and then moves into
input mode since Pzy, the body of the P formula, moves to the left. If this
same expression appears on the left, then the left phase yields the following
derivable inference rule

LuaTHA APt s
YuouDLPEAJAN(fE),N(gts);-

Here, t and s are two X-terms of type d.

Negation flips the status of a process from input to output and vice versa.
For example, if the process formula | o— P is on the right of a sequent, it
outputs L, which makes no effect on the network messages, and P moves to
the left into input mode. The dual statement holds if we start with 1 o— P
on the left of the sequent. Various equivalences found in linear logic also make
sense from the point-of-view of asynchronous communication. For example,
if one skips a phase (by outputting or inputting an empty multiset), the two
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4 )
(Out)  Vng. N{alice, bob, ng) o—
(In) (VKey.VE. N (kgs(na, bob, Key®, E)) o—
(Out) (NE o—
(In ) (VN. N (Key N) o—
(Out) (N (Key(N, secret)) o—
(Cont) as))).

THE AGENT FOR ALICE

(Out) L o—
(In) (VKey. N (kps(Key®, alice)) o—
(Out) (Vnp. N (Key ny) o—
(In) (VS. N (Key(ny, S)) o—
(Cont) bs 5))).
THE AGENT FOR BOB
(Out) L o—
(In) (VN. N (alice, bob, N) o—
(Out) (Vk. N (kqs (N, bob, k°, kps(k°, alice))))).

THE AGENT FOR THE SERVER

Figure 12.4: The agents of Alice, Bob, and a server.

adjacent phases can be contracted as follows:

po—(Lo—(qgo—k)) H-pBqgo—k
po—(Lo—Va.(qxo—kuz))d-Va.(pB qzo—Fkx)).

Figure 12.4 displays three agent formulas. The first represents Alice, the
second Bob, and the final one, the server. (All agents in this figure are written
in output mode: since Bob and the server essentially start with inputs, these
two agents are negated, meaning they first output nothing and then move to
input mode.) These formulas are a second way to encode the NS protocol
within linear logic. If the three formulas in Figure 12.4 are placed on the
right-hand side of a sequent turnstile (with no formulas on the left) then the
agent formula for Alice will output a message and move to the left side of
the sequent turnstile (reading inference rules bottom-up). Bob and the server
output nothing and move to the left-hand side. At that point, the server will
need to be chosen for the focus of the left-introduction phase, causing it to
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input the message Alice sent and then move its continuation to the right-hand
side. It will then immediately output another message, and so on.

Variations on this simple scheme can easily be explored. For example, one
might want an agent, such as the server, to be persistent. In that case, the
first line of Figure 12.4 for the server could be simply changed by replacing
o— with <. In a setting where one wishes to model attacks on protocols, it
seems more appropriate for network messages to occur in the right-unbounded
zone since adversaries can be assumed to be capable of reading and replacing
every network message that appears. Thus, even if a network message were
to disappear from the right-bounded zone, the adversary can be assumed to
have remembered its content. In this case, the 7 exponential could be used on
all output messages.

The style of specification given in Figure 12.4 is similar to that of process
calculus: in particular, the implication o— is syntactically similar to the dot
prefix in, say, CCS. Universal quantification can appear in two modes: in out-
put mode, it is used to generate new eigenvariables (similar to the m-calculus
restriction operator) and in input mode, it is used for variable binding (similar
to value-passing CCS). If we use || to denote the parallel composition of pro-
cesses and use a dot to prefix a process with an input action, then the formula
scheme @ o— (b o— (c o— (d o— ---))) can denote processes described as

all (b ll(d. --)) or a (b (e (d]l--)))

depending on which side of the sequent it occurs. This formula and its negation
can also be written without linear implications as

aB bR (R ([dE®..)) resp, at @ (BB (¢t (dB..))).

12.6 Bibliographic notes

The encoding of parts of the m-calculus in Section 12.1 are taken from Miller
[1993]. Examples such as the Needham-Schroeder Shared Key Protocol in
Section 12.2 can be found in the work on MSR by Cervesato et al. [1999,
2000a] and Cervesato and Stehr [2007]. See also Durgin et al. [2004] for more
about analyzing security protocols using an encoding of multisets in linear
logic.

Material on using existential quantifiers at predicate types to hide the in-
ternal states of processes is taken from Miller [2003]. Andreoli [1992] used a
compilation method to reduce an arbitrary linear logic formula to a collec-
tion of bipolar formulas. Applying his compiling technique to the formula in
Figure 12.4 yields the formulas in Figure 12.3.
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Formalizing operational

semantics

This chapter provides an overview of a few ways that logic programming can
specify the operational semantics of various programming and specification
languages. FEstablishing these links between logic and operational seman-
tics has many advantages for operational semantics: logic programming in-
terpreters can animate semantic specifications; the proof-theoretic treatment
of term-level binding structures can address binding structures in the syntax
of programs; and the declarative nature of logical specifications provides broad
avenues for reasoning about semantic specifications. We shall illustrate all of
these advantages in this chapter.

This chapter will use the term “logic specification” interchangeably with
“logic program” and “theory.” Additionally, when we speak of “programming
languages” we include specification languages such as the A-calculus and the
m-calculus.

13.1 Three frameworks for operational semantics

Numerous formalisms have been employed to define the computational be-
havior of programming languages. When building upon these formalisms to
develop various concepts (e.g., observational equivalence, static analysis) and
tools (e.g., interpreters, model checkers, theorem provers), the quality of these
encodings significantly impacts the success of the endeavor. This chapter
uses logic to directly encode operational semantics, eschewing alternative for-
malisms such as complete partial orders, algebras, games, and Petri nets.
Proof search within this logical framework will endow logical specifications
with the dynamics necessary to capture a range of operational specifications.
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We concentrate on three prominent frameworks for specifying operational se-
mantics and outline the logic frameworks most naturally aligned with each.

Multiset rewriting Specifying computations by computing directly on mul-
tisets was proposed in the 1990s with the Gamma programming language of
Banatre and Métayer [1993] and the chemical abstract machine of Berry and
Boudol [1992], as well as later with the specification of security protocols in
Bistarelli et al. [2005], Cervesato et al. [1999], and Durgin et al. [2004]. As
we have seen in Section 8.1 and Chapter 10, it is a simple matter to capture
multiset rewriting using proof search in linear logic.

Structural operational semantics First introduced by Milner [1980] and
Plotkin [1981, 2004], structural operational semantics (SOS) has been widely
used to characterize a diverse range of programming language features, in-
cluding concurrency, functional computation, and stateful computations. This
style of specification, commonly referred to as small-step SOS, facilitates a nat-
ural treatment of concurrency through interleaving. Big-step SOS, introduced
by Kahn [1987], proves particularly convenient for specifying nonconcurrent
specifications, such as functional programming. Both of these operational
semantics paradigms define relations using inductive systems formalized by
inference rules. As we shall observe, Horn clauses and hereditary Harrop for-
mulas typically provide suitable frameworks for encoding these inference rules.

Abstract machines A specific form of term rewriting can be interpreted
as encoding abstract machines, where entities such as code, environments,
and argument stacks are directly manipulated. The SECD machine of Landin
[1964] serves as an early example of such an abstract machine. These abstract
machines can frequently be represented using binary clauses, a restricted form
of Horn clause where the clause body contains only a single atomic formula.
Proof search with these clauses naturally characterizes simple, iterative algo-
rithms. Arbitrary Horn clause programs can also be transformed into binary
clauses through a continuation-passing-style transformation. Consequently,
binary clauses can be viewed as encapsulating a thread of computation com-
prising a sequence of instructions or commands. Although binary clauses
represent a retreat from logic in the sense that they employ fewer logical
connectives (such as conjunction) than general Horn clauses, they offer two
significant advantages: (1) the ability to explicitly specify the order of com-
putation and (2) a foundation for an extension to linear logic that enables the
natural representation of concurrency and imperative features within big-step
structural operational semantics.
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13.2 The abstract syntax of programs-as-terms

To encode a programming language, we first translate its syntactic expres-
sions into terms within a suitable logic, such as Church’s Simple Theory
of Types (see Section 2.3) or higher-order logic (£4'). Since most program-
ming languages involve binding constructs, we directly represent them using
A-abstraction, a primitive concept in these logics. Language constructors are
mapped to corresponding term constructors, with the latter’s types reflect-
ing the syntactic categories of the constructed objects. Typically, we model
term construction with function application. Similarly, language binders are
translated to A-abstractions that bind variables within the encoded scope. We
illustrate this encoding approach by using both the untyped A-calculus and
the m-calculus as examples.

The untyped A-calculus (see Section 2.1) can be encoded as simply typed
A-terms using one syntactic type, say tm, and two constructors for application
and abstraction. Using AProlog syntax, these tokens can be declared as follows.

kind tm type.
type app tm -> tm -> tm.
type abs (tm -> tm) -> tm.

Note that abs is applied to a term-level abstraction: the argument type tm —
tm acts as the syntactic type of term abstractions over terms. The following
is a list of some untyped A-terms along with their encoding as a simply type
A-term of type tm.

A\x.x (abs Az )
ATAY.x (abs Ax (abs Ay x))
Az. (x ) (abs Az (app x x))

AxAyAz. (x z) (y z) (abs Az (abs Ay (abs Az ((app (app x z) (app y 2))))))

It is important to observe that two untyped A-terms are a-convertible if and
only if their encodings as terms of type tm are Sn-convertible.

As we have already see in Section 12.1, processes in the finite 7-calculus
are described by the grammar

P:=0|zy.P|z(y).P|T.P|(y)P|[x=y]P|P|P|P+P.

(Many treatments of the m-calculus also include a replication operator or re-
cursion: their absence here is why we are describing the finite m-calculus.)
We use the symbols P and @) to denote processes and lower case letters, e.g.,
x,y, z to denote names. The occurrences of y in the processes x(y).P and (y)P
are binding occurrences with P as their scope. The notions of free and bound
variables are the usual ones, and we consider processes to be syntactically
equal if they are equal up to a-conversion.
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4 )
kind =n, p type.
type null ® o
type taup P -> p.
type plus, par P ->p ~->p.

type match, out n->n->p ->0p.
type nu (n -> p) -> p.
type in n -> (n -> p) -> p.

Figure 13.1: Declarations of the primitive types and constructors for

the finite m-calculus.
\§ J

In Section 12.1, we suggested defining the operational semantics of -
calculus expressions by mapping them into linear logic formulas. Here, we
encode m-calculus expressions as terms using the declarations of two primi-
tives types, for names and processes, and process constructors in Figure 13.1.
The precise translation of the m-calculus syntax into simply typed A-terms is
given using the following function [-] that translates process expressions to
Bn-long normal terms of type p.

[0] = null [P+ Q] = plus [P] [Q]
[r.P] = taup [P] [PlQ] = par [P] [Q]
[x(y).P] = inz (\y.[P]) [zy.P] = out z y [P]

[(x)P] = nu (\z.[P]) [[xt =y|P] = match z vy [P]

For example, the m-calculus expression vy.[z = y|Zz.0 is translated into the ex-
pression (nu y\ match x y (out x z null)) which contains the free names
x and z.

13.3 Big-step semantics: call-by-value evaluation

Figure 13.2 contains a common, big-step semantic specification of call-by-value
evaluation for the A-calculus: this specification is given as both inference rules
as well as Horn clause specification. The (infix) predicate symbol \, is of type
tm — tm — o and is written simply as eval in these clauses. The encod-
ing of the atomic evaluation judgment R[U/z| \, V in Figure 13.2 is simply
(eval (R U) V) in the clausal specification: that is, the logic specification
forms the expression (R U) and once R is instantiated with a A-abstraction,
the logic’s built-in treatment of S-reduction performs the necessary substitu-
tion.

Such a specification is referred to as big-step since the predicate \ relates
an expression to its final value. In contrast, as we now illustrate, small-step
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e N
M\ (A\z.R) N\U R[U/z]\V

MR\ \z.R (M N)\V

type eval tm -> tm -> o.

eval (abs R) (abs R).
eval (app M N) V :-
eval M (abs R), eval N U, eval (R U) V.

Figure 13.2: Big-step specification of the call-by-value evaluation of the
untyped A-calculus via inference rules and AProlog clauses.

specifications encode just a single computation step in a possibly long series
of transitions.

13.4 Small-step semantics: m-calculus transitions

The relation of one-step (late) transition for the m-calculus in Milner et al.

[1992b] is denoted by P R @, where P and () are processes and « is
an action. Figure 13.3 contains a standard specification of this transition
semantics for the finite m-calculus. Figure 13.4 presents this same semantic
as an L logic program. This specification introduces a new primitive sort a
to denote actions and uses three constructors for actions: 7 : a (for the silent
action) and the two constants | and 1, both of type n — n — a (for building
input and output actions, respectively). The free output action Zy, is encoded
as Txy while the bound output action Z(y) is encoded as Ay (Txy) (or the
n-equivalent term fx). The free input action xy is encoded as |xy while the
bound input action x(y) is encoded as Ay (lxy) (or simply |z). Note that
bound input and bound output actions have type n — a instead of a.

Our encoding splits the labeled transition relation in Figure 13.3 into two
relations depending on whether or not the transition involves a free or bound
action. The relation between the two processes, P and @, and an action A is

A
encoded using the arrow P —— @Q: this arrow is encoded using a predicate
of type p — a — p — 0. The relation between a process P, a bound action

A
A, and an abstracted process () is encoded using the harpoon P —— : this
arrow is encoded using a predicate of type p — (n — a) — (n — p) — o.

One-step transition judgments are translated to atomic formulas as follows
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4 )

e — N, & fr((y)P)

7P — P z(y).P — Plw/y]
“ /

Y ouT L 5 MATCH
Ty.P — P [z =xz]P — P’

a / o /
% SUM P - P PAR, bn(a) N fn(Q) =0
P+@Q— P PlQ— P |Q

“ /
P res,y¢n(a)

(y)P — (y)P'

Ty
P— P

OPEN,y # z,w & fn((y)P")

Z(w)

(y)P — P'lw/y]

z(w) , z(w) , Zy , z(z) ,
P—>f Q—@ CLOSE P—>f Q—@ COMM
PlQ— (w)(P'] Q") PlQ— P'|Q'ly/7]

The functions fn(P) (free variables of P), bn(P) (bound variables of
P), and n(P) (the union of fn(P) and bn(P)) are defined in Milner
et al. [1992b]. The logic specification in Figure 13.4 does not need such
functions and provisos.

Figure 13.3: The late transition rules for the finite 7-calculus.
\_ J

(we extend the use of the symbol [.] from Section 13.2).

P-Lq = P15 e PR = [P e
P-5q = P15 PE5 el = 1P 5 el

[P—q] = [Pl—Iq]

Figure 13.4 contains a set of clauses, called D, that encodes the opera-
tional semantics of the late transition system for the finite m-calculus. As is
customary when we display clauses, free variables are assumed to be univer-
sally quantified over the clause in which they appear. These variables have
primitive types, such as a, n, and p as well as arrow types such as n — a
and n — p. As a consequence of using the notion of binders to encode -
calculus-level binders, the side conditions in the original specifications of the
m-calculus Figure 13.3 are no longer present in D,. For example, the explicit
side condition that X # y in the OPEN rule is implicit in D, since the quantifi-
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cation on X is outside the scope of quantification on y and, therefore, cannot
be instantiated with y (substitutions into logical expressions cannot capture
bound variable names). Figure 13.5 presents the same collection of clauses as
in Figure 13.4 but using AProlog syntax this time.

The adequacy of this encoding is stated in the following proposition (the
proof of this proposition can be found in Tiu [2004] and Tiu and Miller [2010]).

Proposition. Let P and ) be processes and « an action. Let 7 be a list of
(03
free names containing the free names in P, ), and «. The transition P — @

is derivable in the 7-calculus if and only if Va.[P R Q] is provable from the
logical theory D,.

13.5 Binary clauses

A reduced class of Horn clauses, called binary clauses, can play an important
role in modeling computation. As we argue below, they can explicitly order
computations, whereas such ordering is left unspecified using more general
clauses: such an explicit ordering is important when attempting to use big-
step semantics to capture side effects and concurrency. They can also be used
to capture the notion of abstract machines, a common device for specifying
operational semantics.

13.5.1 Continuation passing in logic programming

Continuation-passing style (cps) specifications are possible in logic program-
ming using quantification over the type of formulas: see, for example, Tarau
[1992]. In fact, it is possible to ¢ps transform Horn clauses into binary clauses
as follows. First, for every predicate p of type 71 — ... = 7, = 0 (n > 0), we
provide a second predicate p of type 71 — ... = T, — 0 — o: that is, an addi-
tional argument of type o is added to predicate p. Thus, the atomic formula A
of the form (p t; ... t,) is similarly transformed to the term A = (pt; ... t,)
of type 0 — 0. Using these conventions, the cps transformation of the formula

Vi Vam. [(ALA...NAy) DA (m >0, n>0)
is the binary clause

V1. Ve Yk (A (Ao(--- (A, k)---))) D (Ao k)]
Similarly, the cps transformation of the formula

Ve, - -Vam. [Ao]  is Va1 Ve Vk[E D (A k)]

If P is a finite set of Horn clauses and P is the result of applying this cps
transformation to all clauses in P, then P - A if and only if P - (A T).
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( )
TAU: T 5> 7P —5P
1X
IN: T D inXM-—M
Tzy
OUT: T D outzy P —P
A A
MATCH: P—Q D matchz o P—— Q
A A
P—0Q D matchz o P—Q
A A A
ssMm: P—RVQ—R DO P+Q—R
A A A
P—RVQ—R DO P+Q—R
A A
PAR: P— P > PlQ— P |Q
A A
Q— Q' > PlQ-PlQ
A A
P—M O PlQ—(Mn|Q)
A A
Q —N D P|Q—An(P|Nn)
A A
RES: Vn.(Pn — Qn) D vn.Pn — vn.Qn
A A
Vn.(Pn — P'n) D> vn.Pn — Am vn.P'nm
Xy X
OPEN: Vy. My — M'y) D vy.My— M’
X X
CLOSE: P—MAQ —N D P|Q;>1/y(My|Ny)
X X
P—MAQ-=N > P|Q—vy.(My|Ny)
X XY T
coM: P—MANQ —Q D P|Q— MY |Q
XY X ™
P—PANQ—N D P|Q— P'|NY
Figure 13.4: The inference rules in Figure 13.3 as logical formulas.
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type
type

type
type
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one
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oneb
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one
oneb
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oneb
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|
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Y) P.
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-
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- pi x\
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Q x).
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y\ one (M y) (up X y) (N
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oneb P (dn X) M,
(par P Q) tau
oneb P (up X) M,
(par P Q) tau
oneb P (dn X) M,
(par P Q) tau
oneb Q (dn X) M,

(nu y\ par
oneb Q (up
(nu y\ par
oneb Q (dn
(par (M Y)
one Q (up

(par R (M

a.

i~ on
.~ on

) Q©
x))
one

VS

y) .
(M
X)
(M
X)
T)
XY
Y))

TR ™D

a ->p —-> o.
(n -> a) -> (n -> p) -> o.

:- one P A Q.
:— oneb P A M.

e P A P1.

e Q A Q1.
:— oneb P A M.
:- oneb Q A N.

(P x) A (Q x).

y) (N y)) :-
N.
y) (N y)) :-
N.
T.

one P (up X Y) R.

Figure 13.5: The AProlog specification of the finite 7-calculus.

(((abs R) \, (abs R)); K) D K.

((M\ (abs R)); (N\U); (RU)\V);K) D ((app M N)\'V); K.

Figure 13.6: Binary version of call-by-value evaluation.
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Consider again the specification of call-by-value evaluation in Figure 13.2.
In order to add side-effecting features, this specification must be made more
explicit: in particular, the exact order in which M, N, and (R U) are evaluated
must be specified. The cps transformation of that specification is given in
Figure 13.6: there, evaluation is denoted by a ternary predicate, which is
written using both the \, arrow and a semicolon: e.g., the relation “M evaluates
to V with the continuation K” is denoted by (M \ V) ; K. If we write this
evaluation predicate as evalc then the AProlog specification of the formulas
in Figure 13.6 can be written as follows.

type evalc term -> term -> o -> o.
evalc (abs R) (abs R) K :- K.
evalc (app M N) V K :- evalc M (abs R) (evalc N U

(evalc (R U) V K)).

In this specification, goals are now sequenced in the sense that bottom-up
proof search is forced to construct a proof of one evaluation pair before other
such pairs. The goal ((M \, V); T) is provable if and only if V is the call-
by-value result of M. The order in which evaluation is executed is now forced
not by the use of logical connectives but by the use of the non-logical constant

(CAVE) R

13.5.2 Abstract machines

Abstract machines, which are often used to specify operational semantics, can
be encoded naturally using binary clauses. To support this claim, Hannan and
Miller [1992] introduced the following definition of Abstract Evaluation System
(AES), which generalizes the notion of abstract machines.

A term rewriting system is a pair (X, R) such that ¥ is a signature and
R is a set of directed equations {l; = 7;}ier with l;,r; € T (X) and V(r;) C
V(l;). Here, Tx;(X) denotes the set of first-order terms with constants from the
signature ¥ and free variables from X, and V(t) denotes the set of free variables
occurring in t. An abstract evaluation system is a quadruple (X, R, p, S) such
that the pair (3, RU{p}) is a term rewriting system, p is not a member of R,
and S C R.

Evaluation in an AES is a sequence of rewriting steps with the following
restricted structure. The first rewrite rule must be an instance of the p rule.
This rule can be understood as loading the machine to an initial state given
an input expression. The last rewrite step must be an instance of a rule in
S: these rules denote the successful termination of the machine and can be
understood as unloading the machine and producing the answer or final value.
We also make the following significant restriction to the general notion of
term rewriting: all rewriting rules must be applied to a term at its root. This
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4 A
M = ( nil, M, nil )
( E, MM, X:S) = (XuE, M, S)
( E, M'"N, S) = ( B, M, {E,N}:S)
<{E/5M}::E7 0, S> = < Ela M7 S)
( X:E, n+1, S)y = ( E, n, S)
( E, M, nil) = (B, \M)}
Figure 13.7: The Krivine machine.
M = (nil, nil, M ::nil, nil)
(S, E, A\M ::C, D)= ({E,AM}::S, E, C, D)
(S, E, (M~ N):=:C, Dy= (S, E, M::N ::ap::C, D)
(S, E,n: C,D>:>(nh( E):S, E, C, D)
(X:AE',AM}::S, E, ap::C, D)= (nil, X :: E', M :nil, (S, E,C):: D)
(XS, E, nil, (S, E',C"):D)y=(X::S", E', C', D)
(XS, E, nil, nil) = X
Figure 13.8: The SECD machine (bottom).

restriction significantly simplifies the computational complexity of applying
rewrite rules during evaluation in an AES. A term t € Tx(0) evaluates to the
term s (with respect to the AES (X, R, p,S)) if there is a series of rewriting
rules satisfying the restrictions above that rewrites ¢ into s.

The SECD machine in Landin [1964] and Krivine machine in Curien [1991]
are both AESs and variants of these are given in Figure 13.7 and Figure 13.8.
There, the syntax for A-terms uses notation introduced in De Bruijn [1972]
with ~ (infix) and A as the constructors for application and abstraction, re-
spectively. In this notation, bound variable names are replaced by numerical
indices that count the number of A-abstractions between the variable’s oc-
currence and its corresponding binder. The expression {E, M} denotes the
closure of term M with environment E. The first rule given for each machine
is the load rule or p of their AES description. The last rule given for each
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is the unload rule. (In both examples, there is only one unload rule.) The
remaining rules are state transformation rules, each one moving the machine
through a computation step.

A state in the Krivine machine is a triple (E,M,S) in which E is an
environment, M is a single term to be evaluated, and S is a stack of arguments.
A state in the SECD machine is a quadruple (S, E, C, D) in which S is a stack
of computed values, E is an environment (here just a list of terms), C' is a list
of commands (terms to be evaluated), and D is a dump or saved state. The
expression nth(n, E'), used to access variables in an environment, is treated as
a function that returns the n + 1% element of the list £. Although Landin’s
original description of the SECD machine used variables names, our use of De
Bruijn numerals does not change the essential mechanism of that machine.

There is a natural and immediate way to see a given AES as a set of binary
clauses. Let load, unload, and rewrite be three predicates of one argument
each. Given the AES (X, R, p,S) let B be the set of binary clauses composed
of the following three groups of formulas:

1. V&.[rewrite r D load [] where p is the rule | = 7,
2. for every rule [ = r in R, add the clause Vi.[rewrite r D rewrite ], and

3. for every rule [ = r in S, add the clause Vz.[unload r D rewrite [].

It is then easy to show that if we start with term ¢ and evaluate it to get s (this
can be a nondeterministic relationship), then from the set of clauses B we can
prove unload t D load s. In particular, if this implication is provable from B,
then it has a proof of the form displayed in Figure 13.9: there, only synthetic
inference rules (Section 5.7) are displayed. The transitions of the abstract
machine can be read directly from this proof: given the term s, the machine’s
state is initialized to be s;, which is then repeatedly rewritten, yielding the
sequence of terms so,...,S,, at which point the machine is unloaded to get
the value t.

In order to motivate our next operational semantic framework, consider the
problem of using binary clauses to specify side effects, exceptions, and concur-
rent (multi-threaded) computation. Since all the dynamics of computation is
represented via term structures (say, within s, s1, ..., s, t) all the information
about these threads, reference cells, and exceptions must be maintained as,
say, lists within these terms. Such an approach to specifying these features of
a programming language lacks modularity and makes little use of logic. We
now consider extending binary clauses so that these additional features have
a much more natural and modular specification.
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' ™\
unload t - unload t

unload t - rewrite s,

unload t - rewrite s;

unload t - rewrite s;

unload t + load s

Figure 13.9: A proof involving synthetic rules based on the formulas in
B related to the execution of an abstract machine.

_/

13.6 Linear logic

In Sections 8.4 and 8.6, we illustrated how linear logic can capture multiset
rewriting. Given that many aspects of computation can be captured using
multiset rewriting, it is possible to describe a subset of linear logic that in-
cludes binary clauses but provides a natural means to capture side effects and
CONCUITENCYy.

13.6.1 Adding a counter to evaluation

Consider again the binary clause example in Figure 13.6. As we showed in
Section 6.5, the top-level intuitionistic implication D of Horn clauses can be
rewritten as the linear implication — without changing the operational reading
of proof search. With this change, the binary clauses in that figure are also an
example of multiset rewriting: in particular, one atom is repeatedly replaced
by another atom (until a final continuation replaces the atom). In this way,
binary clauses can be seen as modeling single-threaded computation. Now
that we have embedded binary clauses within the richer setting of linear logic,
it is easy to see how multi-threaded computations might be organized. We
present a couple of examples here.

Consider adding to the untyped A-calculus a single global counter that can
be read and incremented. In particular, we shall place all integers into type
tm and add two additional constructors of type tm, namely get and inc. The
intended operational semantics of these two constants is that evaluating the
first returns the counter’s current value, and evaluating the second increments
the counter’s value and returns the counter’s old value. We also assume that
integers are values: that is, for every integer i, the clause Vk.(k —o (2 \ i) ; k)
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is part of the evaluator’s specification. The multiset rewriting specification of
these two additional constructors can be given as the two formulas

VENV.(r Va3 K —((get\\V); K)®r V) and
VENV.(r V+1)® K — ((inc\V);K)®rV).

Here, the atom of the form (r x) denotes the “r-register” with value z. Let
D contain the two formulas in Figure 13.6, the two formulas displayed above,
and the formulas mentioned above describing the evaluation of integers. Then
D is a specification of the call-by-value evaluator with one global counter in
the sense that the £4 sequent

D;-E(M\V);T)®7r0;-

is provable exactly when we expect the program M to evaluate to V in the
setting where the register r is initialized to 0.

Of course, the name of the predicate encoding a register should not be
a part of the specification of a counter. Higher-order quantification over r
makes it possible to hide the name of this register. Figure 13.10 contains
three specifications—F, Fo, and Fs—of a counter: all three specifications
store the counter’s value in an atomic formula as the argument of the predicate
r. In these three specifications, the predicate r is existentially quantified over
the specification in which it is used so that the atomic formula that stores
the counter’s value is itself local to the counter’s specification. The first two
specifications store the counter’s value on the right of the sequent turnstile, and
reading and incrementing the counter occurs via a synchronization between
a \-atom and an r-atom. In the third specification, the counter is stored
as a linear assumption on the left of the sequent arrow, and synchronization
is not used: instead, the linear assumption is “destructively” read and then
rewritten in order to specify the get and inc functions (similar to the examples
in Section 8.4). Finally, in the first and third specifications, evaluating the inc
symbol causes 1 to be added to the counter’s value. In the second specification,
evaluating the inc symbol causes 1 to be subtracted from the counter’s value:
to compensate for this unusual implementation of inc, reading a counter in
the second specification returns the negative of the counter’s value.

The specifications in Figure 13.10 use several linear logic connectives not
formally part of Lo. Positive connectives often appear when one uses the
curry /uncurry equivalences (see Exercise 6.11). Consider proving the sequent

YW 3n[(r 00t ®! Dy ! Do -G

where D1, Ds, and G are Lo formulas. Given invertibility of L, ®L, and —L,
provability of that sequent is equivalent to the provability of the |} Lo sequent

Y,r=WU, Dy, Dy;- FG,(r0);-.
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4 )

By=3r] (ro)te
WENV.(r VB K —o ((get\V); K) 31 V)@
WKYV.(r (V+1)3 K — ((inc\\V); K)®r V)]

Ey=3r] (r0)te
IWKNYV.(r VB K — ((get\, (=V)); K)®rV)®
IWKNV.(r (V—-1)% K — ((inc\ (=V)); K) ¥ r V)]

E3 = 37'[ (7‘ 0) ®
IWWENVV.(rVe @V —oK)—((get\\ V); K))®
IWWKNV.(r Ve (r (V4+1) — K)—o ((inc\ V) ; K))]

Figure 13.10: Three specifications of a global counter.

Although these three specifications of a global counter are different, they
should be equivalent in the sense that the process of evaluating terms cannot
tell them apart. Although there are several ways that the equivalence of
such counters can be argued, the specifications of these counters are, in fact,
logically equivalent.

Proposition 13.1. The three entailments E1 - Eo, Es - E3, and E3 - Eq
are provable in linear logic.

Proof. The proof of each of these entailments proceeds (in a bottom-up fash-
ion) by choosing an eigenvariable to instantiate the existential quantifier on
the left-hand side and then instantiating the right-hand existential quantifier
with some term involving that eigenvariable. Assume that in all three cases,
the eigenvariable selected is the predicate symbol s. Then the first entailment
is proved by instantiating the right-hand existential with A\zx.s (—z); the sec-
ond entailment is proved using the substitution Az.(s (—z))*; and the third
entailment is proved using the substitution Az.(s x)*. The proof of the first

two entailments must also use the identities —0 = 0, —(z + 1) = —z — 1,
and —(z — 1) = —z + 1. The proof of the third entailment requires no such
identities. O

Clearly, logical equivalence is a strong equivalence: it immediately implies
that evaluation cannot tell the difference between any of these different counter
specifications. For example, assume E; = (M \, V) ; T. Then by the cut
inference rule and the above proposition, we have Fo = (M \ V) ; T.

As was shown in Chirimar [1995] and Miller [1996], it is possible to gener-
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( A
K —o (none \ none) ; K
(E\V); K — ((guard E)\ (guard V)) i K
(E\V); K —o ((poll E)\ (poll V) ; K
(E\V); K —o ((receive E) \ (receive V)) ; K
(E\V); K —o ((some E) \ (some V)); K
(ENU); ((F\V);K)—o ((choose E F)\ (choose UV)); K
(ENU); ((F\V); K) —o ((transmit E F)\ (transmit U V)); K
(E\U); (F\V); K) = (wrap E F)\ (wrap U V) ; K
Figure 13.11: These CML-like constructors evaluate to themselves.

. J

alize the previous example involving a single global counter to languages that
have the ability to generate references dynamically, such as is possible in Algol
and Standard ML.

13.6.2 Specifying concurrency primitives

The concurrency primitives proposed by Reppy [1991] for the design of Con-
current ML (CML) can also be specified in linear logic. We assume that the
reader is familiar with this extension of ML.

Consider extending the untyped A-calculus with the following constructors.

none : tm.
guard, poll, recetve, some, sync : tm — tm.
choose, transmit, wrap : tm — tm — tm.
spawn,newchan : (tm — tm) — tm.

The meaning of these constructors is then given using the linear logic for-
mulas in Figure 13.11 and Figure 13.12. The clauses in Figure 13.11 specify
the straightforward evaluation rules for the eight data constructors. In Fig-
ure 13.12, the predicate event is of type tm — tm — o — o and is used
to store in the right-bounded zone atomic formulas with the predicate event.
The first three clauses of that figure defined the meaning of the three special
forms sync, spawn, and newchan. The remaining clauses specify the event
predicate.

The formulas in Figure 13.12 allow for multiple evaluation threads. Eval-
uation of the spawn function initiates a new evaluation thread. The newchan
function causes a new eigenvariable to be picked (via the V¢ quantification)
and then to assume that that eigenvariable is a value (via the assumption
VI.(I — (¢ \ ¢);I)): such a new value can designate new channels for use
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4 )

(E\NU);(event UV K) —o ((sync E)\ V) ; K
(((R unit) \, unit) ; L) ® K —o ((spawn R)\ unit) ; K
Ve.(VI.(I — (c\¢);I)= (Rec)\V); K) — ((newchan R)\\ V) ; K

K % L —o event (receive C) V. K & event (transmit C V) unit L

event E'V K —o event (choose E F)V K
event 'V K —o event (choose E F) V K
event E U (((app FU)\\V); K) — event (wrap E F)V K
((app F unit) \\ U) ; (event U V K) —o event (qguard F) V K
(event E U T) & K —o event (poll E) (some E) K
K —o event (poll E) none K

Figure 13.12: Specifications of some primitives similar to those in Con-
current ML.

in synchronization. The sync primitive allows for synchronization between
threads: its use causes an “evaluation thread” to become an “event thread.”
The remaining clauses in Figure 13.12 describe the behaviors of event threads.
The primitive events are transmit and receive, representing two halves of
synchronization between two event threads. Note that the clause describing
their meaning is the only clause in Figure 13.12 that has a head with more
than one atom. The non-primitive events choose, wrap, guard, and poll are
reduced to other calls to event and \,. The choice event is implemented as a
local, nondeterministic choice. (Specifying global choice, as presented in CCS
[Milner, 1989], would be much more involved.) The wrap and guard events
chain together evaluation and synchronization but in direct orders.

The only use of additive linear logic connectives, in particular & and T,
in any of our semantic specifications, is in the specification of polling. In an
attempt to synchronize with (poll E) (with the continuation K') the goal

(event EU T)& K

is attempted (for some unimportant term U). Thus, a copy of the current
evaluation threads is made, and (event E U T) is attempted in one of these
copies. This atom is provable if and only if there is a complementary event for
FE in the current environment, in which case, the continuation T brings us to
a quick completion, and the continuation K is attempted in the original and
unspoiled context of threads. If such a complementary event is not present,
then the other clause for computing a polling event can be used, in which case,
the result of the poll is none, which signals such a failure. The semantics of
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polling, unfortunately, is not exactly as intended in CML since it is possible
to have a polling event return none even if the event being tested could be
synchronized. This analysis of polling is similar to the analysis of testing in
process calculus as described in Miller [1993].

13.7 Bibliographic notes

A distinction is often made between the static semantics and the dynamic
semantics of programming languages (see, for example, Clement et al. [1986]).
Static semantics refers to properties of program text that a compiler can infer:
typing is a typical example of static semantics, and the collection analysis in
Chapter 11 is another example. Dynamic semantics refers to properties of
programs that can be inferred by executing programs: termination is a typical
example of dynamic semantics. In this chapter, we have limited ourselves to
the specification of dynamic semantics of some simple programming languages
and to the m-calculus. Logic programming and its concomitant technologies
of unification and proof search has an important role in specifying the static
semantics of programming languages, particularly, in type checking and type
inference: see, for example, the so-called Hindley-Milner approach to type
inference in Hindley [1969] and Milner [1978].

There has been a long-standing interest in being able to formally specify
and reason about the static and dynamic semantic descriptions of program-
ming languages. Formal specifications of these using logic programming have
been available since the introduction of operational semantics: see, for ex-
ample, Despeyroux [1986], Hannan and Miller [1989], Hannan and Pfenning
[1992], Hannan [1993], Pfenning and Schiirmann [1999], and McDowell and
Miller [2002] for some early references.

The treatment of bindings in data structures, such as those that encode
the (untyped) A-calculus and the m-calculus, is given a simple and declarative
treatment in the logic programming setting we are using in this book. This
setting provides bindings as a primitive via the availability of simply typed
A-terms and enables binder mobility through the use of eigenvariables during
proof search as described in Section 3.2.3 and in Miller [2019]. The Abella
proof assistant, described in Baelde et al. [2014], provides a setting in which
reasoning on such logic programs can be done.

The specification of the m-calculus [Milner et al., 1992a] in Figure 13.3 is
taken from Miller and Palamidessi [1999].

For more about translating SOS specifications of evaluation directly into
abstract machines, see Hannan and Miller [1992].

Chirimar [1995] presents a linear logic specification of a programming lan-
guage motivated by Standard ML (as defined in Milner et al. [1990]). In par-
ticular, a specification for the call-by-value A-calculus is provided, and then
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modularly extended with the specifications of references, exceptions, and con-
tinuations: each of these features is specified without complicating the speci-
fications of the other features.

The general outline of this chapter is based on the short article [Miller,

2008b).
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Solutions to selected exercises

Solution to Exercise 2.1 (page 12). Of the six terms listed, only the fourth
and fifth terms do not have a S-normal form.

((Azx.y)(Az.x)) reduces to the normal form y.
2. ((Az.xz)(Az.z)) reduces to the normal form (Az.z).
((Az.(zx))(Az.z)) reduces to the term above, namely, ((Az.z)(Az.x)).

Thus, its normal form is (Az.z).

4. ((Ax.(xzx))(Az.(zz))) reduces only to itself, and since this term is not
normal, this term has no normal form.

5. Applying -conversion to ((Ax.((zz)z))(Az.((xx)x))) yields a larger term
with more S-reduces, including this initial one. This term has no normal
form.

6. (Az.y)((Az.(zx))(Az.(zx)))) reduces to y.

Solution to Exercise 2.3 (page 13). E» normalizes to the Church encoding
of 16. In general, E, has the A-normal form that encodes the number

2

There are n 4+ 1 occurrences of 2 in this expression.

Solution to Exercise 2.4 (page 13). The abstraction (Az.w) is vacuous, i.e.,
x is not free in its scope (which is just the variable w). Since substitution is
capture-avoiding, every instance of that term remains a vacuous abstraction.
Since the term Ay.y is not a vacuous abstraction, no such expression for N is
possible.

Solution to Exercise 2.5 (page 14). Let Y denote the untyped A-term
M.Az.f(xzx))(Az. f(zz)). Let g is any untyped A-term. Then: (Yg) S-reduces
to (Az.g(zx))(Az.g(xx)) which S-reduces to g((Azx.g(xz))(Ax.g(zz))), and this
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is equal to g(Yg). Now let B be the term Az.(x = f). Consider the provable
formula (Y B) = (Y B). This formula is equal to (via -conversions) (Y B) =
(B(YB)) and (Y B) = (Y B) = f. This last formula is equivalent to (Y B) = f,
which is S-convertible to B(Y B) and (Y B). Using modus ponens, we now have
a proof of f. Any formula can replace the symbol for false f, and this proof
would have worked just the same.

Solution to Exercise 2.6 (page 16). The proof of uniqueness is a simple
induction on the structure of typing judgment proofs. For the second part of
this question, let 3 be the empty signature, and let ¢ be the A-term Ax.zx, and
assume that S contains two different primitive sorts a and b. Then we have
both¥IFt:a —aand XI-t:6—b.

Solution to Exercise 3.2 (page 30). The multiplicative version of the AR
rule is

Y:THA,B YuIEALC
YD, TVFEA A, BAC

AR™.

The following derivation shows that weakening and the additive AR rule can
derive the multiplicative AR™ rule.

YuI'AB Yu:THAC
wR, wL wR, wL
I, IV AAB YuILIVEAALC
AR

YuILIVEA A, BANC

The following derivation shows that contraction and the multiplicative AR™
rule can derive the additive AR rule.

YuTHAB YuT'FAC
YuI'TFA A BAC
YuT'HEFA BAC

AR™
cR, cL

Similarly, the AL™ rule can be derived from the AL rule with contraction.
>oIB,CFA

YXuI'BANC,CFA "

XuTI,BANC,BACFA AL

srBrcFa  F

L

Finally, the AL rule can be derived from the AL™ rule with weakening.
YuI',BFA
wL
uI'B,CFA
A\
eI, BACFA

m
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Solution to Exercise 4.1 (page 40). Since \/if is either rational or irra-
tional, we have two cases to consider. In the case that ﬂﬁ is rational, then

set @ = b = +/2. In the case that ﬂﬁ is irrational, then set a = \@ﬁ and
b = v/2. A more satisfying proof of this fact results from assigning a = /2

and b = logy 9. Kuzmin [1930] proved that \/ﬁ\/5 is transcendental.

Solution to Exercise 4.3 (page 43). Of these examples, (3), (4), (5), (6),
and (7) all have C-proofs but no I-proofs. A C-proof of (5) is

init
pkp
wR
pkaqp o
- D init
FpDaq,p pkp
oL
PDq)Dpkopp
C
(PDqg)Dpkp

'F«pDQDPWDpD

Solution to Exercise 4.4 (page 43). The instance of the excluded middle
BV (B D f) assumed as an additional assumption is given for the examples in
Exercise 4.3 by specifying the instance of B. For (3), B is q. For (4), B is p.
For (5), B is p. For (6), B is r a. For (7), B is JyVx.(r D r y). Below is the
I-proof for (5) with the appropriate instance of the excluded middle.

init fL
pkop fq
SL
pDf,pkq
init —_— > init
pEp pDfkEpDyg pkp
wlL DL
p,(pDqg Dpkp pripDQYDprvL

pV(p2f),p>q¢ Ddpkp S
pViDOf)F((pD>gDp)Dp

Solution to Exercise 4.5 (page 44). The list of pairs for which entailment
is provable in classical logic is

{<A’ _'_'A>v <_‘_'A7 A>7 <_'A7 _'_'_'A>’ <_'_‘_'A7 _'A>7 }

In intuitionistic logic, the list of pairs for which entailment is provable is the
same, except that the pair (=—A, A) is removed.
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Solution to Exercise 4.7 (page 45). Assume that S contains the primitive
types ¢ and j. The following is an I-proof.

] ; ; . : . ) tR

fri—=gy:ilb(fy):j f:z—>j,y:z::-|—tE|R
fri—=jyrin-F 3ot
fri—=ju-FVydat

. VR
fri—ju-FGet)V (Viydet)

The following is a C-proof of a different formula.

] ; 1 . : . . tR

fri—=gxilb(fz):j frijaiin-Ftf

IR
fii—jywin-F ot f
fri—=ju-F It Vaf

VR x 2

fri—=ju-bE(Got) Vv (Vzf), (Fzt) Vv (Vi f)
fri—=ju-FGzt)V (Vixf)

C

There is no I-proof of this sequent since contraction on the right is necessary
to complete a proof. In both this example and Exercise 4.3(4), completing a
proof requires two subformulas separated by a disjunction to “communicate”
in the sense that one disjunction puts into the sequent context some item
(here, an eigenvariable and in Exercise 4.3(4) an assumption) that the other
disjunct uses. This communication can happen in the proof if that disjunction
is contracted on the right.

Solution to Exercise 4.11 (page 49). Let p and ¢ be distinct constants of
type o. The following is a proof of p F ¢ using the cut rule.

pkp qkq
pEpoq poqghgq
pkq

cut

Clearly, there can be no cut-free proof of the same endsequent. Since it is
possible to prove poq b poq from p = p, it is possible to eliminate non-atomic
initial rules in the presence of <.

Solution to Exercise 4.8 (page 45). We provide a high-level outline of
the proof. For one direction, we show how to transform a C-proof with a
generalized restart rule to a C-proof without restart. Since I-proofs are C-
proofs, this establishes the forward implication. Restarts can be removed one
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by one via the following transformation.

—_
—

g Y:TFB,A
Y:TFB,A wR
ﬁ R@Start E:ZFFC,B,A
I+ C, —

: R
S «T'F B,B.A ©
YuT"F B, A

YuIYF B, A

That is, the restart rule can be implemented using a contraction and a weak-
ening on the right. It is easy to confirm that the formula B can be added to
all possible inference rules below this occurrence of the restart rule.

For a sketch of the converse direction, consider a C-proof. Mark a formula
on the right-hand side of every sequent as follows. The single formula on the
right of the endsequent is marked (assuming that the endsequent has a single
formula on the right). If the last inference rule of the proof is a left-introduction
rule, then the marked occurrence of the formula in the conclusion is also
marked in all the premises. If the last inference rule is a right-introduction
rule, then we have two cases: If the introduced formula is already marked,
then mark its subformulas that appear in the right-hand side of any premise
(for example, if the marked formula is A = B then mark B in the premise;
if the marked formula is A A B then mark A in one premise and B in the
other; and so forth). Otherwise, the right-hand formula introduced is not
marked, in which case, we have a marking break, and we mark in the premises
of the inference rules the subformulas of the right-hand formula introduced
and continue. The only other rules that might be applied are: cL, in which
case the marked formula on the right persists from conclusion to premise; cR,
in which case, if the marked formula is the one contracted then select one of
its copies to mark in the premise, otherwise, the marked formula persists in
the premise; and init, in which case, if the marked formula on the right is not
the same as the formula on the left, then this occurrence of the init rule is also
a marking break.

To illustrate this notion of marking formulas, consider the annotated C-
proof in Figure 13.13. Here, an asterisk is used to indicate marked formulas
and to indicate which inference rules correspond to marking gaps.

Now the I-proof with Restart is built as follows. For sequents that are
the conclusion of a rule that is not a marking break, delete all non-marked
formulas on the right. For sequents that are the conclusion of a rule that is
a marking break, then this one inference rule becomes two: an instance of
the Restart rule must be inserted, and then the version of the inference rule
corresponding to the marking break is put into the proof with the non-marked
right-hand formulas deleted.
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4 )
init*

pEp, ¢ pDq,pV(pDq)
. D)
Fp,(pD @)\ pDa,pV(pDq)
C
Fp,(pDq@)*,pV(pDq)
Fp*,pV(PDq),pV(pDaq)

C
Fp,pV(pDq)
- VR
FpV(pDq)*pV(pDa)
cR

FpV(pDaq)

Figure 13.13: An annotated C-proof
\ J

For example, performing this transformation on the C-proof yields the
following structure.

init
pkp
—— Restart
phq
——— SR
FpDg
—— cR
FpDyq

— VR
FpVi(pDaq)

Restart

This sequence of rules is not yet an I-proof: there are three occurrences of
cR that are not allowed in I-proofs: these can either be deleted or reclassified
as Restart rules. In the example above, all three occurrences of cR can be
deleted, yielding an I-proof with the restart rule.

Solution to Exercise 4.12 (page 50). Let II; and IIy be the following proofs
of pF f and F p, respectively.

init init

pkEp fEf I,
p,pDfEf pf
— defL DR

p,pkEf FpDf
cL defR
phkf Fp

Clearly, by defining p as —p (hence, the equivalence p = —p is provable), one
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is asking for trouble. (Compare this trouble with Curry’s paradox in Exer-
cise 2.5.) It turns out that if the ambient logic does not have the contraction
rules (such as in linear logic), then it has been pointed out in Girard [1992]
and Schroeder-Heister [1993] that it is not possible for such a problematic
definition to yield an inconsistency.

Solution to Exercise 4.15 (page 51). Let k > 1 and Dy, be the formula
Ve.px Dp (f2ka;)

Give a cut-free proof of Dy4q from Djy. Show how these lemmas can be
organized into a short proof (with cuts) of, for example,

pa, Vz.(p z D p (f ) F p(f*Ca).

Solution to Exercise 4.18 (page 54). The following inference rules can
prove the invertibility of VL. and VR. The remaining two cases can be proved
in a similar fashion.

init init
B+FB —_ ckHC -
— VR = —— VR =
B-BvC LBvCEFA CF-BvVvC LBVvCEHA
cut cut
I,BFA I,CFA
VL
LBvCEFA
init
— Y,c: 7 Blc/z] F Blc/z]
= VL
Y,e:ruT'FY2e.BJA Y, c:7:Vox.BF Ble/z]
cut

Y,c:t:T'F Ble/z], A
YuI'FV,2.B, A

Here, ¢ is not declared in 3. Note that if we start with a proof = of the
sequent X : I' - V,.z.B, A then it is a simple matter to view Z as a proof of
Ye:rtuI'HVx.B, A,

Solution to Exercise 4.24 (page 57). The explode inference rules can be
derived using the following inference rules.

init fL
BFB frC
DL

I'-B B,BOf+C
'EBDOf ILBof-C

' r=c

r-c

cut

cut

cL
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In a similar fashion, the excluded middle inference rules can be derived using
the following inference rules.

init
BFB
— wR
BF B, f
—— DR
FB,BDOf IBrEC
cut
T'Bof.C " orBofrC
cut
rr=cc
= cI,,cR
T'FC

Solution to Exercise 5.6 (page 66). Assume that there is a (cut-free) C-
proof = of ¥ :: P F f for a multiset of Horn clauses P. Consider the last
inference rule of =. It cannot be either init or fL since f is not allowed as a
Horn clause. Assume that the last rule is DL, namely,

YuhFALG YD, T'oF Ay
GO D, ', f

DL

where the multiset union of A; and Ag is the multiset containing just one
occurrence of f. By Proposition 5.5, Ay must be nonempty so Aj is empty
and Ay contains just f. However, the right premise is a shorter proof of f from
Horn clauses, which is a contradiction. The only other possible candidates as
the last inference rule of = (namely, AL, VL, or a structural rule on the left
or right) all would yield a premise that is a sequent with Horn clauses on the
left and f on the right. Since that premise has a shorter proof than =, we have
again have a contradiction.

Solution to Exercise 5.8 (page 66). Let the X-formulas Dy, ..., D, (n > 0)
be Horn clauses using description (5.3). Thus, Dy is of the form

VZ1.(A1 D D (V& . Am D VTo.Ao))

where m > 0 and Ty, ... Z,, are lists of variables, all of which are distinct. As
was proved in Proposition 4.17, both DR and VR are invertible rules within
C-proofs. In particular, the sequent ¥ :: D1, ..., D, F Dy has a C-proof if and
only if

X, %0, L1y T D1y, Dy Ay, A B Ag

has a C-proof. Since all the formulas on the left-hand side of this sequent
are Horn clauses, the result follows directly from Proposition 5.5. This result
also holds when Horn clauses are defined using description (5.2). The result
that the classical entailment among Horn clauses implies their intuitionistic
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entailment is a special case of a result often referred to as Barr’s Theorem (see
Negri [2016]).

Solution to Exercise 5.9 (page 67). Exercise 4.3(5) provides a C-proof of
((p D q) D p) D p. Itis easy to see that this formula has no I-proof (and, hence,
no uniform proof). Now assume that there is another formula, say, A, which
only contains implications and is strictly smaller while having a C-proof but no
I-proof. Thus B contains 2 or fewer occurrences of implications. Thus, B is of
clausal order 2 or less and is of the form (4; D (A2 D As)) or ((A1 D A2) D As)
where Aj, As, As are atomic formulas. Thus attempting a cut-free proof of B
leads to attempting proofs of either Ay, Ao F Az or Ay D Ay F Az. In
either case, we have a sequent involving only Horn clauses and, as a result of
Proposition 5.5, if it is classically provable, it is also intuitionistically provable.
This is a contradiction.

Solution to Exercise 5.14 (page 70). Assume that ¥:T"'F B has an I-proof,
where I" is a multiset of Harrop formulas, and B is an arbitrary formula. By
Proposition 4.17, the inference rules DR, AR, and VR are invertible. Hence, the
result follows immediately if B is an implication, a conjunction, or a universal
quantifier. Consider the case where B is By V Bs. We prove by induction on
the size of a cut-free I-proof Z of X:T' F BV By that there is an i € {1, 2} such
that ¥ :: T'F B; has an I-proof. If the last inference rule of = is VR, the result
is immediate. If the last inference rule of = is either AL or VL, the conclusion
follows immediately from the inductive assumption. The only remaining case
is that the last inference rule of = is DL, as in the following derivation.

o =

I'-B" T HF BV By
F,B/ ODHFBV By

DL

Since H is also a Harrop formula, then the inductive assumption applies to
the proof Zi: hence, there is a proof =5 of I', H -+ B; for some ¢. Thus, the
desired proof is _ _
=0 =2
'-B T ,HF B;
I'B'D>HF B;

VR
I'B D HF BV By

DL

The case for when B is existentially quantified is similar. Uniform proofs
are not complete for sequents that are constrained to contain only Harrop
formulas. For example, both sequents

‘F(Vveg) D(gVvp) and ((pVg) D(qVp)Ddaka

have I-proofs but no uniform proofs.
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Solution to Exercise 5.16 (page 74). Let P be the multiset {Dy,..., Dy}
and let T' be a multiset that contains P. Applying DL in a focused manner
7 times to the assumption D; in the sequent I' - A yields a derivation of the
form

F}—CLO Fl—ai,1 F,ail—A

'-A

Backchaining, as in |} fohh-proofs, requires that the initial rule proves the right-
most premise. In that case, A is a;, and this derivation justifies the following
backchaining inference rule.

FFCLO FFaz‘_lB
Fl—ai

As this exercise suggests, forward chaining requires that all the premises except
for the right-most premise are the initial rule. In that case, I' is of the form
I"U{ag,...,a;—1}, and this derivation justifies the following forward-chaining
inference rule.

P’,ag,...,ai FA

!
I‘,ao,...,ai,ll—A

FC;

There is one proof using the BC; inference rules of the sequent P F a,, and
that proof contains 2" occurrences of backchaining inference rules (and init).
In contrast, there are many proofs using the FC; inference rules of the sequent
P F a, and the shortest one contains n occurrences of the forward-chaining
inference rules.

Solution to Exercise 5.43 (page 99). Assume that there is a fohh pro-
gram P that satisfies the following specification: for every nonempty set
N ={ny,...,n;}, we have A(N), P b mazxa n if and only if n is the maximum
of the set {n1,...,ng}. Let N be the set containing the numerals for 0 and
1. Thus, A(N) is the set of atoms {a z,a (s z)}. Let A’ be the set of atoms
{a z,a (s z),a (s (s z))}. Thus,it must be the case that A(N), P b maza (s z).
By the monotonicity property of intuitionistic provability, A", P b maza (s z),
but this is a contradiction to the choice of P, since (s z) is not the maximum
of the set of numbers encoded in A’.

Solution to Exercise 5.44 (page 100). Assume that a logic program defines
the notconnected predicate. Using the graph described in Figure 5.5, it must
be the case that notconnected a e is provable. But if we add adj a e to
the logic program, the monotonicity property must force notconnected a e
to be provable in that extended program. But this contradicts the assumption
about notconnected.
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Solution to Exercise 5.46 (page 101). Assume there is a fohh-logic speci-
fications P over the signature X p. Also, assume that this signature contains
the constants a : 7 and f : ¢ — ¢ — 4, and that the constants d : ¢ and e : i are
not declared in X p. By the specification of subAll, it is the case that

d:ie:i,Ngt subAllda (f de) (f ae).
By Proposition 5.25 and using the substitution of e for d, we know that
e:i,Xg b subAllea (fee) (fae).
But this contradicts the specification for subAll.
Solution to Exercise 6.2 (page 113). Assume there is a cut-free proof of
Fpeg, pteg peq, Pt

Because of the symmetry of replacing p with p and ¢ with ¢*, we can as-
sume, without loss of generality, that this sequent is proved by the following
occurrence of the ® R rule.

Fp, A Fq, A
Fp®gq, pt®q, pRqt, pt@gt

®R

Here, A and A’ are multisets whose union is the three-element multiset p ®
¢, p®qt, pt ®q*. Note first that neither A nor A’ can be empty. Note also
that neither A nor A’ can be a singleton: a simple case analysis shows that
if one of these multisets is a singleton, then the corresponding premise is not
provable. We have reached a contradiction when we note that every possible
partition of 3 elements must contain either an empty or singleton partition.

Solution to Exercise 6.4 (page 114). Let prefix m be one of the following
seven prefixes: empty, !, 7, 17, 20 171 and 7!?7. It is easy to show the
equivalence 7B = 7B for all formulas B. For example, the case for m = 7!
leads to proving the following two entailments.

—— init
!BF!B
— 7D
'BF?!B
————— init — IR
"'BF?!B 'BH17!B
—— 1D 7D
17'BF?!B 'BF?17!B

——— 7 7
7171BF?!B 7IBF?171B

In the case that @ = 17!, similar proofs can be given, although the following
chain of equivalences

nn2B=171?21B=1?!B.
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is more convincing (rewriting subformulas by logically equivalent subformulas
is justified using the cut-elimination result: see Section 4.3.3) Assuming that
the equivalences associated with !, 7, 1?7 and 7! have already been proved, we
can now prove that any prefix 7 that has length 4 or more must be equivalence
to one of shorter length. Thus 7 can be written as bybobzbym’ where the b;’s are
either ! or 7. These first four positions must alternate between these two flavors
of exponentials since otherwise they must contain either !! or 7?7 (which can
be shortened). Thus, 7 must be either ! ?!? 7’ or 71?1 x’. In the first case, we
repeat ! 7, and in the second case, we repeat 7!. In either case, these repeated
patterns can be shortened.

Solution to Exercise 6.20 (page 130). We use the six linear logic connectives
{T,&, L,—, =V} to define the remaining connectives.

Bt)=B—-1 0=T—-o1 1=1l-—-1 BB®C=(B—-1)—C

BaC=((B—-1)&(C—-1l))—~Ll BRC=(B-—-oC-—ol)—ol
Jz.B = (Vo.(B — 1)) — L
I B=(B=1)— Ll "B=(B—ol)=1

Solution to Exercise 6.26 (page 133). Assume that there is a || Lo proof of
a sequent with an empty right side and with only £; formulas on the left side.
Let = be such a proof of minimal height. Consider the last inference rule of =.
This last inference rule cannot be a right-introduction rule since these require
a non-empty right side. Similarly, the last rule is not the decide; or the decide!
rule since these would yield a premise with an empty right side with a shorter
proof. Thus, the endsequent of = must be of the form ¥ W¥;I" || B + -;-.
However, a check of all possible left-introduction rules (LL, % L, and ? L are
not possible) yields at least one premise with an empty right side and shorter
proof. This contradicts the choice of =.

Solution to Exercise 6.27 (page 133). We proceed by induction on the
structure of the | Lo proof Z. By considering all the possible last inference
rules of =, we need to show that a single-conclusion sequent in the conclusion
will guarantee that all premises are also single conclusion: the inductive hy-
pothesis then completes the proof. The only case that is not immediate is the
case for the — L rule, namely,

YoU:IMFALBY YU, | CF AT
YuU: I, Iy | B—-oCF A, A Y

—o

and where A; U As is a singleton multiset. By Exercise 6.26, we know that
As is not empty. As a result, A; must be empty. Thus, both premises of this
inference rule are single-conclusion sequents.
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Solution to Exercise 8.1 (page 167). Let I' be the multiset of atoms
{41,...,A,} (n >0), and let P be B1 % --- ¥ B,,, where By, ..., By, (m > 0)
are also atomic formulas. We can prove by induction on n that P I' is prov-
able in linear logic if and only if n = m and the two multisets {A1,..., A,}
and {Bji,..., By} are equal. If n = 0, this case is immediate since P is L
and the provability of the sequent L F I' implies that I' is empty. If n = 1,
this case reduces to simply showing that the sequent By % --- % B, b A;
is provable if and only if m = 1 and A; and B; are equal. Now, assume
that n > 1 and that Pis (41 ® -+ B A;) B (41 B --- B A,). fPET
is provable then there is a multiset partition of I' into I'y and I's such that
both sequents Ay &% --- % A; -1 and Aj41 9 -+ &% A, F 'y are provable.
By induction, we have that I'y is {Aj,..., A;} and 'y is {A;41,...,A,} and,
hence, I' is {A1,...,A,}. For the converse, it is easy to construct a proof of
A BA AL, A,

Solution to Exercise 8.4 (page 172). Let the program P be the result of
adding the declarations and clauses for leq from Figure 5.3 to the following
declarations and clauses.

type maxa nat -> o.
maxa M :- a M.
maxa M :- a N, a P, leq N P, (a P -o maxa M).

Solution to Exercise 8.5 (page 172). Let the program P be the result of
adding the declarations and clauses for sum from Figure 5.3 to the following
declarations and clauses.

type sumall nat -> o.
sumall M :- a M.
sumall M :- a N, a P, sum N P S, (a S -o sumall M).

Solution to Exercise 9.1 (page 183). Below are two I“-proofs that show
that V,p.p is logically equivalent to f in intuitionistic logic.

— fL
fHf

— VL — fL
Yop.p - f fE=Vop.p

Solution to Exercise 9.3 (page 184). The proofs of cases related to reflec-
tivity and transitivity are straightforward. In the proof related to symmetry, if
the VR rule introduces the eigenvariable p:i — o, then use the term \z.px D pt
in the VL rule.
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Solution to Exercise 9.15 (page 195). The proof of ¥ :: Fy;- F Ej;- is
straightforward since the instantiation needed for the VL rule is simple.

init

X, p By, pt;- I pt = pt;-
decide! init
Y, p: Eo,pt;- = pt; - Y,p: Eo,pt;- || pst ps;-

—o

X, p B, pt;- | pt —o pst ps;-

VL
Y,pu Eo, pt;- | VP.(Pt — Ps) & ps;-
decide!

VL,=R

X,pu Eg,pt; - F psi-
Y E9;- HVP.(Pt = Ps);-

The proof of the converse requires using the VL rule with the slightly more
complex term Aw.pt —o pw. Most of this proof is below.

init

Y,puEy;-bpt—opt;- X,puEypttpt- XopuEr;- | pstps;-
=L, —L

X,p Evspt I (pt —o pt) = pt —o ps b ps;-
Y,pu Eqyypt | VP.(Pt = Ps) F ps;-
Yop Erpth ps;-

Y Ey;- HVYP.(Pt — Ps);-

decide!
VL, —R

Solution to Exercise 10.1 (page 210). Let % : o be a non-logical constant,
let T' be the context containing Vz.(z — * % ), and let I be the context
containing | —o x. The required two proofs are below.

SN R | A I
S N e caD U xbExge cn e LE
S e I cul P x D L Ex;-

cul L L —ox W L x;-
ay L Ve (z —o*x B x) b *;-
SIS I
cul B L —o %

x5 ok

zuI;x b
zullio bk Liaye xaT xb s

zuTiz ) L —oxb*, o

[ Al e

caT B Ve (z — x B x);-
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Solution to Exercise 11.2 (page 228). Applying the mapping

nil — 1
D= Az Ay, itema By
rev — A\xAyAz. (x B y) ooz
reverse — ATAy. x ooy

to the three Horn clauses in this exercise yields the following linear logic for-
mulas, all of which are easily seen as provable in linear logic.

VL, K(L® L oo K) = (L oo K)
VL(L®L oo L)
VX, L, M,N(M® (item X3 N) oo L) = ((item X 3 M)3 N oo L)

Solution to Exercise 12.3 (page 247). A proof that the first implies the
second contains a subproof of the sequent

VEN (k m') b VEN (k m),

and this is proved by introducing an eigenvariable, say ¢, on the right and the
term Aw.(c m) on the left.
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