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Introduction

Logical foundations of arithmetic usually start with a
quantificational logic of relations.

For example: Gentzen's proof of consistency of arithmetic;
Church's STT [1940]; Andrews's textbook [2002].

We want a treatment of functional computation based of relations.

Application: We wish to extended the Abella theorem prover to
have conventional notations, e.g. (3 * x) + 2 < 10, instead of

dxy. times 3 x xy A 3Xs. plus x1 2 xo A lesseq xo 10

We are willing to change the parser and proof automation, but not
the logic.



Earlier approaches

» Enhance the equality theory (e.g., Troelstra) : primitive
recursive functions are black-boxes and all computation
instances (e.g. 23 + 756 = 779) are added as ground
equations.



Earlier approaches

» Enhance the equality theory (e.g., Troelstra) : primitive
recursive functions are black-boxes and all computation
instances (e.g. 23 + 756 = 779) are added as ground
equations.

» Hybridize the logical calculus with terms and confluent
rewriting such as in the All-calculus modulo framework used
in Dedukti (Cousineau & Dowek)



Earlier

>

approaches

Enhance the equality theory (e.g., Troelstra) : primitive
recursive functions are black-boxes and all computation
instances (e.g. 23 + 756 = 779) are added as ground
equations.

Hybridize the logical calculus with terms and confluent
rewriting such as in the All-calculus modulo framework used
in Dedukti (Cousineau & Dowek)

Add choice operators such as Hilbert's € and Church's ¢ to
coerce relations that encode functions into actual functions.



Earlier approaches

>

Enhance the equality theory (e.g., Troelstra) : primitive
recursive functions are black-boxes and all computation
instances (e.g. 23 + 756 = 779) are added as ground
equations.

Hybridize the logical calculus with terms and confluent
rewriting such as in the All-calculus modulo framework used
in Dedukti (Cousineau & Dowek)

Add choice operators such as Hilbert's € and Church's ¢ to
coerce relations that encode functions into actual functions.

If R is an n+ l-ary predicate such that
Vx.([By-R(x, y)I AVyVz[R(X,y) D R(X,2) Dy = 2])

then there exists a n-ary function fg s.t. fgr(X) =y iff R(x,y).
Church formally wrote this using the choice operator ¢:

AX1 o AXpt(AY.R(X1, -« o s Xny Y))
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A new design

We want a new "rule” such that :

= Q(5)

FQ(2+3)

We want to achieve this goal in a purely logical, proof-search
oriented setting. We use the following two ideas.

» A focused proof system to synthesize such rules

> A term representation that helps to translate arithmetic
expression into expressions involving predicate



Focusing: a top-level perspective

» Proof-search in Gentzen's sequent calculus suffer from a great
deal of non-determinancy and redundancy.

> A focused proof system guides proof construction by
distinguishing between invertible and non-invertible rules.

» Such proofs contain an alternation of two phases: the
negative / invertible / “don’t care” phase and the
positive / non-invertible / “don’t know” phase.

» Focused proof systems have two kinds of sequents to build
these two phases.



Road-map

1. We give a presentation of Heyting arithmetic in which fixed
points and term equality are logical connectives. The negative
phase in its focused proof system is determinate (reading it as
a mapping from its conclusion to its premises). Functional
computations are computed by such phases.
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Road-map

1. We give a presentation of Heyting arithmetic in which fixed
points and term equality are logical connectives. The negative
phase in its focused proof system is determinate (reading it as
a mapping from its conclusion to its premises). Functional
computations are computed by such phases.

2. An ambiguity of polarity arises with singletons. If P(-) is a
singleton, then,

Vx[P(x) D Q(x)] = Ix[P(x) A Q(x)] = Q(eP)

It is then always possible to position P in the negative phase.

3. Ultimately: focusing in logic (not arithmetic) can define
administrative normal forms, a term representation which can
connect functions-as-constructors to functions-as-relations.



The propositional fragment

Propositional intuitionistic logic formulas are given by the logical
connectives A, V, and D, the logical constants t and f, and atomic
formulas.



The propositional fragment

Propositional intuitionistic logic formulas are given by the logical
connectives A, V, and D, the logical constants t and f, and atomic
formulas.

A polarized formula P is positive if it is a positive atomic formula
or its top-level logical connective is either t*, f, AT, or V.

A polarized formula N is negative if it is a negative atomic formula
or its top-level logical connective is either t=, A™, or D.
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STRUCTURAL RULES

CNUN - -JE C,T1OF ANA, FﬂPI—~ﬂER
TNAG-F-1ET  THCOFANA, ! ropr-Jg
ry-rpy Ff-F-NE Fi-FNG-
FTh-F-(P" Frh-FEN- " - N
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Interlude: Bipoles

A bipole is a derivation whose conclusion and premises are all
border sequents (of the form I {} - -1} E):

NN E
E Negative phase
CNjPF-TE,
NUPE-JE T
o Positive phase
[NUNF-LE |
TN -F-fE™!

These are the synthetic inference rules.
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Declare the primitive type i and constants z:7and s: /i —i.
z, (s z), (s (s 2)), (s (s (s z))) are abbreviated by 0, 1, 2 etc.

As a Horn clause theory
nat z.
nat (s X) :- nat X.
plus z X X.
plus (s X) Y (s Z) :- plus X Y Z.



Examples of fixed point definitions
Declare the primitive type i and constants z:7and s: /i —i.

z, (s z), (s (s 2)), (s (s (s z))) are abbreviated by 0, 1, 2 etc.

As a Horn clause theory
nat z.
nat (s X) :- nat X.
plus z X X.
plus (s X) Y (s Z) :- plus X Y Z.

As fixed point definitions
nat = pANAn(n =0V 3n'(n=s n' AT N n'))
plus =pAPAnAmAp.(n =0 At m = p) Vv
I (n=sn AN p=sp A" P mp)



Rules for quantification, term equality and fix-point
TYPED FIRST-ORDER QUANTIFICATION RULES
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Rules for quantification, term equality and fix-point
TYPED FIRST-ORDER QUANTIFICATION RULES

YhHt:T YTU[t/x]BF-LE  y .7, X :TH-F[y/x]B1-
S TUVx, BF JE ST -Fvx.B1-

y: 1, :T1[y/x]B,©F Ai{A, YHt:r LT F[t/x]BY-
Yl 3x-.B,0 F A1t A, >:My-+3x..Bl-

EQUALITY RULES [GIRARD, SCHROEDER-HEISTER]

ST s=tOFAD; T T1s=t.0F A1D, ' T F =1l

Provisos: (1) 6 is the mgu of s and t. (f) t and s are not unifiable.
FIXED POINT RULES

YT B(uB)L, A -1 E YT+ B(uB)t)-
S TiuBEAr. g unfold YT - uBEl-

unfoldR
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The polarity ambiguity of singleton sets

Let P be a predicate of one argument such that
F (3x.P(x)) A (VxVy.P(x) D P(y) D x=y)

As a consequence 3x.P(x) A Q(x) = Vx.P(x) D Q(x).
Assume that P is a purely positive formula.

A proof of X: T} F 3Ix.P(x) A Q(x)|- guesses a term t and then
proves X:T|l- = P(t){}- and Z:T|- = Q(t)-.

A proof of X:T 1} - - Vx.P(x) D Q(x) 1} - computes the value that
satisfies P, starting with proving y, X :T 1} P(y) F Q(y) 1} . The
completed phase has the premise L:T 1} - F - 1} Q(t).
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Example

Consider a proof of x, X :T {1 plus2 3 x - (Q x).
Using unfoldL yields

X, L T((2 = 0AT3 = x)vIn'IX' (2 = s "' Atx = s X' AT plus n’ 3 X)) - -1(Q x).
The disjunction introduction rule yields two premises:
(1) x,Z:TH((2=0A"3=x)F -1 (Q x) is proved immediately.
(2) X Tplus13 X' +-1(Q (s X))
x, 0 X' T T (2=sn At x=sx" A plusn’ 3 x)F - (Q x)
X, LT @En3IX2=sn ANt x=sx" AN plusn’ 3 x'))F-1(Q x)

The negative phase terminates with the border premise

Yrfp-F-1(QH5)
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Abstracting away the negative phase, we obtain the following
synthetic inference rule :

- Q(5)
plus2 3 x - Q(x)

F Q(5)

FQ(2+3)
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Phases as abstractions

There are two challenges to making abstractions of negative
phases.

1. Since there may be many paths to compute the same
functional value, the premises of a negative phase may repeat
the same sequents many times. We can identify the premises
of a negative phase as set of border sequents.

2. There are many ways to build a negative phase but all
constructions yield the same border sequents. We will simply
ignore how a phase is constructed.

This latter challenge also holds in confluent rewriting systems:
after finding one path to a normal form, no other paths need to be
considered.



Need for suspensions

Suspension allows some mixing of functional and symbolic
computation. For example, let times be

PATAnAmAp((n = OATp = 0)v3n'3p'(n = s W’ AT T n' m p’ AT plus p' m p))
To prove (0 X (x + 1)) + y =y, we prove the formula
Vu. times0 (s x) uDVv.plusuy vDOv=y

y,u,v, X -ftimes 0 (s x) u, plusuy vEv=y{-



Need for suspensions

Suspension allows some mixing of functional and symbolic
computation. For example, let times be

PATAnAmAp((n = OATp = 0)v3n'3p'(n = s W’ AT T n' m p’ AT plus p' m p))
To prove (0 X (x + 1)) + y =y, we prove the formula
Vu. times0 (s x) uDVv.plusuy vDOv=y

y,u,v, X -ftimes 0 (s x) u, plusuy vEv=y{-
Schedule the times predicate before the plus predicate.
Treating the times predicate causes the instantiation of u.
Then schedule the plus predicate.

Then the negative phase ends with y, > : - - -y =y.

In general: Suspend plus and times if their first argument is an
eigenvariable.
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1. The p-expression contains more than 100 symbols
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Suspension restrictions

S is defined at the mathematics level over the (uBt) expression.

Examples

1. The p-expression contains more than 100 symbols

2. The first term in the list T is an eigenvariable

We need a restriction to enforce determinancy

(x) For all p-expressions (uBt) and for all substitutions 6
defined on the eigenvariables free in that expression, if S
holds for (11Bt)6 then S holds for (1uB%).
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Suspensions during the positive phase

A suspension predicate S is defined only on p-expressions. If S
holds for (uBt), computation is suspended as the unfoldL rule will
not unfold a suspended fixed point.

YT B(uB)E, Al E
ST uBLAF | E

unfoldLt{

|-sequents need a new multiset zone Q.
Mre;QkF AllAs.
Formulas in Q are not “stored” just “suspended”.

Only the decide, release, and initial rules deal with this context. It
only exists in the positive phase.



Term representation using the A\x-calculus
(Brock-Nannestad, Guenot & Gustafsson)

Terms :
Values :

Continuations :

t,u::
pP,q:
k

Ax.t|xk|tp
x|t
el puk| kxt
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Term representation using the A\x-calculus
(Brock-Nannestad, Guenot & Gustafsson)

Terms : tbun= Ax.t|xk|Tp
Values : p,gu= x| |t
Continuations : k= e|pk|rxt

ro-re:Ng- 0 Cfh-F-ft:E &
FFle:N- " Tf-FtEf- "

M-Fp: Pl I
FhFitp: P O Toxiatlbxiatl
Mx:P-F-{t:E R/S Mx:NUNF-Jk: E D — —
FIPFJrxt:E 2 Tx:Nf{-F-fxk:E ' MaFde:a
Mx:Af-Ft:B1- Mr)-+p: Al rBrF- - k:E

/

i owi ASBl. /Y FLASBFE U p k- E
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Two normal forms for simply typed terms

1. When atoms are given a negative polarity then the terms
annotating proofs are in Sn-long normal form :

AX1 ... X\Xp.h t1...tm
Written in Ak-terms :

At . Axph (LE]] e HlEm]] it e)

2. When atoms are given a positive polarity the terms annotating
proofs are in administrative normal form (ANF):

AX1 ... AXp.h (p1i - ipmuky.t) (with ¢ a term in ANF form)
With some syntactic sugar :

AX1 ... \xp.name y = h (p1,...,pm) int



Example: ANF and sharing

f:i — i = iand x:i

[ Y2
0
froe 1
0
X



Example: ANF and sharing

A0
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Example: ANF and sharing

A0
f F fooe 1
/N /N 0

f:i — i — iand x:J
When / is negative:

f(L(F (J(xe) = d(xe) re)) = W(F (d(xe) = l(xe) 1 ¢)) i e)
f(f (x, x), f(x, x))
When | is positive:
fxuxuryr(f y1:y1 0 Kya.y)

name y; = (f x x) in name y, = (f y1 y1) in y»



Mixed term representations

Add the binary infix term constructor + of type i — i — /.

The expression P(2 + 2) can be presented as :

name u = (s z) in name v = (s u) in name x = v + v in P(x)

We now have a mix of
» uninterpreted term constructors (e.g., z and s) and

> interpreted term constructors (+) which will be interpreted by
predicates.
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Interpreting term constructors

The formal introduction of a new interpreted binary term
constructor such as + : i — i — i must be tied to a 3-ary
p-expression R and a formal proof that R encodes a function:

Vx,y([3z.R(x,y,z)] A\V2VZ'[R(x,y,2) D R(x,y,Z') D z = Z]).

Then the formula (name z = x + y in B) is interpreted as either
Vz(R x y zD> B)or 3z(R x y z At B).

TR xy,B,OF A1 A; TR xy,©F B -

YTnamez=fxin BOFAi11A; ~X:T1©Fnamez=fxin B -



Conclusion

- Q(5)
plus2 3 x - Q(x)
Fname x =2 + 3 in Q(x)

,,,,, - b(27£§)7 - ==~ Parse/Translate

Negative Phase

Interpret




Conclusion

We have presented a treatment of functional computation based
on relations providing:

» a method for moving expressions denoting embedded
computation into naming-combinators of the logic (ANF
normal form)

> a mean of organizing introduction rules so that functional
computations can be identified as one specific phase of
computation (the negative phase).

Possible future work:

» Treat more datatypes than numerals; also higher-order
expressions.
» Extend this project to include “functional-up-to-equivalence”.

> Design this into Abella. See: LFMTP 2018 paper by
Chaudhuri, Gérard, and M.



Thank you



Vv, 2T Re Xy, B,© F A1 Ay v, 2T R Xxy,OF B1-

Y:Ttnamey =f xin B,OF A4, > Tt©kFknamey="f Xxin Bf -

Y T't-Fnamex=fXxin B{ - Y:fname x=tin BF-{ A
>:l-Fname x =f X in Bl- Y:[lname x =t in BF A

Figure : Introduction rules for interpreted constructors



The incorporation of the naming context V.

NAME BINDING RULES: the variable x is not bound in ¥ nor in V.

Tixi=t, Wl B,OF A1/, Yox=t,U;T - B1-

Y:V; T tname x=tin B,OF AifA; X:V;Tf-Fnamex=tin B -

Y ox:=t,V;l-+ Bl Yiox:=t,V;I[|BF-JE
>:U;T)-Fname x=tin B|- X:V;lname x=tin BF -|lE

POSITIVE PHASE QUANTIFIER RULES

YW bt S T[t/x]B F -LE
YU TVx, B JE

(W) Rt ST [t/X]Bl-
Y VT F 3x. B
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