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Scheduling Games

n jobs (players) andi machines: a job chooses a
machine to execute. The processing time of job on
maching  Isuj

Such a job-machine assignment Is a strategy pro
The load of maching I§; = Pi
i1 (i)= ]
Each machine specibPepdicyhow jobs assigned to
the machine are to be scheduled (e.qg., SPT, LPT, ...).

Thecost ¢ of a jobi Is its completion time.

The social cosis the makespan, .enax!; = max ¢
J I
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Coordination Mechanism

Coordination mechanism aim to design policies sut

that the self-interested behaviors lead to equilibria wi
small PoA.

Communication is hard or costly (large-scale
autonomous systems in the Internet).

Policies are designed based on local information.

O Strongly locapolicy: a machine looks only at
proc. time of jobs assigned to the machine.

O Localpolicy: depends only on the parameters
of jobs assigned toit! (i)=j — pj' '
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* Strongly local policies:

O Shortest Processing Time First (SPT)
machine 1 N
machine 2 N N .
machine 3 N

0O Longest Processing Time First (LPT)

0 MAKESPAN: if (1) = |
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Policies

Local policies:

O Inefbciency-based policy: greedily schedule jol
in increasing order of ; = p; /qi  where

G = mjip Pjj

Typically, a policy depends on the processing
time of jobs assigned to the machine.
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Non-clairvoyant policies

What about policies that do not require this knowledge
O Incomplete information games

O Private information of jobs

0 Jobs can inf3uence on their completion time by
misreporting their processing time

Non-clairvoyanipolicies

/ ~

existence small PoA
Nash equilibrium
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Natural policies

RANDOM:schedules jobs in a random order.

O In the strategy

G = Di

1
= 5P + 1)

OA job i on maching has an incentive to move
to maching * iff:

Pij +

oroble 1, Is assigned to
2 oo
(D)=, e

IJ > 2pij!+ lJ'
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Natural policies

* EQUI:schedules jobs in parallel, assigning each job a
equal fraction of the processor.

If there arek jobs on machine sa1; ! ... ! Dy
G =Py + ...+ Py +(Kk! i+1)p;

p]_j! cea | Pi A Pkj
fnumber»

<« ->



Models

Def: A job 1 isbalancedf maxp; / minp; ! 2

Def of models:
O Identical machines?; = pPi !J  for some length

O Uniform machinespjj = pi/sj for some spesd

O Unrelated machinegy; arbitrary




Existence of equilibrium

heorem:

O The game under RANDOM policy Is a potential ga
for 2 unrelated machines with balanced jobs but it is
for more than 3 machines. For uniform machines,
balanced jobs, there always exists equilibrium.

O The game under EQUI policy Is a potential game.




InefPclency

Theorem: For unrelated machines, the PoA of policy
EQUI is at most 2m b interestingly, that matches the
best clairvoyant policy.

POA Is not Increased
when processing times
are unknown to the
machines.

POA
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Standard debnitions

Def: A job isunhappyif it can decrease its cost by
changing the strategy (other playersO strategies are P>

Def: abest response (best movef a job is the
strategy which minimizes the cost of the job
(while other playersO strategies are bxed)

Def:Best-response dynamis a process that let an
arbitrary unhappy job make a best response.




RANDOM, uniform machine

Theorem:

O The game under RANDOM policy Is a potential

game for uniform machines with balanced jobs
(balanced speeds).
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Proof: let i’ be a new unhappy job.

O i'was happy on machine and ndw has an
Incentive to move to machinae

la+ pilsa>lp+2pi/sy
et pit/sc> (Ya! pifsa)+t2pi/sa

e+ pit/sc! p+2pi/sy

Hence, (Ssa! sp)(pir! pi) > 0
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RANDOM, uniform machine

Proof: let i’ be a new unhappy job.

O i*was happy on machite and ndv has an
Incentive to move to machine

(P! pir)@2sp! sc) >0

O0The lemma follows.
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Potential function

(1) =(fi Q),s1@),-.-.f1(n),s (n)) lex. decreases

t' is the unhappy player with greatest index in
_ 1 t 0

olf t' <t

1 O
| (!):(1,3! (1),...,1,8! (t!),l,S! (t'+1) ,...,1,3! (t)!)

| (' !):(1,3! (1),...,1,5! (t!),O,S! (t'+1) ,...,O,S!!(t),...)
1 L0

olft' >t : " E"
PM)=Q,s @, Lsi@),---,0,8 11y, - 2)
1) =A,ssy,--- LSy, - 0,8 ¢y, 2)
by Lemmas; 1) > S )
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RANDOM, unrel. machines

Theorem:

O© The game under RANDOM policy Is a potential

game for 2 unrelated machines with balanced jobs but
It Is not for more than 3 machines.

Proof:
OLet! :{1,...,n}! { 1,2} be the current proble.

O The following potential decreases strictly

0}

1D | +3 max{p ) !

Py
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Theorem:

O The game under EQUI policy Is a strong potential
game.




EQUI

Theorem:

O The game under EQUI policy Is a strong potential
game.

Proof:
O Let ' be the current proble.

O The following exact potential decreases strictly

1

= > (C + P (4))

(
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Inefbciency

Theorem: For unrelated machines, the PoA of policy
EQUI is at most 2m.

_ d< theworst

The knowledge about
JobsO characteristics Is PoA
not necessarily needed.
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Proof (sketch)

If there arek jobs on machine st ! ... ! pg

G =Py +...% pnaj +(k! 1+1)p;

| 11

Proof: g = mjin Pi g! maoOPT

1=1

Q(1) ;= arg mjin Pi
0O Rename jobs suchth& ! ! ...! O

O Lemmaln any NE,
G! 2+ ...+2¢G,1+(n" 1+1)q

O Proof: ¢! noi = the worst cost onQ(1)
2! qm+(n" 1)g = the worst cost onQ(2)




Proof (sketch)

O By monotonicity of(¢ )i,
makespars max ¢
I

I max(2q; +
!

2 g
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L ower bound

* Theorem:The strong PoA of EQUI is at least (m+1)/4.

* Proof (idea):
O m groups of jobsJ1,...,Jdn
0 Jobs inJ; can be scheduled only on machines 1

NE
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needed while restricting to strongly local policies.

O Study the existence of equilibrium for RANDOM
INn two unrelated machines and in uniform machines.

0 Designing local policy with PoAaflog m)




