CHAPTER 8
Counting, coding and sampling
with words
Contents
8 Counting, coding and sampling with words 1
8.0 Imtroduction . . . . .. ... ... 2
8.1 Counting: walks in sectors of the plane . . . . . ... ... ... 3
8.1.1 Unconstrained walks and rational series . . . .. .. .. 3
8.1.2 Walks on a half line and Catalan’s factorization . . . . . 5
8.1.3 Walks on a half plane and algebraic series . . . . .. .. 8
8.1.4 Walks on the slitplane and the cycle lemma . . . . . .. 11
8.2  Sampling: polygons, animals and polyominoes . . . . . . . . .. 14
8.2.1 Generalities on sampling . . . . ... ... ... ... 16
8.2.2 Parallelogram polyominoes and the cycle lemma . . . . . 16
8.2.3 Directed convex polyominoes and Catalan’s factorization 18
8.2.4 Convex polyominoes and rejection sampling . . . . . . . 20
8.2.5 Directed animals . . . . ... ... ... .. L. 22
8.3 Coding: treesand maps . . . . . . . . ... 25
8.3.1 Plane trees and generalities on coding . . ... ... .. 26
8.3.2 Conjugacy classes of trees . . . . .. .. ... .. ..., 28
8.3.3 The closure of a plane tree . . . . . . ... ... ..... 29
8.3.4 The opening of a 4-valent map . . ... ... ... ... 31
8.3.5 A code for planar maps . . . . . .. ... ... L. 34
84 Notes . . . . . . . . 36
Problems . . . . . . . ... 37
Bibliography 39
Index 42

Version February 6, 2004



2 Counting, coding and sampling with words 8.0

8.0. Introduction

This chapter illustrates the use of words to derive enumeration results and
algorithms for sampling and coding. Although it can be read independently, it
is intended as a companion to Chapter 11, Words and trees, in Lothaire 1999.

Given a family C of combinatorial structures, endowed with a size such that
the subset C,, of objects of size n is finite, we consider three problems:

— Counting: determine for all n > 0, the cardinal Card(C,) of the set C, of

objects with size n.

— Sampling: design an algorithm RANDC that, for any n, produces a random
object uniformly chosen in C,,: in other terms, the algorithm must satisty,
for any object O € C,, P(RANDC(n) = O) =1/ Card(Cy,).

— Optimal coding: construct a function ¢ that maps injectively objects of C
on words of {0,1}* in such a way that an object O of size n is coded by
a word ¢(O) of length roughly bounded by log, Card(C,).

These three problems have in common an enumerative flavour, in the sense
that they are immediately solved if a list of all objects of size n is available.
However, since in general there is an exponential number of objects of size n
in the families we are interested in, this solution is by no way satisfying. For
a wide class of so-called decomposable combinatorial structures, including non
ambiguous algebraic languages, algorithms with polynomial complexity can be
derived from the rather systematic recursive method. Our aim is to explore
classes of structures for which an even tighter link exists between counting,
sampling and coding.

For a number of natural families of combinatorial structures, the counting
problem has indeed a “nice” solution: by nice could be intended that there
is a simple formula for Card(C,), that the generating series ) -, Card(Cy,)z"
is an algebraic function, etc. The rationale of this chapter is that these nice
enumerative properties are the visible “traces” of deeper structural properties,
and that making the latters explicit is a way to solve simultaneously and simply
the three problems above.

The enumeration of walks on lattices (Section 8.1) is an inextinguishable
source of nice counting formulas. These formulas can often be given simple
interpretations by viewing walks as words on an alphabet of steps, and using
ingredients of the combinatorics of words. In particular we shall consider some
rational and algebraic languages, shuffles and the cycle lemma.

Convex or directed polyominoes (Section 8.2) illustrate the idea that nice
combinatorial properties help for sampling. Since enumeration and random gen-
eration of general polyominoes appear intractable, it was proposed in statistical
physics to study subclasses like convex or directed polyominoes, that display
better enumerative properties. These objects can be described in terms of sim-
ple languages, often algebraic, and this leads to efficient random generators.

The family of planar maps (Section 8.3) is a further example of class with
unexpectedly nice enumerative properties. Maps are the natural combinatorial
abstraction for embeddings of graphs in the plane and for polygonal meshes
in computational geometry, and maps were also largely studied in theoretical
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8.1. Counting: walks in sectors of the plane 3

physics. Toy models of statistical physics, like percolation or the Ising model,
are often studied on regular lattices, but also on random maps. The uniform
distribution indeed appears to give, at the discrete level, the right notion of dis-
tribution of probability on possible universes as prescribed by quantum gravity.
In these various contexts, results have been obtained independently on counting,
sampling and coding problems. Again we rely on a combinatorial explanation
of the enumerative properties of planar maps to approach these three problems.

Most of the time, we state and prove results for some particularly simple
structures, while they are valid for more generic families (e.g. walks with more
general steps, polyominoes on other lattices, maps with constraints). We made
this choice to maintain the chapter relatively short, but also because on these
simple structures the “traces” are more visible, and the underlying combina-
torics appears more explicitly.

All the objects that are considered in this chapter have nice geometric in-
terpretations in the plane. We have chosen to rely on the geometric intuition of
the reader to support these interpretations, and concentrate the proofs on the
combinatorial aspects.

8.1. Counting: walks in sectors of the plane

A (nearest neighbor) walk on the square lattice Z? is a finite sequence of vertices
w = (wo,wr, ..., wy) in Z2 such that each step w; —w;_1, for 1 < i < n, belongs
totheset S = {(0,1),(0,—1),(—1,0), (1,0)}. The number of steps n is the length
of w; wy and w,, are respectively its startpoint and endpoint. The reverse walk
of w is the walk @ = (wy,,wp_1,..., w1, wp). A loop is a walk with identical
startpoint and endpoint.

Elements of S are also denoted w,d,l,r — standing for up, down, left and
right. Unless explicitly specified, we consider walks up to translation, or equiv-
alently, we assume that they start from the origin (0,0). A walk can thus be
seen as a word on the alphabet S = {u,d,l,r} and we identify the set of walks
with the language {u,d,[,r}*, making no distinction between both of them.

In the rest of this section, we study families of walks with various boundary
constraints: on a line, a half line, a half plane, a quarter plane, and finally, on
the slitplane. This is the occasion to introduce enumerative tools that will be
of use in later sections.

8.1.1. Unconstrained walks and rational series

Let us first consider walks that use only vertical steps (i.e. u or d), and hence
stay on the axis (x = 0). These walks are sometimes called one-dimensional
simple symmetric walks, and are often considered in their “time stretched” ver-
sion: each step w or d is replaced by a (1,1) or (1,—1) step, in order to give an
unambiguous representation in the plane, as illustrated by Figure 8.1. Up to
a m/4-rotation, these walks are in one-to-one correspondence with walks with
steps in {u,r} and as such, are sometimes called staircase walks, or directed
two-dimensional walks.
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(a) On an axis, (b) stretched, (c) and rotated.

Figure 8.1. Three representations of the one-dimensional walk duuudu.

Counting these walks with respect to their length ¢ amounts to counting
words on {u,d} of length ¢, and there are 2¢ of those. Restricting them to end
at ordinate j, with £ = 2n + |j| for some nonnegative n, is hardly more difficult:
for 7 > 0, the corresponding words are arbitrary shuffles of n + j letters u and
n letters d, and similarly for j < 0, they are shuffles of n letters w and n — j
letters d. Hence the number of walks of length 2n + |j| ending at ordinate j is

(271:; |J'|>'

It will be convenient to express enumerative results in terms of languages
and generating functions. In this case, the language V of walks on the vertical
axis is just {u, d}*. Equivalently, in the algebra Q({u,d)) of formal power series
in non commuting variables, the language V (viewed as the formal sum of its
words) is uniquely defined by the linear equation:

V=c+ (u+d)V, (8.1.1)

which corresponds to the non ambiguous decomposition: “a walk is either the
empty walk or made of a step u or d followed by a walk”.

Define now §(w) = |w|, — |w|q for any word w on S, so that §(w) is the final
ordinate of the walk w. The generating function of the language V with respect
to the length (variable t) and the final ordinate (variable y) is

Vity) =Yty
weyY

which is an element of the algebra Q(y)[[t]] of formal power series in the variable
t with coefficients that are rational functions in y.

Observe that |.| and § are morphisms of monoids (S*,) — (Z,+), so that
V(t;y) can be viewed as the commutative image of V by the morphism of algebra
w = 1y from Q((u,d)) to Q(y)[[t]]. Taking the commutative image of
Equation 8.1.1, the generating function V(¢;y) satisfies:

Vit;y) =1+ (ty + ty~ ")V (t;y).
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8.1. Counting: walks in sectors of the plane 5

An explicit expression of V (¢; y) follows, and its expansion of course agrees with
the previous direct enumeration:

Vi) = 92 (y+y fi( >tm -

m=0 k=0

The commutative image mechanism produces a priori a formal power series
of Q(y)[[t]], but, as in the present example, it retains properties of the initial
language: the series V(¢; y) of the rational language {u, d}* is a rational function
of t and y, i.e. belongs to Q(¢,y). Walks with more general steps are dealt with
in a similar way: for instance the language W associated to walks in Z? is S*
and the generating function of these walks with respect to the length and the
coordinates of the endpoint is:

1
l—(z+zt+y+y 1t

W(t;a,y) =

Another illustration is given by the family of walks that never immediately undo
a step they have just done. Their language is the set of words avoiding the factors
{ud, du,lr,rl} which is well known to be rational. Accordingly their generating
function with respect to the length and the coordinate of the endpoints belongs
to Q(t,x,y). Conversely, when the generating function of a set of objects is
rational, it is natural to try to encode them by words of a rational language.

8.1.2. Walks on a half line and Catalan’s factorization

We shall now consider walks that stay on the upper half axis (x = 0, y > 0).
More precisely let the depth of w be the absolute value of the minimal ordinate
0(v) for all prefixes v of w. Walks that stay on the upper half axis are exactly
the walks with depth zero, and this condition is called the nonnegative prefix
condition. Loops satisfying the nonnegative prefix condition are often called
Dyck words on the alphabet {u,d}. In turn, walks satisfying the nonnegative
prefix condition are sometimes referred to as Dyck prefizes, since any of them
can be completed into a Dyck word. See Figure 8.2 for examples. Let D denote
the language of Dyck words and D,, the set of Dyck words of length 2n. The
following lemma gives a central role to Dyck words.

LeMMA 8.1.1 (Catalan’s factorization). The language {u,d}* of one-dimen-
sional walks admits the following non ambiguous decomposition:

{u,d}* = (Dd)*D(uD)".
More precisely, the language of walks with depth { and ending at ordinate j is
(Dd)*D(uD)’*+*
Proof. For any word w on the alphabet {u,d} with depth ¢ and final ordinate

J, such a factorization is obtained at first passages from ordinate ¢ 4+ 1 to ¢ for
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6 Counting, coding and sampling with words 8.0

(a) a Dyck word, (b) a Dyck prefix.

Figure 8.2. The family of Dyck words (stretched representations).

} W4 }

Wy W Ws wr ws Wy
| |
Figure 8.3. Catalan’s factorization of a walk in (Dd)*D(uD)5.
i =—1,...,—¢ and last passages from ordinate i toi + 1 fori = —¢,...,j — 1.

The uniqueness of the decomposition follows from the fact that any strict prefix
v of a word in Dd satisfies §(v) > 0 by definition of D, and hence does not
belong to Dd. n

Catalan’s factorization immediately allows us to derive the total number of
walks on the half line.

PROPOSITION 8.1.2. The number of Dyck prefixes of length m is

(1)

Proof. A Dyck prefix of even length is a walk with depth zero and even final
ordinate 2j for some integer j > 0. According to Lemma 8.1.1, the language of
these words is D(uD)?/. Upon changing the j first factors u in factors d, words
of length 2n in this language are in bijection with words of length 2n in the
language (Dd)?D(uD)?, i.e. with words of the language of loops with depth j.
Hence Dyck prefixes of length 2n are in bijection with loops of the same length,
and their number is (*").

Similarly, a Dyck prefix of odd length ends at ordinate 2j+1, for some j > 0.
But words of equal length in the languages D(uD)**! and (Dd)!D(uD)+! are
in bijection. The union of the last languages for all j > 0 is the set of words w
with §(w) = 1, (*"*') of which have length 2n + 1. "

Version February 6, 2004



8.1. Counting: walks in sectors of the plane 7

The previous proof can be summarized as follows: find a factorization into
Dyck factors separated by some specific steps (typically first or last passages),
and then reorganize the factorization without modifying the Dyck factors. We
shall apply this principle again to give a bijective enumeration of Dyck words.

PROPOSITION 8.1.3. The number of loops of length 2n that stay on the half
axis (x =0, y > 0) is the n-th Catalan number:

C, = 1 <2n>
n+1l\n
Proof (as a corollary of Proposition 8.1.2). Removing the last step of a Dyck
prefix of length 2n + 1 yields a prefix of length 2n. In this way every Dyck

prefix of length 2n is obtained twice, except for Dyck paths that are obtained
only once. Hence (2”7;"1) = 2(27?) — Card D,,, and the formula follows. n

Proof (direct bijection). We prove the relation (n+ 1) Card D, = (*") by giving
a bijection between the set of pairs (v, v") with vv’ € D;, and v empty or ending
with a letter u, and the set of loops of length 2n. To do that we first state two
factorizations that follow from Lemma 8.1.1:

~ the set of pairs (v,v') as above with §(v) = £ is (Du)’ x D(dD)*;

— the set of loops with depth ¢ is (Dd)‘D(uD)*.
Exchanging u and d factors in these decompositions leads to the announced
bijection. [

The same idea allows to refine the enumeration of Dyck prefixes.
ProproOSITION 8.1.4. The number of Dyck prefixes of length 2n + j and final

ordinate j > 0 is
Jj+1 [2n+j
n+j+1 n )

Proof. We prove the formula by giving a bijection between pairs (w, i) where w
is a walk with 6(w) = j and i € {0,...,j}, and pairs (w’, k) where w' is a Dyck
prefix with §(w') = j and k € {0,...,n +j}:

— to any pair (w, ¢) as above, associate (w;, ..., w;,wo,...,w;—1) where wy is
the loop and the other w, are the Dyck paths such that w = wouwy - - - uw;
(this is the decomposition at the last passages at level 0, ..., j).

— to any pair (w', k) as above, associate (wy, ..., @, ..., w}), where the wy
are the Dyck words such that w' = wyuwy - - - uw}, i is the index of the w;
containing or following the kth letter u in the word ww', and w} = (v,v")
is the factorization of w} after this letter.

The bijection in the second proof of Proposition 8.1.3 allows to transform the
pair @} = (v,v) in a loop, so that both sets are associated to the same set of
sequences of j + 1 walks. n
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Figure 8.4. An excursion in the half plane.

8.1.3. Walks on a half plane and algebraic series

Walks in the half plane (y > 0) are hardly more complicated to enumerate than
walks on the half line. Indeed, as words on the alphabet S, these walks are
completely characterized by the fact that all their prefixes v contain at least as
many letters u as letters d. Hence the associated language is the set of shuffles
of vertical Dyck prefixes with sequences of horizontal steps. Various formulas
can be derived from this characterization: for instance, the number of loops of
length 2n that stay in the half plane (y > 0) is

2 (o) (1) -+

Rather than going further in this direction, we shall observe that the set of
these walks is an algebraic language and return to generating functions. Con-
sider the alphabet Ay, = {u,d,z1,...,x}, and the monoid morphism § defined
as previously by 6(w) = |w|y, — |w|q. The language M*¥) of k-colored Motzkin
words is the set of words w on the alphabet Ay satisfying 6(w) = 0 and the
nonnegative prefix property. For k& = 0 this is the Dyck language. For k = 2,
upon setting x; = [, x5 = r, bicolored Motzkin words are excursions in the half
plane, i.e. walks in the half plane (y > 0) that finish on the axis (y = 0).

The language of k-colored Motzkin words admits an algebraic description:

MB =t (2 + ..+ 2 ) M L uMBgME) (8.1.2)

which derives immediately from the non ambiguous decomposition of any non
empty Motzkin word at its smallest non empty prefix v such that §(v) = 0.
Taking the commutative image, the generating function M *) () = Y wem® tlwl
of the Motzkin language with respect to the length satisfies the equation:

M®) (4 =1+ ktM® () + 2M® ()2 (8.1.3)

Observe that this equation completely determines M (*¥)(t), since it has a unique
solution in the space of formal power series in the variable ¢ (as can be checked
by induction, extracting the coefficient of ¢" on both sides).

Any additive parameter can be taken into consideration in the commutative
image. For instance the previous algebraic decomposition yields the following
proposition in the case of bicolored Motzkin words.

Version February 6, 2004



8.1. Counting: walks in sectors of the plane 9

PRrROPOSITION 8.1.5. The generating function for walks in the half plane re-
turning to the axis (y = 0), with respect to their length, abscissa of the endpoint
and number of vertical steps, is:

1—t(w+%)—\/[1—t(w+%+2z)][1—t(:v+%—2z)]

2t222

M (t;2,2) =

Proof. Taking the commutative image with the map w — t/®/gwl-—lwh zlwlu+lwla
yields the equation

1
M (tz,2) =1+ t(z + E)M(Q) (t;z,2) + 222 M P (82, 2)2.
The discriminant of this equation is
1
Aty z,z) = [t(z + 5) — 1% — 41222,

and among the two roots of the quadratic equation, only the one of the propo-
sition is a formal power series in t. n

Equation (8.1.3) shows that the series M (¥)(t) satisfies a relation of the form
P(M®)(t),t) = 0 with P a polynomial, which means that it is an algebraic
formal power series. This illustrates the fact that algebraic languages that
admit a non ambiguous algebraic description naturally have algebraic generating
functions with respect to additive parameters. Conversely, when the generating
function of a set of objects is algebraic, one would like to obtain it from an
algebraic description of the objects (or more formally from an encoding of the
objects by the words of an algebraic language with a non ambiguous description).
In this sense, Equation (8.1.2) is more satisfying than Catalan’s factorization,
even though the commutative image of the latter also induces an algebraic
equation.

Expanding the generating function M®)(t,1,1) = (1 — 2t — /T — 4t)/2t* in
powers of ¢, one observe the following amusing result (¢f. Problem 8.1.5).

COROLLARY 8.1.6. The number of bicolored Motzkin words of length n is
given by the Catalan number C)p41.

Loops in the up diagonal quadrant (z+y > 0, y > x) are simple to describe:
let w be such a loop of length 2n, and consider the projections of the walk on
the two diagonals (z = y) and (z = —y). Let {a, b} be the elementary steps on
these two axes, with a corresponding to up steps and b to down steps. Steps in
72 have the following projections:

u — (a,a) d — (b,b) [ — (b,a) r — (a,b)

and the projections of w on the diagonals are Dyck words of length 2n on
{a, b}; reciprocally any pair of Dyck words of same length over this alphabet
corresponds to a loop in the up diagonal quadrant. Hence:
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10 Counting, coding and sampling with words 8.0
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(a) A walk in the diagonal up quadrant. (b) A loop in the first quadrant.

Figure 8.5. Walks in quadrants.

ProrosiTION 8.1.7. The number of loops of length 2n that stay in the diag-
onal quadrant (x +y > 0, y > z) is given by:

C2.

More generally, any walk of length 2n + |i| + j and endpoint (¢, 7) in the up
diagonal quadrant is described by its projections on the two diagonal axes; these
projections are decoupled Dyck prefixes of length 2n + |i| + j with respective
ordinate of the endpoint ¢ + 7 and j — ¢. Hence:

PROPOSITION 8.1.8. The number of walks of length 2n + |i| + j and endpoint
(i,7) that stay in the diagonal quadrant (x +y > 0, y > x) is given by:

G+i+1D)(G—i+1) <2n+|i|+j> <2n+|i|+j>
(m+j+il+)n+j5+1) n 4+ || n ’

and the total number of walks of length n that stay in the diagonal quadrant
(x+y >0, y>ux)is given by
)
151/

The case of loops in the first quadrant (z > 0, y > 0) is quite similar. These
loops are words w on S such that both restrictions of w to {u,d} and to {I,r}
are Dyck words; hence the language of loops in the first quadrant is the shuffle
of the Dyck languages on {u,d} and {l,r}.

ProrosiTION 8.1.9. The number of loops of length 2n that stay in the quad-
rant (x > 0, y > 0) is given by:

" /2n 1 on +2\°
Z <2k>0kcnk B (2n+1)(2n+2)<n+1> '

k=0
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8.1. Counting: walks in sectors of the plane 11
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(a) A walk on the slitplane. (b) The factorization of a walk.

Figure 8.6. On the slitplane.

The general case of walks with given length and endpoint or with given
length is similar to the case of the diagonal quadrant and left to the reader.

A remarkable consequence of these formulas is that the languages of walks
in the diagonal (or in the standard quadrant) cannot be an algebraic language:
on the one hand the asymptotic number of walks of length n in the diagonal
quadrant, (Ln72 J)2, grows like 4”/n when n goes to infinity; on the other hand,
the possible asymptotic behaviors of the Taylor coefficients of an algebraic series
are classified, and do not include the form p"n~* for i a positive integer; therefore
the generating function of walks in the diagonal quadrant is not algebraic, and
the associated language cannot be algebraic either.

8.1.4. Walks on the slitplane and the cycle lemma

We call slitplane the complement of the half axis (z = 0,y < 0) in the square
lattice Z2. Walks on the slitplane are defined as walks that do not touch this half
axis except maybe at their startpoint or endpoint, as shown in Figure 8.6(a).

The tool we shall use to enumerate walks on the slitplane is the so-called
cycle lemma. For any alphabet A endowed with a morphism ¢ : (A,-) = (Z,+),
a word w in A* is said to have the Lukasiewicz property if every strict prefix v
of w satisfies §(v) > §(w).

LeEMMA 8.1.10 (Cycle lemma). Let A be an alphabet endowed with a mor-
phism § : (A,") = (Z,+). Then a word w in A* such that §(w) = —1 ad-
mits a unique factorization wyws with w; non empty such that wowy has the
Lukasiewicz property.

Proof. Let wy be the shortest prefix of w with §(w;) equal to the depth of w.
Then wow; has the Lukasiewicz property. Moreover, let us verify that there is
no other such factorization. First assume that w/ is a prefix of w shorter than
wy. Then the prefix w" of wh of length |wq| — |w]| satisfies 6(w") < 0 and is
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also a strict prefix of whw/|. Hence whw] has not the Lukasiewicz property. It
remains to consider the case of a prefix w] of w longer than w;. The suffix w"
of wy of length |w]| — |wy| satisfies 6(w) > 0 and is also a suffix of whw]. Since

moreover d(whw]) = —1, whiw] has not the Lukasiewicz property. "
COROLLARY 8.1.11. Consider the alphabet A = {a1,as2,...,a;}, endowed
with a morphism ¢, and let ny,ns,...,n; be nonnegative integers such that,

k
Z nié(ai) =—1.
i=1

Then the number of words with n; letters a; for any 1 < ¢ < k that have the
Lukasiewicz property is equal to:

1 ny+...+ng
ny+...+ng Ni,...,NE '
Proof. For any word w as above, §(w) = —1, so that the conjugacy class of w

contains |w| different words. According to the cycle lemma exactly one of these
ny + -+ - + ng words has the Lukasiewicz property. The formula follows. [

For A = {u,d} with §(u) = 1, §(d) = —1, the set of words enumerated
by the previous corollary is the Dyck-Lukasiewicz language Dd, and we recover
Proposition 8.1.3.

COROLLARY 8.1.12. Let C be a code for a set of words on the alphabet A.
Then the generating function (with respect to the length) for Lukasiewicz words
w in C* such that §(w) = —1 is equal to

1
—1 -
[y~ ]log 7= C)

where C(t;y) is the generating function of the code C with respect to the length
(variable t) and to ¢ (variable y).

Proof. The generating function of words on the alphabet A with & factors in C is
C(t;y)*. Restricting the generating function to words w with §(w) = —1 is done
by taking the coefficients of y~! in the series. The fraction of these words that
have the Lukasiewicz property is then 1/k, so that their generating function is

1 1 . = [yt :
gm 106w)" =l Nos =557

To study walks on the slitplane, it is natural to decompose them at points
where they touch the vertical axis (z = 0), as shown in Figure 8.6: any walk
w on the plane that finishes on the vertical axis can be uniquely factored into
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8.1. Counting: walks in sectors of the plane 13

vertical steps on this axis and primitive excursions in the left or right half plane;
in other terms, the language of these walks is

(u+d+IMOr +rMT)*

where M® and M (") respectively denote the set of excursions in the left half
plane (z < 0) and in the right one (z > 0). Hence the set {u, d}UIMOrur M
forms a code C for walks on the plane ending on the vertical axis: these walks
can thus be viewed as walks on the axis (z = 0) with the infinite set of steps C.

To apply the cycle lemma to walks on the slitplane, we consider again the
morphism §(w) = |w|, —|w|q- Let us single out the class of walks on the slitplane
that start at position (0,1) and end on the half axis at position (0,0): these
walks are exactly the Lukasiewicz words w in C* such that §(w) = —1.

PRrROPOSITION 8.1.13. The number of walks on the slitplane with startpoint
(0,0), endpoint (0,1) and length 2n + 1 is:

o _ 1 dn + 2
T o2\ 2n+1)°

Proof. Let C(t;y) be the commutative image of C, so that 1/(1 — C(t;y)) is
the generating function of words on the code C. Observe that a 7/2- (respec-
tively —m/2-) rotation maps bijectively words of length n in M® (resp. M ("))
on words of length n in the bicolored Motzkin language M) hence Proposi-
tion 8.1.5 yields:

1

log——n =t (lg— L1 41
*T-Cly) 2\ *T-tyri+2 °

v
L—tly+5 —2)

:%Z%((y+i+2)”+(y+%—2)”).

n>1

1

The formula follows by extracting the coefficient of y~* and resumming. ]

The above proof does not yield an interpretation of the occurrence of Catalan
numbers in Proposition 8.1.13. We conclude this section with a more direct
derivation.

Proof of Proposition 8.1.13 (bis). We are interested in walks w such that

= fwls = [w]r, and fol = |wl, + 1,

— and for any strict prefix v of w, either |v|; # |v|,, or |v], > |v]4-
The first condition accounts for the displacement between the startpoint and
endpoint, while the second one ensures that the walks stay in the slitplane. Let
us describe a one-to-one correspondence ¢ between these walks and excursions
of even length in the half plane (bicolored Motzkin words). The result then
follows from Corollary 8.1.6.

Let w be a walk as in the proposition. Since |w|q = |w|, + 1, Lemma 8.1.10

yields a unique factorization of w in w;dw, such that each proper prefix v of
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(a) A walk w on the slitplane. (b) The half plane excursion @(w).

Figure 8.7. On the slitplane.

wowyd satisfies |v|, > |v|q: this is the factorization at the first arrival to the
lowest level. Let wy be the walk that is symmetric to we with respect to the
vertical axis (z = 0), and p(w) be equal to wow;. Then ¢(w) is a bicolored
Motzkin word, corresponding to an excursion in the half plane (y > 0) of length
2n. Moreover the factorization wow; of p(w) is the factorization at the first
passage on the lowest point on the vertical line of equidistance between the
startpoint and endpoint of ¢(w).

Conversely, given a bicolored Motzkin word w', let wjw} be its factorization
at the first passage on the lowest point on the vertical line of equidistance
between its startpoint and endpoint. Let ¢ (w') = widw|. The walk ¢ (w') is
clearly a walk in the slitplane from (0, 1) to (0,0), and ¢(¢(w')) = w'. Moreover,
Y(p(w)) = w for any walk w as in the proposition, and this concludes the proof.

]

As discussed in Section 8.1.3, the language of bicolored Motzkin words has
a very natural algebraic decomposition. However this decomposition does not
carry very well through the bijection.

8.2. Sampling: polygons, animals and polyominoes

A walk on the square lattice Z? is called a self-avoiding walk, or a path, if it
visits at most once each vertex of the lattice. A self-avoiding polygon, or simply
in this text, a polygon, is a self-avoiding loop.

An animal is a set A of vertices of the lattice such that any two vertices of
A are connected by a path visiting only vertices of A. Animals are considered
up to translations of the lattice. Placing a unit square centered on each vertex
of A, we obtain a polyomino. The latter are however more naturally defined as
edge-connected sets of squares of the lattice. These definitions are illustrated
by Figure 8.8. Each polygon is the contour (or the boundary) of a simply-
connected polyomino, and in the plane this is a one-to-one correspondence (see
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(a) A polygon, (b) an animal, (c) and a polyomino.

Figure 8.8. Three related classes of objects.

(a) A convex polyomino. (b) A directed polyomino.

Figure 8.9. Subclasses of polyominoes.

Figures 8.10, 8.11 and 8.12). In particular the length of a polygon corresponds
to the perimeter of the polyomino. A polygon has moreover dimension (p,q)
if the smallest rectangle in which it can be inscribed has horizontal width p
and vertical width ¢. Finally the area of a polyomino is its number of cells,
corresponding for animals to the number of vertices.

Little can be said from the enumerative point of view on animals, polygons
or polyominoes in general. Two ideas have however been particularly successful
for defining subclasses amenable to mathematical study and still of interest:
restriction to convex or to directed objects. A polygon of dimension (p,q) is
convez if its length is 2p+ 2¢. This definition stresses the fact that convex poly-
gons are in some sense the most extended polygons, and do not make meanders.
An equivalent, but maybe more appealing interpretation is in terms of polyomi-
noes: a polyomino is convex if its intersection with any horizontal or vertical
line is connected. A polyomino (respectively an animal) is directed if there is
a cell (resp. a vertex) from which every cell (resp. vertex) can be reached by
a path going up or right inside the object. These definitions are illustrated by
Figure 8.9.
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16 Counting, coding and sampling with words 8.0

8.2.1. Generalities on sampling

Together with the enumerative questions, much interest has been given to the
properties of random animals, polyominoes and polygons. By random is meant
here the uniform distribution: objects of equal size are given equal probability
to appear. We illustrate this trend by concentrating on the derivation of random
generators. In order to describe these algorithms, we assume that we have at
our disposal a perfect random number generator RAND(m,n) that outputs an
integer of the interval [m, n] chosen with uniform probability: for all m < i <,

P(RAND(m,n) =) = 1/(n—m+ 1).

We assume unit cost for arithmetic operations and for calls to the generator
RAND(). These randomness and complexity models are justified by the fact
that our algorithms only sample and compute on integers that are polynomially
bounded in the size of the objects generated.

We shall need a random sampler for elements of &(w), the set of permu-
tations of the letters of a fixed word w. The following algorithm does this by
applying a random permutation to the letters of w.

RANDPERM(w)
1 for i+« 2to |w| do
2 SwaP(w[i], w[RAND(L,1)])

3 return w

LeMMA 8.2.1. RANDPERM(w) returns in linear time a random element of
S(w) under the uniform distribution: for all w' € &(w),

1
P(RANDPERM(w) =w') = ———c—.
( (W) =v) = CadEw)
Proof. A permutation o on the set {1,...,n} has a unique decomposition as a

product ¢ = 7, ... 72 of transpositions of the form 7; = (j;,4) with 1 < j; < 4,
and conversely any such decomposition provides a permutation. Therefore,
the call RANDPERM(w) on a word w with distinct letters generates a uniform
random permutation of the letters. Upon labelling identical letters by their
initial place, we conclude that uniformity is also preserved in the general case.

|

In the rest of this part, we describe random sampling algorithms for convex
polygons and directed animals.

8.2.2. Parallelogram polyominoes and the cycle lemma

A convex polyomino P is a parallelogram polyomino if its contour contains the
bottom left and top right corners of its bounding box. Equivalently, its contour
must be a staircase polygon, i.e. a polygon made of two up-right directed paths,
meeting only at their extremities. These upper and lower paths, being directed,
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Figure 8.10. A parallelogram polyomino and its contour.

can be coded with two letters. For later purpose, it will be convenient to code
them on the alphabet {h, v}, with h standing for a horizontal step and v standing
for a vertical step. Starting from the bottom left corner, let vw;h be the word
coding the upper path, and hwsv be the word coding the lower path (there
is no choice for first and last letters). If P has dimension (p 4+ 1,¢ + 1) then

|wi|n = |we2|n = p and |wi|, = |ws2|, = ¢. The reduced code of a staircase
polygon w is the word on the alphabet A = {(¥), (%), (}), (")} obtained by

stacking the two words w; and w». In the example of Figure 8.10, the two paths
are respectively vwih = v -vhvhvvhhhvhh-h and hwsv = h - hhvhvhvvhhoh - v.

Words on A that code for staircase polygons are characterized by the facts
that they have an equal number of letters h in both rows, and that their prefixes
contain at least as many letters (Z) as letters (Z) indeed, the morphism §
induced by {6(}) =1, 6(2) = -1, 5(2) = 0(}) = 0} measures the distance
between the upper and lower paths along diagonals, and the positive prefix
property expresses the condition that the upper and lower paths do not meet
before their endpoint. Codes of staircase polygons are thus essentially bicolored
Motzkin words.

This characterization suggests to construct staircase polygons by applying
the cycle lemma to words of the set S(p,q) of words of length p+ ¢+ 1 on A
with p + 1 letters h and ¢ letters v in the first row, and p letters h and ¢ + 1
letters v in the second row:

STAIRCASE(p, q)

1 w} + RANDPERM(hPT1v?) > generate w' = (:i) € S(p,q)
2 wh < RANDPERM(hPviT!)

3 (m,dy,) < (0,0) > seek the position m of the
4 60 > leftmost minimum w.r.t ¢

5 fort+ 1ltop+qg+1do

6 if (wi[i],w}[i]) = (v, h) then

7 dd+1

8 elseif (wi[i],w}[i]) = (h,v) then

9 d<d-1
10 if § < 6,;, then
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Figure 8.11. A directed convex polyomino and its contour.

11 (m,dpm,) < (i,0)
12 (wih,wyv) < SHIFT((w],w}), m) > get the conjugate at position m
13 return (vw;h, hwyv)

PROPOSITION 8.2.2. STAIRCASE(p, q) produces the code of a random uniform
staircase polygon with dimension (p+ 1,q + 1) in linear time.

Proof. Let us first use the cycle lemma to derive the number of staircase poly-
gons. The number of words in S(p, ¢) is Card(S(p,q)) = (P771) (**1*1). Then
among the p + ¢ + 1 cyclic shifts of any word w' € S(p,q), exactly one is of
the form w(ﬁ) with w having the positive prefix property. Hence the number of
staircase polygons with dimension (p+ 1,¢+ 1) is p+;+1 (p+g+1) (p-i—;])—i—l)‘

The algorithm STAIRCASE() generates a word uniformly at random in the
set S(p, q), and computes its unique cyclic shift coding for a staircase polygon.
The probability to get the code of a given polygon P is thus the sum of the
probability to get each of its cyclic shifts. But the code of P admits p+ ¢+ 1
distinct cyclic shifts, and each of these word has probability 1/ Card(S(p, ¢)) to
be obtained. Thus the probability to get P is (p + ¢ + 1)/ Card(S(p, q)), i.e.
depends only on the dimension of P: uniformity is preserved through the cycle

lemma. n

8.2.3. Directed convex polyominoes and Catalan’s factorization

Directed convex polyominoes are characterized among convex polyominoes by
the property that their contour contains the bottom left corner of their bounding
box. In other terms contours of directed convex polyominoes are unimodal
polygons, i.e. shuffles of a word of the language u*d* and a word of the language
r*I*. Let us consider an unimodal polygon with dimension (p + 1,¢ + 1), and
decompose it into an upper path and a lower path both starting from the bottom
left corner and of length p + ¢ + 2, and respectively obtained in clockwise and
counterclockwise direction. Let w| and w) be the codes of these two paths on the
alphabet {h,v}. In the example of Figure 8.11, the two paths are respectively
w} = vhohvvhvhvhhvv and w), = hhhhvhvhhhvhvh. The following properties
of w} are immediate consequences of the definition of unimodal polygons:
1. the word w] starts with a letter v;
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2. it contains at least g + 1 letters v;

3. the first ¢ + 1 letters v code up steps, the other ones down steps;

4. the (¢ + 1)th letter v is followed by a letter h.
The last property accounts for the right turn that the path has to make when
reaching the upper boundary. Define the reduced code w; as obtained from
wi by deleting the two redundant letters given by Properties 1 and 4 above.
Similarly the reduced code ws is obtained by deleting from w} the first letter
(that is a letter h) and the letter following the (p+ 1)th letter h (that is a letter
v). Let w be the word on A obtained by stacking w; and ws. Then again all
prefixes of w contain at least as many letters (}) as letters (*). It turns out that
this condition is sufficient for w to code an unimodal polygon: this is expressed
by the following lemma, the proof of which is left to the reader.

LEMMA 8.2.3. A word w on A is the stacked reduced code of an unimodal
polygon with dimension (p + 1,q + 1) if and only if all its prefixes contain at
least as many letters (;’L) as letters (Z), and, viewed as a pair of words on {h, v},
it contains 2p letters h and 2q letters v.

In terms of the morphism § of the previous section, Lemma 8.2.3 implies
that a word of A* is the code of an unimodal polygon if and only if it is a prefix
of Motzkin word on (A, d). These prefixes are similar to prefixes of Dyck words
with 0 even, and the proof of Proposition 8.1.2 suggests the following algorithm.

UNIMODAL(p, q)
1 w; + RANDPERM(hPvY) > generate w = (i) with d(w) =0
2wy < RANDPERM(hPv?)
3 0«0
4 6, <0
5 fori+ 1top+qgdo
6 if (wi[i], w2[i]) = (v, h) then
7
8

0+0+1
elseif (w;[i], ws[i]) = (h,v) then
9 d<d-1
10 if § < §,, then > leftmost minimum found
11 (0, w1 [2], w2[i]) < (8,v,h) > down step becomes up step

12 return (w;,ws)

PropOSITION 8.2.4. UNIMODAL(p, q) produces the reduced code of a random
uniform unimodal polygon with dimension (p+ 1,q+ 1) in linear time.

Proof. Lines 1, 2 of the algorithm construct a word (Z;) satisfying 5(5;) =0.
A straightforward adaptation of the bijection used for Proposition 8.1.2 shows
that these words are in one-to-one correspondence with prefixes of Motzkin
words: for the current &, steps (}) play the role of up steps, steps () that down
steps, and Motzkin factors replace Dyck factors. The algorithm implements the

inverse bijection, replacing leftmost down steps at negative levels by up steps.
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Figure 8.12. A convex polyomino and its contour.

Since the word (Z;) is taken uniformly in the set of words with p letters h

and ¢ letters v in both lines, its image is uniform in the set of bicolored Motzkin
prefixes with 2p letters h and 2q letters v. [

As a corollary of the previous proof, we also see that the number of unimodal
polygons of dimension (p + 1,q + 1) is (p:q)2_

8.2.4. Convex polyominoes and rejection sampling

The contour of a convex polyomino with dimension (p+ 1,¢ + 1) can be coded
as follows by a pair (w', k): start from the upper point of the contour on the left
boundary, and code the path in clockwise direction by a word w’ with letters h
and v as previously; let moreover k£ be the distance of the startpoint to the top
border of the bounding box (see Figure 8.12). From the geometry, the following
properties of the word w' are immediate:

1. there are 2p + 2 letters h and 2q + 2 letters v; moreover 0 < k < q;
the first p + 1 letters h code right steps, the other p + 1 left steps;
the first k letters v code up steps, the next ¢+ 1 down steps, and the final
q + 1 — k up steps again;
the first letter is a letter h;
if £ > 0 then the kth letter v is followed by a letter h;
the (p + 1)th letter h is followed by a letter v;
the (k 4+ g + 1)th letter v is followed by a letter h;
the (2p + 2)th letter h is followed by a letter v;

9. the letters singled out in 4, 5, 6, 7, and 8 above appear in this order.
These properties do not completely characterize the codes of convex polygons,
but this is almost the case, as the reader will verify:

w N

® NSO

LeEMMA 8.2.5. A pair (w', k) satisfying the nine properties above is the code
of a convex polygon if and only if the corresponding walk is a polygon, that is,
if it does not visit twice the same point. This property can be checked in linear
time by the following algorithm.

CHECKSIMPLE(w', k)
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1 (i1,01,e1) « (L,g+1—k,+1) > traversal of w' from the left
2 (i2,02,62) < (2p+ 29+ 3,9 — k,—1) b traversal of w' from the right
3 for/{+1top+1do > ¢ counts horizontal steps
4 while w'[i;] = v do > vertical move on top
5 (i1,51)<—(i1+1,51 +51)

6 while w'[iz] = v do > vertical move on bottom
7 (i2,52) — (iz—l,(SQ +52)
8 if §; < 05 then > self-intersection detected
9 return FALSE

10 if 5 = ¢+ 1 then > top reached

11 g1+ —1

12 if o = 0 then > bottom reached

13 €y ¢ +1

14 (i1,i2) < (i1 + 1,ip — 1) > next column

15 return TRUE

The reduced code (w, k) of a convex polygon is obtained by deleting the
redundant letters given by Properties 4, 6, 7, 8, and if £ > 0 by Property 5.
The reduced word w has thus, if &k = 0, 2p letters h and 2q letters v, or, if £ > 0,
2p —1 letter h and 2q letters v. Given the reduced word w and the index k there
is an immediate algorithm INSERTREDUNDANTLETTERS(w, k) that reconstructs
w' by inserting the missing letters from left to right.

The following generator is based on the rejection principle: words of a su-
perset of the set of codes are generated uniformly at random until a proper code
is obtained.

CONVEX(p, q)

1 do k< RAaND(0,q)

2 w < RANDPERM(h?Pv27)

3 if £ =0 or w[2p + 2¢g] = h then

4 w' < INSERTREDUNDANTLETTERS (w, k)
5 if CHECKSIMPLE(w', k) = TRUE then
6 return (w', k)
7 while TRUE

ProposITION 8.2.6. CONVEX(p,q) produces the code of a random uniform
convex polygon with dimension (p+1,q + 1).

Proof. The fact that the output is uniform follows from the following standard
rejection argument: when the algorithm stops, the probability to output a given
code is proportional to the probability to get this code as an element of the
superset; but elements of the superset are sampled uniformly, i.e. have the
same probability to be generated. [

The expected complexity of the algorithm CoNVEX() depends on the com-
parison between the size (g + 1)(*%}*?) of the superset S, , in which k and w
are sampled, and the size of the set P, , of convex polygons with dimension
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Figure 8.13. A directed animal and the equivalent strict pyramid.

(p+ 1,g + 1). More precisely, each loop takes linear time, the probability of
success of a loop is s, = Card(P,,)/ Card(S,,4), and the number of loops is a
geometric random variable with expectation 1/s), 4. The explicit computation
of Card(P, ) shows that this last value is bounded by a constant, but we do
not include the details here (see Problem 8.2.2).

PropoSITION 8.2.7. The call CONVEX(p, q) has expected linear complexity.

8.2.5. Directed animals

Upon rotating the lattice counterclockwise by m/4, directed animals can be
given an elegant interpretation in terms of heaps of bricks: cells are viewed
as bricks exposed to the gravity law with the bottom brick lying on the floor;
the condition that animals are directed, i.e. that there always exists a path
downward to the bottom cell, is equivalent to the fact that every brick leans on
one brick below and cannot fall.

To be more precise, let us give a definition of heaps of bricks. The alphabet
of bricks is B = {(i,i + 1),i € Z}. Two bricks b, b’ of B commute if and only
if, as subsets of Z, bNb' = ). Two words are equivalent, w = w’, if one can be
obtained from the other by a sequence of commutations of adjacent commuting
bricks. A heap of bricks is an element of the associated partially commutative
monoid, i.e. an equivalence class for the relation =. The set of minimal bricks
of a heap w is the set min(w) = {b | Jw',w = bw'}. A pyramid at abscissa i is
a heap such that min(w) = {(i,i + 1)}.

The canonical geometric representation of a heap induced by the gravity law
corresponds to the standard Cartier-Foata normal form of the heap: reading
a heap from left to right in lines from bottom to top yields a word w of the
form wy - - - wy with each block w; made of commuting letters and such that for
each letter b of w; 41 there is a letter ' of w; with bNb' # (). A heap is strict if
moreover no two consecutive blocks of the normal form have a brick in common:
in other terms in a strict heap a brick (4,7 + 1) always lean on a brick (i — 1,1)
or (i + 1,7+ 2), not on another brick (¢,7 + 1).

From the geometric interpretation of pyramids of bricks and the initial dis-
cussion of this paragraph, the following lemma is immediate.
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Figure 8.14. Decomposition of pyramids.

LEMMA 8.2.8. Directed animals “are” strict pyramids of bricks.

This interpretation of directed animals in terms of pyramids of bricks allows to
perform decompositions that would otherwise be very difficult to explain. First
define a semi-pyramid to be a pyramid without bricks on the left hand side
of the bottom brick. Then the following two decompositions are obtained by
pushing upward a brick and all the bricks that lay above it, or indirectly lean
on it:

— a strict pyramid of bricks is either a strict semi-pyramid, or can be fac-
tored, by pushing upward the lowest brick with abscissa —1, into a strict
pyramid at abscissa —1 stacked over a strict semi-pyramid;

— a strict semi-pyramid is reduced to a brick, or to a strict semi-pyramid
at abscissa 1 over a brick, or can be factored, by pushing upward the
second lowest brick with abscissa 0, into a strict semi-pyramid at abscissa
0 stacked over a strict semi-pyramid at abscissa 1 over a brick.

This joint decomposition is isomorphic to the joint decomposition of prefixes of
words and of words of the Motzkin language on the alphabet {a,b, z;}:

— a prefix of Motzkin word is either a Motzkin word or can be decomposed
as uav with v a Motzkin word and v a prefix of Motzkin word.

— a Motzkin word is reduced to the empty word €, or is of the form ziu
with v a Motzkin word, or can be decomposed as aubv with u and v two
Motzkin words.

These isomorphic decompositions induce a bijection between strict pyramids of
n bricks and prefixes of Motzkin words of length n — 1.

COROLLARY 8.2.9. Prefixes of Motzkin words can be bijectively transformed
into strict pyramids of bricks in linear time.

The Motzkin language being algebraic, uniform random generation could be
done using a recursive approach. We describe instead another application of
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the rejection principle which is both more elegant and more efficient for this
specific problem. Let us consider again the alphabet Ay = {u,d,z,...,z}
and the associated k-colored Motzkin words of Section 8.1.3. A naive algorithm
to generate uniform random prefixes of k-colored Motzkin words of length n
consists in generating uniform random words of (Ag)™ and rejecting. However
a simple calculation shows that the probability of success is of order O(n—1/2)
thus giving an algorithm with expected complexity O(n?/?). A slight refinement
on this idea is to observe that rejection can be decided on the fly. This turns
out to be surprisingly efficient.

FLORENTINEREJECTION(n, k)
1 do w<+¢

2 for i <+ 1ton do > generate from left to right
3 wli] <~ RAND(1, k + 2)

4 if wi] =k + 1 then

5 d<d+1

6 wli] < u

7 elseif w[i] = k + 2 then

8 0+<d—-1

9 wli] < d
10 if § <0 then > if a negative prefix is detected
11 break > restart from scratch
12 whilei #n+1 > until w is a valid n letters word

13 return w
This algorithm obviously produces a prefix of k-colored Motzkin word.

LEMMA 8.2.10. FLORENTINEREJECTION(n, k) generates a random uniform pre-
fix of k-Motzkin word of length n in expected linear time.

Proof. For simplicity the analysis is presented in the case k = 0 but the same
strategy of analysis applies to the general case (using generating functions in-
stead of elementary counting). It will be convenient to consider that when the
construction fails at the ¢th step of the inner loop, we finish the loop and gener-
ate n—1t more letters at no cost. This modification of the algorithm do not affect
the final result or the cost, but allow us to think at each iteration as produc-
ing a uniform random word of (Ag)". From this point of view, the Florentine
rejection behaves like standard rejection and therefore it is uniform on prefixes.

The probability of success of the inner loop is p,, = (*7)272" = p,,, and the
number of aborted loops is a geometric random variable with expected value
1/p, = O(n'/?). Let us now compute the expected cost of a failure: a failure
with cost 2i + 1 is obtained for a word w of the form uwbv with v a Dyck word of

length 2i and v in {a, b}*" %=1, Hence the cumulated cost for all these 22— (*")

words is 30 (20 +1)0;220 21 = 22n-1 YT (20H) 92 — O (2271/2). With
O(n'/?) aborted loops with cost O(n'/?) each, and one successful loop with cost
n, the total expected cost is linear as announced. [
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Figure 8.15. Two rooted planar maps with the same underlying graph.

Florentine rejection thus uses on average a linear number of random bits.
As opposed to this a call to RANDPERM(w) for a word w of length n uses about
nlogn bits, and this is in general suboptimal from a theoretical point of view.
For instance for w = a™b", log (27?) ~ 2n bits should suffice. In this case an
optimal solution (on average) is obtained using FLORENTINEREJECTION(n, 0)
to get a prefix of Dyck words and Catalan’s factorization (Proposition 8.1.2) to
transform it into a word of &(a™b™). As opposed to this, it is an open problem
in general to sample in linear time from &(w) using O(log Card(&(w))) random
bits.

8.3. Coding: trees and maps

A planar map' is a proper embedding of a connected graph in the plane. Mul-
tiple edges and loops are allowed, and proper means that edges are smooth
simple arcs which meet only at their endpoints. The faces of a planar map are
the connected components of the complement of the graph in the plane: apart
from one infinite face, all faces are bounded and homeomorphic to disks. All
the planar maps we consider are rooted: they have an oriented edge, called the
root, which is incident to the infinite face on its right-hand side. Examples of
rooted maps are presented in Figure 8.15.

From now on we shall consider that two planar maps are the same if one
can be mapped onto the other (including roots) by an homeomorphism of the
plane. However there are still many more planar maps than planar graphs, as
illustrated by Figure 8.15. Indeed homeomorphisms of the plane respect the
neighborhood of each vertex, so that the circular order of edges around vertices
is fixed.

From a combinatorial point of view, a planar map can in fact entirely be
specified as follows: label half-edges (or darts) and for each half-edge give the
names of the opposite half-edge, and of the next half-edge around its origin in
counterclockwise direction. As a consequence the number of planar maps with
n edges is finite. Moreover these labeled maps capture exactly the level at which
algorithms on maps are implemented in computational geometry, using darts
as elementary data structures. Carrying on with labeled maps, one could also
reach a purely combinatorial setting and eliminate the geometry (at least at
the formal level of proofs). However for the sake of conciseness it appears more

1The word map is intended here in its geographic sense, like in road-map.
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efficient to keep higher level geometric arguments.

Examples of specific families of planar maps are numerous. A triangulation
of a k-gon is a planar map without multiple edges such that all bounded faces
have degree 3 and the infinite face has degree k (the degree of a face is the
number of sides of edges to which it is incident). A k-valent map is a planar
map such that all vertices have degree k (the degree of a vertex is the number
of half-edges to which it is incident).

8.3.1. Plane trees and generalities on coding

A rooted plane tree, or hereafter simply a plane tree is a planar map with one
face. A planted plane tree is a plane tree such that the root vertex has degree 1.
A binary tree is a planted plane tree with vertices of degree 3 and 1 only, respec-
tively called nodes and leaves. These definitions agree with classical recursive
definitions of plane trees: for instance a plane tree can be decomposed as an
ordered sequence of subtrees attached to the root.

The contour traversal of a planar map is the walk on the vertices and edges
of the map that starts from (the right-hand side of) the root edge, and turns
around the map in counterclockwise direction so as to visit the boundary of
the infinite face. (The reader is encouraged to imagine an ant walking around
the map.) The contour traversal of a plane tree visits in particular twice every
edge: the first time away from the root vertex, and the second time toward the
root vertex. The preorder on the vertices of a planted plane tree is defined by
ordering vertices according to the first passage of the contour traversal.

The Dyck code of a planted plane tree with n + 1 edges is the word of length
2n on the alphabet {u,d} obtained during a contour traversal of the tree by
writing a letter u each time a non-root edge is visited for the first time (away
from the root vertex), and a letter d each time a non-root edge is visited for the
second time (toward the root vertex). The reader should convince himself that
the Dyck code of a tree characterizes it.

LemMA 8.3.1. Dyck encoding is a bijection between planted plane trees with
n + 1 edges and Dyck words of length 2n. In particular the number of planted
plane trees with n + 1 edges is the nth Catalan number.

The prefiz or Lukasiewicz code of a planted plane tree with n edges is the
word of length n on the alphabet {z;,i > 0} obtained during a contour traversal
of the tree by writing a letter z; each time a non-root vertex with degree i + 1 is
visited for the first time. Let us define the morphism § by §(z;) =i — 1. Then
the prefix code w of a planted plane tree has the Lukasiewicz property (i.e. for
each strict prefix v of w, §(v) > §(w)). In particular, upon setting xs = u and
xo = d, we obtain the following lemma for the case of binary trees:

LEMMA 8.3.2. Prefix encoding is a bijection between binary trees with n nodes,
(and thus n+ 2 leaves and 2n+ 1 edges) and words of length 2n+ 1 of the Dyck-
Lukasiewicz language Dd. In particular the number of binary trees with n nodes
is the nth Catalan number.
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e,

Figure 8.16. A planted plane tree and its Dyck code.

e

Figure 8.17. A planted binary tree and its prefix code.

Recall that the optimal coding problem for a family C of combinatorial struc-
tures consists in finding a function ¢ that maps injectively objects of C on words
of {0,1}* in such a way that an object O of size n is coded by a word ¢(O) of
length roughly bounded by log, Card(C,), with C,, the set of objects of size n.
Since the nth Catalan number satisfies log C,, ~ 2n as n goes to infinity, Dyck
codes and prefix codes respectively solve the optimal coding problem for plane
trees and for binary trees. On the other hand, the Dyck code of a binary tree
with n nodes has length 4n + 2, so that Dyck codes are far from optimality with
respect to the family of binary trees: the optimality of a code is relative to the
entropy logC,, of the set C, under consideration.

More generally, consider the set of planted plane trees with d; nodes of
degree i (and thus £ = 14 (i — 2)d; non-root leaves). Prefix encoding defines a
bijection between this set of trees and the subset of words of S(z§z{" ... z%) that
have the Lukasiewicz property. But according to the cycle lemma, the fraction
of such words of length n among words of same length in S(z§z$* ... z%) is 1/n.
Now words on a finite alphabet with fixed proportion of letters can be encoded
optimally by the so-called entropy coder. Hence prefix encoding combined with
entropy encoding yields optimal coding for plane trees with a fixed proportion
of nodes of each degree.
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(a) A blossoming tree, (b) and a balanced one.

Figure 8.18. Two conjugate blossoming trees.

8.3.2. Conjugacy classes of trees

From now on, we consider planted plane trees with two types of vertices of
degree 1, respectively called buds and leaves. Vertices of higher degree are
called nodes. In particular, a blossoming tree is a planted plane tree such that
each node has degree 4 and is adjacent to exactly one bud; a blossoming tree
with n nodes has thus n + 2 leaves and n buds. Examples of blossoming trees
are given in Figure 8.18.

LEMMA 8.3.3. The number of blossoming trees that are planted on a leaf and

have n nodes is n3—:1 (27?) The number of blossoming trees that are planted on

., 3" 2n
a bud and have n nodes is ;' (,7")-

Proof. Let B!, and B]! denote these two sets of blossoming trees. A blossoming
tree of the first type can be uniquely obtained from a binary tree with n nodes
by attaching a bud to each node in one of the three possible ways. Together
with Lemma 8.3.2, this proves the first formula.

Now let us consider the set of doubly planted blossoming trees, one root being
a leaf and the second one a bud. Such a tree with n nodes can be considered
either as a blossoming tree in B], with a marked bud, or as a blossoming tree
in B!’ with a marked leaf. Hence doubly planted blossoming trees with n nodes
are either counted by n Card(B]) or by (n + 2) Card(B!)). As a consequence,

Card(B),) = 15 - :—:1 (2:), which proves the second formula. "

Let T be a planted plane tree with n nodes. During a contour traversal of
T, its buds and leaves are visited in a sequence (by convention the root vertex is
visited at the end of the traversal). Accordingly the border word is the word with
letters {b, ¢} obtained along the contour traversal by writing a letter b each time
a bud is visited and a letter £ each time a leaf is visited. For example, the border
words of the blossoming trees of Figure 8.18 are respectively ££blblebblblibIbbL
and bebLLDLLLLLLLLDLLL.
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Two planted plane trees T and T are conjugate if one is obtained from the
other by re-rooting. In other terms, two planted plane trees are in the same
conjugacy class of trees if they share the same underlying unrooted plane tree.
This terminology is motivated by the remark that conjugate planted plane trees
have conjugate border words. Taking §(b) = +1 and §(¢) = —1, the cycle lemma
suggests the following definition: a planted plane tree is balanced if its border
word has the Lukasiewicz property. With this definition, and remembering that
blossoming trees have two more leaves than buds, the cycle lemma for those
trees reads: a blossoming tree has exactly two canonical leaves such that the
conjugate trees rooted at these leaves are balanced.

3n

LemMA 8.3.4. There are 225 2 (*™) balanced blossoming trees with n nodes.

Proof. The first proof is again based on a double counting argument. Let B}
be the set of balanced blossoming trees with n nodes. The number of balanced
blossoming trees with a secondary root leaf is (n+2) Card(B};). Upon exchanging
the role of the two roots, these trees are also blossoming trees with a secondary
root leaf taken among the two canonical leaves: their number is thus 2- n3—J:1 (*™).
The result follows. L]

Proof (bis). An alternative proof is based on the following remark: the number

of balanced re-rootings of any blossoming tree is equal to the difference between

its numbers of leaves and buds, so that, in each conjugacy class of trees, the

number of balanced trees is exactly the difference between the number of trees

rooted on a leaf and the number of trees rooted on a bud. Hence the number of
3

balanced blossoming trees with n nodes is the difference n—ll (27:‘) — n3;2 (n2_"1).

8.3.3. The closure of a plane tree

The closure of a planted plane tree with two more leaves than buds is obtained
by repeating the following construction until only two leaves remain: perform a
contour traversal, and each time a leaf follows a bud in the sequence of vertices of
degree 1 met by the walk, match them, i.e. fuse the two corresponding dangling
edges in the unique way that creates a bounded face with no vertex of degree 1
inside (see Figure 8.19(a)).

LEMMA 8.3.5. The closure of a plane tree with n nodes and two more leaves
than buds terminates and produces a planar map with the same n nodes and
two leaves, which are both incident to the infinite face. In particular the closure
of a blossoming tree has n vertices of degree four, plus two of degree one in the
infinite face.

If moreover the tree is balanced, then its root vertex is one of the two re-
maining leaves.

Proof. At each iteration all factors bf of the border word are detected, and
deleted since the corresponding pairs of bud and leaf are matched. In particular
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(a) A fusion, (b) the partial closure (c) and the complete
closure.

Figure 8.19. The closure of the balanced blossoming tree of Figure 8.18(b).

at least one pair is matched at each iteration, so that the construction termi-
nates. Vertices of degree at least two remain unchanged while all buds and
leaves are eliminated but the two canonical roots. [

As described above the closure could require a quadratic number of opera-
tions. The following algorithm takes a planted plane tree with two more leaves
than buds and computes its closure in linear time. It uses the following items:

— a local stack with functions PUTINSTACK(), POPFROMSTACK() and Is-

STACKEMPTY (),

— afunction NEXTFREEVERTEX (vertez) that starts a contour traversal after
the vertex of degree 1 verter and returns the first vertex of degree 1 found,
a function TYPE(vertez) that tells whether vertez is a bud or a leaf,

— afunction FUSEINTOEDGE(bud, leaf ) that realizes the fusion of a bud bud
and a leaf leaf into an edge.

CLOSURE(T)
1 n < NUMBEROFLEAVES(T)

2 vertex + RoOTOF(T)

3 (l1,€2) < (vertex,vertex)

4 whilen > 2 do

5 verter <— NEXTFREEVERTEX (vertez)
6 if TypE(vertex) = bud then

7 PutINSTACK(vertex)

8 elseif ISSTACKEMPTY() then

9 (€1, L2) < (Lo, vertex)
10 else bud < POPFROMSTACK()
11 FUSEINTOEDGE(bud, vertex)
12 n<n-—1
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13 if 51 = 62 then
14 {5 < NEXTFREEVERTEX (vertez)
15 return (T,4;,¢2)

REMARK 8.3.6. Lines 13 and 14 only treat the special case of a balanced blos-
soming tree in which the second free leaf is the last one of the border word.

The complete closure of a balanced blossoming tree is obtained from its
closure by fusing the two remaining vertices of degree 1 and the incident dangling
edges into a root edge. Lemma 8.3.5 implies that the complete closure of a
blossoming tree with n nodes is a 4-valent map with n vertices. The following
more precise theorem will be proved in the next section.

THEOREM 8.3.7. The complete closure is one-to-one between balanced blos-

soming trees with n nodes and 4-valent maps with n vertices. In particular the
number of these maps is ni” n3+1 (2”)

As a corollary we already have the complete description of a random sam-
pling algorithm for 4-valent maps with n vertices. Apart from the function
CLOSURE(), it uses the random generator FLORENTINEREJECTION() defined in
Section 8.2 and the following items:

— afunction PREFIXDECODE(w) that constructs the binary tree encoded by

a Dyck-Lukasiewicz word w,

— a function ADDBUD(n, ) that adds a bud to a node n in one of the three

possible manners,

— a function ADDROOT(M, {1,¥>) that roots the map M by fusing its two

leaves ¢1 and /> into an oriented edge.

RANDMAP(n)
1 w < FLORENTINEREJECTION(n,0)
2 T <« PrREFIXDECODE(wd)
3 for node € T do
4 AppBUD(node, RAND(1, 3))
5 (M,{,£5) «+ CLOSURE(T)
6 if RAND(1,2) =1 then
7 ApbpRooT(M, 4y, 05)
8 else ADDROOT(M, 05, ¢1)
9

return M

COROLLARY 8.3.8. RANDMAP(n) outputs a uniform random 4-valent map
with n vertices in linear time.
8.3.4. The opening of a 4-valent map

The dual of a planar map M is the planar map M™* defined as follows: in each
face of M put a vertex, and join these new vertices by edges dual to the edges
of M. By construction the vertices, edges and faces of M™* are respectively in
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bijection with faces, edges and vertices of M. This construction is illustrated by
Figure 8.20(a). The proof of the following property of duality in planar maps is
left to the reader.

LeEmMA 8.3.9. Let (E1, Es) be a partition of the set of edges of a planar map
M. Then E, is a spanning tree of M if and only if £ is a spanning tree of M*.
When this case we call (E;, E) a spanning tree decomposition of M.

From now on, let M be a planar map, and (E, E2) be a spanning tree
decomposition of M. For e an edge of Es, opening e with respect to (Ei, Es)
will mean: orienting e so that the cycle it induces with the tree E; is counter-
clockwise, and then replacing e by two dangling edges, the one attached to the
origin of e holding a bud b(e), the other one holding a leaf £(e). We shall always
assume moreover that the root r of M belongs to E,. Then, the opening of M
with respect to (Ey, E2) is the tree T defined as follows: (see Figure 8.20(c))

— open each edge e € E> with respect to (E, E»),

— replace the bud b(r) by a leaf and plant the tree on it.

The tree T thus consists of the edges of the spanning tree E; together with
pairs of dangling edges associated to edges of E;. More precisely, these edges
contribute to one bud and one leaf except for the root which contributes to two
leaves. By construction, the opening 7' of a 4-valent planar map M with n
vertices has n nodes of degree 4, n buds and n + 2 leaves.

LEMMA 8.3.10. The complete closure of the opening of a planar map M with
respect to any spanning tree decomposition is the planar map M itself.

Proof. The opening of an edge merges the two faces incident to it. Since EJ
forms a spanning tree of M*, the openings can be performed sequentially so that
one of the two merged faces is always the infinite face. It is then immediate
at each step that the pair of bud and leaf created by the opening of an edge
corresponds to a matched pair in the closure. [

There are in general many spanning tree decompositions of M, and the right
one must be chosen to invert the closure. To explain how this is done we need
to introduce the distance in the dual map M*: two faces of M are adjacent if
they share a common edge, and the distance between two faces f and f’ is the
length k of the shortest path (fo,..., fr) where fo = f, fr = f' and for all i, the
two faces f; and f;_; are adjacent. Observe that the dual M™ of a 4-valent map
has only faces with even degrees (in fact degree 4), so that it does not contain
any cycle of odd length, and the distances of a face f to two adjacent faces f'
and f" always differ by 1.

To each face f of M, associate the face r(f) incident to the root edge r and
closest to f for the distance in M*. The set P(f) of paths of minimal length
from 7(f) to f forms a bundle of paths bounded by two paths Py(f) and P;(f),
with Pp(f) having the bundle on its right hand side. We shall call Py(f) the
leftmost minimal path from the root to f. The union of r* and of the edges of
the paths Py(f) for all faces f of M forms a spanning tree of M*: the existence
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(a) A map and its dual, (b) a spanning tree de- (c) and the correspond-
composition, ing opening.

Figure 8.20. An opening of the map of Figure 8.19(c).

of a cycle would prevent one of the paths from being leftmost. This tree is called
the leftmost breadth first search tree of M* starting from r*, because it is also
given by a breadth first search traversal with the left hand rule. As stated in
the following proposition, it is the spanning tree we are looking for.

PROPOSITION 8.3.11. Let M be a 4-valent map with root edge r and (Ey, Es)
be a spanning tree decomposition such that r € E;. Then the opening of M
with respect to (E1, E-2) is a blossoming tree if and only if EJ is the leftmost
breadth first search tree of M* starting from r*.

The proof of this proposition is based on two lemmas. The first one is a
characterization of blossoming trees.

LEMMA 8.3.12. A tree T with n buds, n + 2 leaves and n nodes of degree 4 is
a blossoming tree if and only if, for every inner edge e, the two components of
T\ e both contain one more leave than buds.

Proof. The characterization is trivial for n = 1, and remains true when a further
node with two leaves and a bud is attached in place of a leaf. The lemma thus
follows by induction since every tree can be obtained by adding new nodes
incrementally. [

For the second lemma it is useful to view the spanning tree EJ as rooted on
r*, with the convention that the infinite face of M is the origin of the root.

LEMMA 8.3.13. Let e be an edge of E; separating two faces f, f', with f
before f' in the leftmost depth first order on the tree E5. Consider the paths
P and P' from f and f' to their common ancestor in Ej, which define with e*

a cycle separating a bounded region B of the plane from an unbounded one U.
Then,
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— the opening of an edge of P with respect to (E, E) creates a leaf in B
and a bud in U,

— and the opening of an edge of P’ with respect to (E;, E2) creates a bud
in B and a leaf in U.

Proof. The result is immediate upon comparing the orientation used in the
definition of the opening of an edge and the orientation of the cycle going from
e* up the path P and down the path P’. [

Proof of Proposition 8.3.11. First assume that EJ is the leftmost breadth first
search tree of M* starting from r*, and let 7" be the opening of M with respect
to E5. According to Lemma 8.3.12, it suffices to check that for any edge e of E1,
both components of T'\ e contain one more leaves than buds. Let us consider
the paths P and P’ of Lemma 8.3.13. The breadth first search condition on E3
implies that the length of these two paths differ at most by 1, hence exactly by
1, in view of the discussion of distances in M*. The leftmost condition on Ej
moreover implies that the shortest path of the two must be P’. Finally observe
that two components of T'\ e are separated by the dual cycle of Lemma 8.3.13,
so that this lemma can be used to count buds and leaves in the two regions.
This can be done easily upon distinguishing whether r* is on P or not.

Let now Ej be a spanning tree of M* different from the leftmost breadth
first search tree E4*. Then there are leftmost minimal paths that do not appear
in 5. Among the shortest of them let Py(f) be the leftmost one, connecting the
root to a face f. Since Py(f) is minimal, all its edges but the last one e belong
to Ej. Moreover, by definition of Py(f), this path is to the left and no longer
than the path P(f) connecting the root to f in E}. Applying Lemma 8.3.13
to e, P C Py(f) and P’ C P(f) and comparing the length of these two paths
shows that P’ is longer than P, so that the two components of T\ e have not
the expected number of buds and leaves. [

The opening of M with respect to (Ey, Es) with EJ the leftmost breadth
first search tree of M™* at r* will be called simply the opening of M. In view
of Lemma 8.3.10, Proposition 8.3.11 completes the proof of Theorem 8.3.7: the
opening is the inverse of the closure. Moreover it induces a linear time algorithm
OPENING(M) that recovers the unique balanced blossoming tree T' such that
CLOSURE(T)= M:

OPENING (M)

1 Perform a leftmost bfs traversal of the dual map M* starting from r*.
2 Open the edges of the resulting tree to create buds and leaves.
3 Return the resulting balanced blossom tree.

8.3.5. A code for planar maps

Theorem 8.3.7 deals with a specific family of planar maps, namely 4-valent ones.
It turns out however that 4-valent maps play for planar maps the role that edge-
graph play for graphs. More precisely, define the edge-map of a planar map M
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(a) Bicoloration of faces. (b) Corresponding map.

Figure 8.21. Inverse of the edge-map construction.

as the 4-valent map M¥ having as vertex set the set of edges of M and having
an edge c¥ for each corner ¢ of the map M.

ProprosiTION 8.3.14. The edge-map construction is a bijection between pla-
nar maps with n edges and 4-valent maps with n vertices. In particular the

. . 2 3’"’ 2n
number of planar maps with n edges is 252 (*").

Proof. The inverse construction follows from the remark that the faces of a
4-valent map F' can be colored in two colors, black and white, so that adjacent
faces have different colors. The planar map M is obtained by putting a vertex
into each black face of F" and joining these vertices by an edge across each vertex
of F. n

The edge-map construction thus allows us to deduce from Theorem 8.3.7 a
code for the family of planar map.

ENCODEMAP(M)
1 F + EDGEMaAP(M)

T < OPENING(F)

for node € T do
w'[node] < PosITIONOFBUD(node)
T + REMOVEBUD(T)

w < BINARYCODE(T)

return (w,w')

N O Uk W N

THEOREM 8.3.15. The algorithm ENCODEMAP() encodes a planar map with
n edges by a pair of words respectively in {a,b}?" and {0, 1,2}". In view of the
number of planar maps, this code is optimal.
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8.4. Notes

Systematic approaches to enumeration, in particular using generating functions,
are described in the books Goulden and Jackson 1983, Bergeron et al. 1998 and
in the more recent Stanley 1999, Flajolet and Sedgewick 2002. In particular the
relevance of rational, algebraic and D-finite series to enumeration is emphasized
in the last two ones.

The enumeration of walks in the plane, in the half plane and in the quar-
ter plane has become part of the combinatorial folklore, as well as Dyck walks
and Catalan’s factorization. The cycle lemma is attributed in the combinatorial
literature to Dvoretzky and Motzkin 1947, where it is used to derive Proposi-
tion 8.1.4. As first shown by Raney 1960 (see also Chapter 11 of Lothaire 1999),
the cycle lemma is a combinatorial version of the Lagrange inversion formula,
which has numerous applications in enumerative combinatorics. More detailed
historical accounts can be found in Pitman 1998 and Stanley 1999.

The classification of the possible asymptotic behaviors of the Taylor coef-
ficients of an algebraic series can be found in Flajolet 1987. The generating
function of walks on the slitplane according to the length and the coordinates of
the extremities was first shown algebraic and computed in Bousquet-Mélou and
Schaeffer 2002. This is one in a series of results obtained recently by writing
and solving linear equations with catalytic variables, see Banderier and Flajolet
2002, Bousquet-Mélou 2002 (these references are also good entry points to the
literature on counting walks on lattices). The first proof we present illustrates
a very general approach developed in Bousquet-Mélou 2001. The second proof
is taken from Barcucci et al. 2001.

The foundation of combinatorial random generation was laid in Nijenhuis
and Wilf 1978 with the recursive method. As shown in Flajolet et al. 1994,
this approach leads systematically to polynomial algorithms for decomposable
combinatorial structures. The (much more specialized) application of the cy-
cle lemma to random generation is discussed in Dershowitz and Zaks 1990 and
Alonso et al. 1997. The Florentine rejection algorithm is taken from Barcucci
et al. 1995. A systematic utilisation of mixed probabilistic/combinatorial argu-
ments for sampling was recently proposed in Duchon et al. 2002.

General references on polyominoes are Klarner 1997, van Rensburg 2000.
Exact enumerative results are surveyed in Bousquet-Mélou 1996. The algo-
rithms to sample convex and directed convex polyominoes are adapted from
Hochstattler et al. 1996 and Del Lungo et al. 2001. From the enumeration point
of view, these results are encompassed by Bousquet-Mélou and Guttmann 1997,
which deals with convex polygons in any dimension. Our treatment of directed
animals and heaps of bricks is adapted from Bétréma and Penaud 1993. These
results built on the combinatorial intepretation of the commutation monoid of
Cartier and Foata 1969 in terms of heaps of pieces due to Viennot 1986.

Starting from the seminal work of Tutte 1962, the literature on combinatorial
maps has grown almost independently in combinatorics and in physics. Some
surveys are Cori and Machi 1992 (combinatorial point of view), Ambjgrn et al.
1997 (physical point of view) and Di Francesco 2001 (mixed points of view).
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A more detailed description of codes for plane trees appear in Chapter 11
of Lothaire 1999. The idea to use algebraic languages to encode maps already
appeared in Cori 1975, and plane trees are explicitly used in Cori and Vauquelin
1981. Conjugacy classes of trees were introduced in Schaeffer 1997, as well as
the bijection between balanced trees and planar maps. Applications to coding
and sampling are discussed in Poulalhon and Schaeffer 2003.

Problems

Section

8.1.1

8.1.2

8.1.3

8.1.4

8.1.5

8.1.6

Section

8.2.1

*8.2.2

8.2.3

8.1

Show that the generating function of a rational language with respect
to the length is rational.
Compute the generating function with respect to the length of walks
that never immediately undo a step they have just done.
Define the area under a Dyck word as the number of integer points
between the horizontal axis and the associated walk. Use Catalan’s
factorization to show that the sum of the area under all Dyck words of
length 2n is 4™.

(Chottin and Cori 1982)
Show that an algebraic language that can be generated by a non am-
biguous context free grammar has an algebraic generating function with
respect to the length.
Give a bijective proof of the fact that the number of bicolored Motzkin
words of length n is equal to the number of Dyck words of length 2n + 2.
Give a bijective proof of the right hand side formula in Proposition 8.1.9
for the number of loops of length 2n that stay in the quadrant (z >
0,y >0).

(Guy et al. 1992)

8.2

What is the number of staircase and unimodal polygons with semi-
perimeter n?

Show bijectively that the number of convex polyominoes with bounding
box (p,q) is

2p+2q 2p+2q—1 p+qg—1\(p+q—1
< ) + q( —2(p+q) :
2p 2p—1 q p
What is the number of convex polyominoes with semi-perimeter n?
(Bousquet-Mélou and Guttmann 1997,Gessel 2000)

An animal on the square lattice has compact source if there exists k
such that every vertex of the animal can be reached from one of the
vertices (i,k — ) with 0 < ¢ < k by a path going north or east inside

Version February 6, 2004



38

*8.2.4

**8.2.5

Section

8.3.1

*8.3.2

**8.3.3

**8.3.4

Problems

the animal. In particular directed animals are exactly the animals with
compact source for k = 0.
Prove that there are 3"~! animals of size n with compact source.

(Gouyou-Beauchamps and Viennot 1988)
Give a bijection between bilateral Dyck paths of length n and (non
necessarily strict) pyramids of n bricks such that the number of pairs of
steps connecting levels ¢ and 7 + 1 is mapped onto the number of bricks
in position (4,7 + 1).

(Viennot 1986)

Give a uniform random sampling algorithm of expected linear complex-
ity for the set of words of length n on an arbitrary fixed finite alphabet
that have the Lukasiewicz property.

8.3

Give a direct bijection between plane trees with n edges and binary
trees with n nodes.

What is the number of rooted planar maps with d; vertices of degree 2i
for all ¢ > 0 and no odd degree vertex?
(Schaeffer 1997)

Compute the generating function of rooted planar maps according to
the distribution of degrees.
(Bouttier et al. 2002)
Show that planted plane trees with two leaves per inner vertices are
in one-to-one correspondence with rooted triangulations with a marked
face.
(Poulalhon and Schaeffer 2003)
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