Factorizations of large cycles

in the symmetric group

Dominique Poulalhon

LIX, École polytechnique, France.

Gilles Schaeffer

CNRS, Loria, France.

Abstract

The factorizations of an n-cycle of the symmetric group S_n into m permutations with prescribed cycle types α_1, . . . , α_m describe topological equivalence classes of one pole meromorphic functions on Riemann surfaces. This is one of the motivations for a vast literature on counting such factorizations. Their number, denoted by c^{(n)}_{α1,...,αm} , is also known as a connection coefficient of the center of the algebra of the symmetric group, whose multiplicative structure it describes.

The relation to Riemann surfaces induces the definition of a genus for factorizations. It turns out that this genus is fully determined by the cycle types α_1, . . . , α_m, and that it has a determinant influence on the complexity of computing connection coefficients. In this article, a new formula for c^{(n)}_{α1,...,αm} is given, that makes this influence of the genus explicit. Moreover, our formula is cancellation–free, thus contrasting with known formulae in terms of characters of the symmetric group. This feature allows us to derive non trivial asymptotic estimates.

Our results rely on combining classical methods of the theory of characters of the symmetric group with a combinatorial approach that was first introduced in the much simpler case m = 2 by Goupil and Schaeffer.

Key words: symmetric group, conjugacy classes, connection coefficients.

1 Introduction

1.1 Definitions and notations

Let us first recall some notations. Let n and k be positive integers; a partition of n into k parts is a non increasing k-tuple of positive integers β = (β_1, . . . , β_k)

Preprint submitted to Elsevier Preprint 23 July 2001 such that β_1 +· · ·+β_k = n. Let |β| denote the weight n of β, and ℓ(β) its length k. We also write β ⊢ n. The rank r(β) of β is defined by r(β) + ℓ(β) = |β|. If b_i is the number of parts of β equal to i, then the exponential notation β = 1^{b1} . . . n^{bn} will be used as well. The cycle type of a permutation σ ∈ S_n is the partition of n whose parts are the lengths of the cycles in the representation in disjoint cycles of σ. The permutations of S_n of given cycle type β form a conjugacy class denoted by C_β .

Let n and m be positive integers, α_1,. . . , α_m and β be m+1 partitions of n. For convenience’s sake, we shall consistently use the notations ℓ_i and r_i instead of ℓ(α_i) and r(α_i). Denote by c^β_{α1,...,αm} the number of m-tuples of permutations in S_n of respective cycle type α_1, α_2, . . . α_m whose product is equal to a given permutation of cycle type β. In other terms, for any permutation τ of cycle type β, c^β_{α1,...,αm} = |{(σ_1, . . . , σ_m) ∈ C_{α1} × · · · × C_{αm} | σ_1 · · · σ_m = τ}| . The formal sums C_β = ∑ σ∈C_β σ for β ⊢ n belong to the group algebra of the

symmetric group S_n and, more precisely, form a basis of its center Z_n. Thus the (multiplicative) structure constants c^β_{α1,...,αm} can equivalently be defined by the following linearization relations in Z_n: C_{α1} · · · C_{αm} = ∑ β⊢n c^β_{α1,...,αm} C_β, from which they got their name.

1.2 Context and motivations

It was already known by Hurwitz that factorizations in the symmetric group have a topological interpretation. We refer to [?,?,?] for a description of this connection and simply indicate – somewhat loosely – that factorizations represent topological equivalence classes of meromorphic functions on Riemann surfaces, up to homeomorphisms of the domain. As only connected surfaces are usually considered, the corresponding factorizations must satisfy the additional transitivity condition that their factors should generate a group acting transitively on {1, . . . , n}. In this case, up to labelling the sheets over a regular point, the correspondence can be made one-to-one. Factorizations are used in practice to conduct the experimental topological classification of functions, and, in this context, enumerative results like ours are used to check for exhausion of the search space [?].

A remarkable feature of the above mentionned correspondence is that it defines a genus of transitive factorizations, which turns out to have a simple combinatorial description in terms of the cycle type of factors: the genus g of a transitive factorization of a permutation of cycle type β into m permutations of respective cycle types α_1, . . . , α_m is given by m∑ i=1 r_i = ℓ(β) + n − 2 + 2g.

The fact that g has to be a non negative integer so that such factorizations exist is immediate from its topological interpretation, but can also be proved inductively directly from its combinatorial definition (see e.g. [?]). The topological intuition suggests that the situation should become more and more involved as the genus increases, and one would expect this to show on enumerative result. As a first result, Hurwitz gave a remarkable formula for the number of genus zero transitive factorizations in transpositions ([?], see also [?,?,?,?] for recent development).

In the general case, the classical expression for the structure constants c^β_{α1,...,αm} is a summation over products of evaluations of irreducible characters of the symmetric group (see Proposition 4). Unfortunately, huge cancellations often occur in these sommations, hiding the influence of the genus and precluding any prediction of the order of magnitude of the constants. Moreover the evaluation of characters is usually done via Murnaghan–Nakayama rule so that these formulae are more properly described as evaluation algorithms, from which infinite families of constants cannot be evaluated simultaneously.

1.3 The particular case of n-cycles

It was observed in [?,?] that the formula expressing structure constants in terms of characters translates into a remarkably simple expression of their generating function in terms of Schur functions. However, extracting coefficients in these generating functions also involves alternating sign summations and, unsurprisingly, are more or less equivalent to the direct computations via characters. Factorizations of an n-cycle are somewhat less involved because the character generating function is simpler, but, even in this case, large cancellations occur.

However, besides Hurwitz’ transpositions, a few other families of structure constants are known to be given by simple explicit formulae, the most intriguing of which may be c^α_{(n),(n−1,1)} = 2(n − 2)! if permutations of cycle type α are odd, and 0 otherwise. Several results of this type have been obtained in the early 80’s, by Walkup [?], Boccara [?], Bertram and Wei [?] or Stanley [?], and later by Jackson [?], Goulden [?], Goupil [?] or Jones [?]. Almost all these results concern decompositions of an n-cycle into very restricted families of factors, and they do not rely on any kind of topological intuition.

Observe that factorizations of an n-cycle are necessarily transitive, since the factorized cycle belongs to the group generated by the factors. Hence the genus of such a factorization is well-defined and satisfies: m∑ i=1 r_i = n − 1 + 2g.

2 Main theorem

2.1 Two former results

An important progress was made for the study of such factorizations with Goulden and Jackson’s formula in the minimal genus case [?,?,?,?]: for all partitions α_1, . . . , α_m of n such that r_1 + · · · + r_m = n − 1, c^{(n)}_{α1,...,αm} = n^{m−1} m∏ i=1 1 ℓ_i ( ℓ_i a_{i,1}, . . . , a_{i,n} ) = n^{m−1} m∏ i=1 (ℓ_i − 1)! Aut(α_i)

in which, for any partition β = (β_1, . . . , β_ℓ) = 1^{b1} . . . n^{bn} , Aut(β) = b_1! · · · b_n! is the number of permutations σ in S_ℓ such that β_{σ(i)} = β_i for all i in [[1, ℓ]] (notation borrowed from [?]). Remark that this formula generalizes the classical Cayley formula c^{(n)}_{(1}n−2_{2)}n−1 = n^{n−2}.

Then, a detailed case analysis of low genera led Goupil to introduce the following symmetric polynomials for all non negative g and ℓ:

S_g(x_1, . . . , x_ℓ) = ∑ p_1+...+p_ℓ=g ℓ∏ j=1 1 x_j ( x_j 2p_j + 1 ) . They have a simple generating function: ∑ g⩾0 S_g(x_1, . . . , x_ℓ)t^{2g} = ℓ∏ j=1 1 x_j t ∑ p⩾0 ( x_j 2p + 1 ) t^{2p+1} = ℓ∏ j=1 (1 + t)^{xj} − (1 − t)^{xj} 2x_j t . Using these symmetric polynomials, Goupil and Schaeffer were able in [?] to extend Goulden and Jackson’s result in the special case m = 2: for all partitions α_1 and α_2 of n,

c^{(n)}_{α1,α2} = n 2^{2g} 2∏ i=1 (ℓ_i − 1)! Aut(α_i) ∑ g_1+g_2=g 2∏ i=1 ℓ^{(2gi)}_i S_{gi} (α_i),

where g =^1_2 (n−1−r_1−r_2) and x^{(k)} is the raising factorial x(x+1) . . . (x+k−1).

2.2 Statement of the main theorem

In view of Goulden and Jackson’s and Goupil and Schaeffer’s formulae, it is natural to conjecture an immediate extension of the latter to m ⩾ 2. However, this extension turns out to be false because of the existence of a factor P trivial for m ⩽ 2. In order to define this factor, let us fix some notations. Recall that the elementary symmetric functions are defined by e_μ = e_{μ1} . . . e_{μℓ} for any partition μ = (μ_1, . . . , μ_ℓ) , where for each k ∈ N:

e_k = ∑ 1⩽j_1<j_2<...<j_k x_{j1} x_{j2} · · · x_{jk} .

Falling factorial powers are defined by (x)_k = x(x − 1) · · · (x − k + 1) for any integer k, and the mapping D : x^k → (x)_k can be extended multiplicatively to monomials in distinct variables and then linearly to symmetric functions. Finally, for μ = 1^{m1} . . . n^{mn} , the partition 3^{m1} 5^{m2} . . . (2n + 1)^{mn} is denoted by 2μ + 1.

With these notations, we define symmetric functions P_g by setting P_0 = 1, and for all positive g:

P_g = ∑ μ⊢g D (e_{2μ+1}) Aut(μ) . The main result of the present article can now be stated as follows:

Theorem 1 Let n be a positive integer, and α_1, . . . , α_m be partitions of n, with, for all i, α_i = 1^{ai,1} . . . n^{ai,n} , ℓ(α_i) = ℓ_i and r(α_i) = r_i. Let the genus g be defined by ∑ i r_i = n − 1 + 2g. Then: c^{(n)}_{α1,...,αm} = n^{m−1} 2^{2g} · m∏ i=1 (ℓ_i − 1)! Aut(α_i) · ∑ g_0+···+g_m=g ( P_{g0} (r − 2g) m∏ i=1 ℓ^{(2gi)}_i S_{gi} (α_i) ) (1) where r − 2g = (r_1 − 2g_1, . . . , r_m − 2g_m).

2.3 A discussion of the main theorem

Let us point out some properties of Formula (1).

• First of all, it is a summation over positive contributions. This is certainly not the case of character theoretic formulae, and a substantial part of our proof is directed towards the construction of a sign reversing involution to eliminate negative contributions. This allows us to derive asymptotic results for different kinds of limit at fixed genus (see below).

• The symmetric polynomial P_g(x_1, . . . , x_m) has degree 3g, so that the number of terms involved in its summation is a polynomial in m of degree 3g. First few values of P_g and S_g are given in Appendix.

• The symmetric polynomial S_g(x_1, . . . , x_ℓ) has degree 2g and the number of terms in its summation is (_{ℓ+2g−1} 2g ) , i.e. a polynomial in ℓ of degree 2g. Since S_g(x_1, . . . , x_ℓ) = S_g(x_1, . . . , x_ℓ, 1, . . . , 1, 0, . . . , 0), the evaluation S_g(α_i) only depends on the partition α_i = 2^{ai,2} . . . k^{ai,k} . (In fact it does not depend on parts equal to 2 either.)

• The higher genus correction to Goulden and Jackson’s formula ∑ g_0+···+g_m=g P_g(r − 2g) m∏ i=1 ℓ^{(2gi)}_i S_{gi} (α_i)

is a polynomial in the parts α_{i,j} (for fixed g, m, n and ℓ_i). In other words, besides Aut(α_i), there is no further dependence on the multiplicities a_{i,j} , i.e. on the fact that some parts may be equal. Moreover, in terms of reduced partitions α_i = 2^{ai,2} . . . k^{ai,k} (i.e. withdrawing parts equal to 1), the correction reads, using the equalities ℓ_i = (∑ j≠i rj ) + 1 − 2g, and r(α_i) = r(α_i), ∑ g_0+···+g_m=g P_g(r − 2g) m∏ i=1 ( ∑ j≠i r(α_j) + 1 − 2g )_{(2gi)} S_{gi} (α_i), and is, for fixed g, m and ℓ(α_i) but independantly of n, a polynomial of total degree 4g in the parts of the reduced partitions.

To sum up, Theorem 1 shows that the genus g has a determining influence on the complexity of connection coefficients computing: as mentioned above, the number of terms in the summation is polynomial for fixed g, but increases exponentially with g. Similar phenomena are observed in related results of Goulden et al. [?,?, and references therein]. These authors consider transitive factorizations of a permutation of type β into transpositions. Their expression overlaps with ours when β = n (our restriction) and α_i = 1^{n−2}2 (their restriction).

2.4 Some asymptotic corollaries

Asymptotic results for structure constants were mainly considered in the limit where n is fixed and m goes to infinity. In particular, this implies that the genus goes as well to infinity. While this is natural in the study of random walks in the symmetric group (see [?]), it is also of interest to obtain asymptotic results at fixed genus in view of the connection with topological interpretations. In this context, parts of length one are not interesting (since they correspond to regular points as opposed to critical points), so that it is more natural to stress the genus and reduced cycle types in notations: for α_1, . . . α_m being reduced partitions (i.e. without parts equal to 1), let

f^g_{α1,...,αm} = c^{(n)}_1a_{1 α1,...,1}a_{m αm} if n > max_i(|α_i|), 0 otherwise,

where n = ∑ i r_i + 1 − 2g and a_i = n − |α_i|. In other terms, f^g_{α1,...,αm} is the number of factorizations of genus g of a maximal cycle into m permutations of respective reduced cycle types α_1,. . . ,α_m.

Formula 1 is useful to give asymptotic estimate for connection coefficients in the limit where g is fixed and n goes to infinity. As an illustration, we prove in Section 6 the following two corollaries. (Throughout this article, f(x) ∼_{x→∞} g(x) means lim_{x→∞} f(x)/g(x) = 1.)

Corollary 2 (Large number of factors) Let g be a non negative integer, and α = 2^{a2} . . . k^{ak} a partition (without parts equal to 1) of rank r and length ℓ. Then there exists a constant c(g, α) (given in the proof) such that, for m going to infinity, f^g_{(α)}m ∼_{m→∞} c(g, α) · (ℓ − 1)!^m Aut(α)^m · (mr)^{mℓ−1+3g}.

In particular, for α_1, . . . α_m being transpositions, this yields a generalized Cayley formula: f^g_{(2)}m ∼_{m→∞} m^{m−1+3g} 24^g g! . This latter formula nicely extends either to involutions with k cycles: f^g_{(2k )m} ∼_{m→∞} (km)^{km−1+3g} k^m24^g g! , or to k-cycles: f^g_{(k)}m ∼_{m→∞} c(g, k) · ((k − 1)m)^{m−1+3g}. Corollary 3 (Large factors) Let g be a non negative integer, and consider m partitions α_i = 1^{ai,1} . . . k^{ai,k} . Let x · α_i denote the partition x^{ai,1} . . . (kx)^{ai,k} . For x going to infinity, there exists a constant c(g; α_1, . . . , α_m) (given in the proof) such that: f^g_{x·α1,...,x·αm} ∼_{x→∞} c(g; α_1, . . . , α_m) · x^{4g−1+} ∑ i ℓ_i .

Considering this homothetic limit was suggested to us by Dimitri Zvonkine.

2.5 Outline of the proof

Let us mention that structure constants have an interpretation in terms of some 2-cell embeddings of graphs, called cacti, maps or more generally constellations. This interpretation is intermediate between factorizations and meromorphic functions (see [?]). This allows to work with discrete, combinatorial objets, without completely loosing the topological intuition. In this context, the special case m = 2, α_2 = 2^{n/2} was known to Walsh and Lehman [?]. But unlike Goulden and Jackson in [?], and although we also use some graphical interpretations in the course of the proof, we were unable to use constellations. Such a relation would be very interesting to find in so far as it could provide a constructive proof of our result: in the present state, our derivation starts from the (non constructive) character theoretic formula and we are unable to present a reasonable algorithm to list all the factorizations counted by c^{(n)}_{α1,...,αm} .

The proof relies on the same approach that was successfully applied to the much simpler case m = 2 in [?]. In Section 3, the formula given by character theory is interpreted as a weighted sum over some combinatorial objects. This first interpretation is closely related to the one used by Goulden in [?] and similar to that of [?]. Then, in Section 4, a new interpretation in terms of starry graphs is developed. These graphs are the key ingredient allowing us to proceed in a formal analogy with the case m = 2, although the objects and details are more involved. An involution principle is applied to cancel negative contributions and to obtain a weighted sum involving cyclomatic numbers of graphs (Theorem 15). In Section 5, this weighted sum is finally related to the number of orientations of graphs and explicitly computed.

3 A combinatorial interpretation of the character theoretic formula

Character theory provides an expression for c^{(n)}_{α1,...,αm} . For any partition β of n, the cardinality z_β of the centralizer of any permutation in C_β is equal to 1^{b1} b_1! 2^{b2} b_2! . . . n^{bn} b_n!. For convenience, we consistently use the notation z_i for z_{αi} . If moreover we denote by χ^γ the irreducible character of S_n indexed by the partition γ, its evaluation at the conjugacy class C_β by χ^γ_β, and its degree by f^γ , then Frobenius formula can be expressed as (see e.g. [?, p68]):

Proposition 4 Let α_1, . . . , α_m and β be partitions of n ∈ N. Then: c^β_{α1,...,αm} = n!^{m−1} z_1 . . . z_m ∑ γ⊢n χ^γ_{α1} . . . χ^γ_{αm} (f^γ )^{m−1} χ^γ_β.

This formula motivates the search for a convenient expression for evaluations of irreducible characters of S_n. We first recall a classical rule for computing them using Ferrers diagrams, and then seek for simplifications that occur in the particular case β = (n).

3.1 Murnaghan-Nakayama rule

Let α and β be two partitions of a positive integer n. A rim hook tableau of type (α, β) is a Ferrers diagram of shape α filled with positive integers such that, for all i ∈ [[1, ℓ(β)]],

• the cells filled with integers i to ℓ(β) form a Ferrers diagram of weight β_i + · · · + β_{ℓ(β)}, • the β_i cells filled with i form a rim hook, i.e. a connected set that contains no pattern of the type:_i_i .

This means that a rim hook tableau of type (α, β) can be regarded as a diagram of shape α filled with the rows of β, in such a way that each row of β forms a rim hook of α. The weight W (T ) of a rim hook tableau T is the number of patterns_i in it.

Example: A rim hook tableau of type ((5, 4, 3, 1), (6, 4, 3)): 1 1 1 1 1 1

2 2 2 2 3 3 3

Its three rim hooks have respective contributions 2, 2 and 0, hence its weight is 4. ♦ With these definitions, the following rule allows to compute evaluations of irreducible characters of S_n (see [?]):

Proposition 5 (Murnaghan-Nakayama rule) Let α and β be two partitions of a positive integer n. Then:

χ^α_β = ∑ T (−1)^{W (T )}

where the sum runs over all rim hook tableaux of type (α, β).

Evaluations of the irreducible characters of S_n at the class of the n-cycles can be immediately deduced from this rule, since no diagram can be filled with a single rim hook unless it is itself a hook:

Proposition 6

χ^γ_{(n)} =

(−1)^r if there exists r ∈ [[0, n − 1]] such that γ = 1^r(n − r), 0 otherwise.

This reduces the summation in Proposition 4 to a summation over hook diagrams. Moreover, we obtain from Murnaghan-Nakayama rule the value of f^γ when γ is a hook:

∀r ∈ [[0, n − 1]], f^{1r (n−r)} = χ^{1r (n−r)}_1n = ( n − 1 r ) . Hence Proposition 4 can be rewritten into: c^{(n)}_{α1,...,αm} = n!^{m−1} z_1 . . . z_m n−1∑ r=0 ( n − 1 r )_{1−m} (−1)^rχ^{1r (n−r)} α_1 . . . χ 1^r (n−r) α_m . (2)

3.2 Quasi-painted diagrams

In order to give a combinatorial interpretation of Formula (2), we derive from Murnaghan-Nakayama rule another expression of characters involved in it. Let us define a painted diagram of shape α as a Ferrers diagram whose cells are painted in black (•) or white (∘), such that each row is monochrome. A quasi-painted diagram is such that all cells are black or white but one which contains a cross, and all rows are monochrome but the last one which has the form: • • · · · • × ∘ · · · ∘ ∘ i.e. •^p × ∘^q for some p ⩾ 0, q ⩾ 0. Let ^α be a quasi-painted diagram of shape α, | ^α|_• denote the number of its black cells, and ℓ_•( ^α) the number of its black rows (in particular the last row, which contains the cross, does not count).

Proposition 7 Let r ∈ [[0, n − 1]] and α = (α_1, . . . , α_ℓ) ⊢ n. Then the rim hook tableaux of type (1^r(n − r), α) are in one-to-one correspondence with the quasi-painted diagrams of shape α with r black cells.

PROOF. White cells of α are those that fill the horizontal part of the hook 1^r(n − r), black ones fill the vertical part, and the crossed cell corresponds to the position of the corner cell of 1^r(n − r). □

Example: A rim hook tableau of type (1^7 12, (7, 6, 6)) and the associated quasi-painting of (7, 6, 6):

1 1 1 1 1 1 1

2 2 2 2 2 2 3 3 3 3 3 3 ←→ ∘ ∘ ∘ ∘ ∘ ∘ ∘ • • • • • • • × ∘ ∘ ∘ ∘

♦ Hence we get the following reformulation of Murnaghan-Nakayama rule in terms of quasi-paintings, in the special case of χ^{1r (n−r)}_α :

Proposition 8 Let r ∈ [[0, n − 1]] and α = (α_1, . . . , α_ℓ) ⊢ n. Then: χ^{1r (n−r)} α = ∑ ^α (−1)^{r−ℓ•(}^^{α)}, where the sum runs over the quasi-paintings ^α of α with r black cells.

3.3 Painted heightened diagrams

In this section, we derive from Proposition 8 an expression for characters χ^{1r (n−r)} α that involves painted diagrams instead of quasi-painted ones.

Let {•, ∘}^p denote the set of words of length p over the alphabet {•, ∘}, and S(•^p∘^q) the set of words of length p+q with exactly p letters • and q letters ∘.

With these notations, the following lemma is straightforward:

Lemma 9 (shuffle lemma) Let p and q be positive integers. Define: φ : {•, ∘}^{p+q+1} −→ {•, ∘}^∗ × {•, ∘}^∗ u → (v, w) where vw = u and |v| is maximal with respect to the conditions: |v|_• ⩽ p and |v|_∘ ⩽ q. Then φ maps {•, ∘}^{p+q+1} bijectively onto p⋃ i=1 ( S(•^i∘^q) × ∘{•, ∘}^{p−i} ) ∪ q⋃ j=1 ( S(•^p∘^j ) × •{•, ∘}^{q−j} ) .

Let α = (α_1, . . . , α_ℓ) be a partition of an integer n > 1. For any k in [[0, α_ℓ −1]], its k-th heightened partition α^k is the partition of n − 1 defined as follows: α^0 = (α_1, . . . , α_{ℓ−1}, 1, . . . , 1 α_ℓ−1 times ),

and for all integer 1 ⩽ k < α_ℓ, α^k = (α_1, . . . , α_{ℓ−1}, k, 1, . . . , 1 α_ℓ−1−k times ).

The partition (α_1, . . . , α_{ℓ−1}) is denoted by α^∗, and the partition 1^{αℓ−1−k}k is called a heightened hook of α; 1^{αℓ−1−k} is its vertical part and k (if k ≠ 0) its horizontal part.

Example: Let us consider the partition α = (7, 6, 6) = .

Then α^∗ = and the heightenings of α are:

α^5 = ▷ ▷ ▷ ▷ ▷ , α^4 =

▷

▷ ▷ ▷ ▷ , α^3 =

▷▷

▷ ▷ ▷ ,

α^2 =

▷▷▷

▷ ▷ , α^1 =

▷▷▷▷

▷ , α^0 =

▷▷▷▷▷

, where cells of the vertical part of the heightened hook are marked with a

▷

, and those of its horizontal part with a ▷. ♦ With these notations and Lemma 9, Proposition 8 becomes: Proposition 10 Let r ∈ [[0, n − 1]] and α = (α_1, . . . , α_ℓ) ⊢ n. Then: χ^{1r (n−r)} α = α_ℓ−1∑

k=0 2^{ℓ−ℓ(αk)−1} ∑ ^_αk (−1)^{r−ℓ•(} ^^{α∗)},

where the inner sum runs over all painted diagrams ^α^k of shape α^k with r black cells.

Remark that any painting ^α^k induces a painting ^α^∗ of α^∗; in particular, ℓ_•( ^α^∗) is well defined and equal to ℓ_•( ^α^k).

PROOF. The summation in Proposition 8 can be rewritten as follows:

χ^{1r (n−r)} α = 1 2^{αℓ} ∑ ^α ∑ u∈{•,∘}^αℓ (−1)^{r−ℓ•(}^^{α)} = 1 2^{αℓ} ∑ ^α ∑ u∈{•,∘}^αℓ (−1)^{r−ℓ•(} ^^{α∗)}.

Let us define a one-to-one correspondence between couples ( ^α, u) consisting of a quasi-painting of α and a word u in {•, ∘}^{αℓ} , and triples (k, ^α^k, w^′) consisting of a non negative integer k < α_ℓ, a painting of α^k and a word of length k + δ^0_k, where δ^0_k denotes Kronecker’s symbol.

For any painting ^α of α, let p and q be such that its last row is •^p × ∘^q. For any word u, let (v, w) = φ(u) defined as in the shuffle lemma, and k = |w| − 1. Then the corresponding painting ^α^k of the heightened diagram α^k is defined as follows:

• the painting of rows α_1, . . . , α_{ℓ−1} of α induces a painting of the same rows in α^k.

• the colour of the horizontal part of the heightened hook, if any, i.e. if k ≠ 0, is not the first letter of w.

• the colour of the remaining cells is given by the word v.

Moreover, we take w^′ to be w if k = 0 and w without its first letter otherwise.

The mapping ^α → (k, ^α^k, w^′) is one-to-one and preserves the number of black cells, so that:

χ^{1r (n−r)} α = 1 2^{αℓ} α_ℓ−1∑

k=0 ∑ ^_αk ∑ w^′∈{•,∘}^{k+δ0}k (−1)^{r−ℓ•(} ^^{α∗)}

= α_ℓ−1∑

k=0 2^{−αℓ+k+δ0k} ∑ ^_αk (−1)^{r−ℓ•(} ^^{α∗)},

where the internal sum runs over the painted diagrams of shape α^k with r black cells. Since 1 + ℓ(α^k) − ℓ = α_ℓ − k − δ^0_k, the proof is complete. □

Example: Consider the painting ^α = ∘ ∘ ∘ ∘ ∘ ∘ ∘ • • • • • • • × ∘ ∘ ∘ ∘ ; then p = 1 and q = 4.

Let u = ∘••∘∘• ∈ {•, ∘}^6, then φ(u) = (∘•,•∘∘•), k = 3, and the correspond-

ing painting of α^3 is ∘ ∘ ∘ ∘ ∘ ∘ ∘ • • • • • • ∘ • ∘ ∘ ∘ . ♦

4 A graphical summation

For any m-tuple a of partitions α_i = (α_{i,1}, . . . , α_{i,ℓi} ) of n, let I_a denote the set [[0, α_{1,ℓ1} −1]] × · · · × [[0, α_{m,ℓm} −1]]. Then, for any k = (k_1, . . . , k_m) ∈ I_a, the m-tuple (α^{k1}_1 , . . . , α^{km}_m ) is denoted by a^k . Last, let ℓ^k_i = ℓ(α^{ki}_i ).

We are now able to derive from Formula (2) a new expression for connection coefficient c^{(n)}_{α1,...,αm} . Each evaluation of a character uses a summation over painted diagrams with r black cells. Expanding these summations leads to summing over configurations of m painted diagrams with the same number r of black cells: n^{m−1} z_1 · · · z_m n−1∑ r=0 ∑ k ∈I_a ∑ ^_ak (_m ∏ i=1 2^{ℓi−ℓki −1}(−1)^{r−ℓ•(} ^^{α∗i )} ) (−1)^r[r!(n − 1 − r)!]^{m−1} (3)

where the innermost summation runs over paintings ^a^k of a^k with r black cells in each diagram α^{ki}_i .

4.1 Painted starry graphs

The factor [r!(n − 1 − r)!]^{m−1} in Expression (3) can easily be interpreted. In order to give a natural description for other factors as well, we introduce the following model:

Let α_1, . . . , α_m be partitions of a positive integer p, with α_i = (α_{i,1}, . . . , α_{i,ℓi} ) for all i ∈ [[1, m]]. A starry graph of type a = (α_1, . . . , α_m) is a bipartite graph Γ satisfying the following conditions:

• its two kinds of vertices are, on the one hand, ℓ_1 + . . . + ℓ_m row vertices, and on the other hand p star vertices,

• row vertices correspond bijectively to rows of the diagrams, • for any 1 ⩽ i ⩽ m, 1 ⩽ j ⩽ ℓ_i, the row vertex (i, j) has degree α_{ij}, • star vertices are unlabelled and have degree m, • edges incident to row vertex (i, j) are labelled 1 to α_{i,j}, • for any star vertex, and any i ∈ [[1, m]], there is exactly one index j ∈ [[1, ℓ_i]] such that row vertex (i, j) is adjacent to the given star vertex.

A starry graph ^Γ is painted if its vertices are painted black or white in such a way that any two adjacent vertices have the same colour. If the colour of its row vertices is given by the colour of the rows of ^a, ^Γ is said to be of type ^a. The set of starry graphs of type a is denoted by G(a) and the set of painted starry graphs whose type is a painting of a by ^G(a).

Example: Let us consider the partitions α_1 = 1^4, α_2 = 1^22, α_3 = 1 3. The picture below represents a painted starry graph on (α_1, α_2, α_3).

1

1

1

1

1

1 1

1 1 2 2 3 (1, 1)

(1, 2)

(1, 3)

(1, 4)

(2, 3)

(2, 2)

(2, 1)

(3, 2)

(3, 1)

♦ Let us consider m painted diagrams with p black and q white cells each. Any starry graph on them has p black and q white undistinguishable star vertices. Each black (respectively white) cell of a given diagram is adjacent to a different black (respectively white) star, hence the number of starry graphs on these diagrams is^1_{p! q!} (p! q!)^m.

Proposition 11 Let a be a m-tuple of partitions of n, and ^a^k a painted heightening of a with r black cells in each diagram. Then the number of painted starry graphs of type ^a^k is [r!(n − 1 − r)!]^{m−1}.

This gives an interpretation of factor [r!(n − 1 − r)!]^{m−1} in Expression (3) in terms of painted starry graphs of type ^a^k . Let us rewrite Expression (3) in these terms. The summation over r leads to a summation over all paintings, so that we obtain:

Proposition 12 c^{(n)}_{α1,...,αm} = n^{m−1} z_1 . . . z_m 2^{2g} ∑ k∈I_a ∑ ^_{Γ∈} ^_{G(a}k_)

2^{κ(Γ)−c(Γ)}(−1)^{(m−1)ρ(Γ)−} ∑ i ℓ_•( ^α^∗_i ) (4)

in which ρ(Γ) denotes the number of black stars of Γ, and κ(Γ) its cyclomatic number, i.e. e(Γ) − v(Γ) + c(Γ), with e(Γ), v(Γ) and c(Γ) denoting respectively the numbers of its edges, vertices and connected components.

PROOF. Remark that ρ(Γ) corresponds to r, so that to derive Formula (4) from Formula (3), we only have to prove: m∏ i=1 2^{ℓi−ℓki −1} = 2^{κ(Γ)−c(Γ)−2g} . According to the definition of g, we have ∑_m i=1(ℓ_i − 1) = (m − 1)(n − 1) − 2g.

The number r(Γ) of row vertices of Γ is ∑_m i=1 ℓ^k_i , the number s(Γ) of star vertices is n − 1 and the number of edges is m(n − 1), so that: m∑ i=1 ℓ_i − ℓ^k_i − 1 = [(m − 1)(n − 1) − 2g] − m∑ i=1 ℓ^k_i

= [e(Γ) − s(Γ) − 2g] − r(Γ) = κ(Γ) − c(Γ) − 2g. □

4.2 Connected components and evenness

Let Γ be a starry graph of type a^k = (α^{k1}_1 , . . . , α^{km}_m ), and Γ^{(1)} ⊔ . . . ⊔ Γ^{(c(Γ))} its splitting in connected components. It induces a splitting of each partition α^{ki}_i .

The following proposition is straightforward from the definition of painted starry graphs:

Proposition 13 Let ^Γ be a painted starry graph. Then each connected component of Γ is monochrome. In other words, painted starry graphs ^Γ are in bijection with couples made of a (non painted) starry graph Γ and a subset B of the set C(Γ) of its components – the black ones.

Hence we can derive from Proposition 13 a new formulation of the innermost summation in Equation (4): ∑ Γ∈G(a^k )

2^{κ(Γ)−c(Γ)} ∑ B⊂C(Γ) (−1)^{ε(B)}, in which ε(B) is defined as follows: let e(Γ^{(c)}), s(Γ^{(c)}), r(Γ^{(c)}) and h(Γ^{(c)}) denote respectively the numbers of edges, star vertices, row vertices and heightened row vertices in the component Γ^{(c)}; we associate to each connected component the following parameter:

ε(Γ^{(c)}) = (m − 1) s(Γ^{(c)}) − m∑ i=1 ℓ(α^∗_i^{(c)}) = [ e(Γ^{(c)}) − s(Γ^{(c)}) ] − [ r(Γ^{(c)}) − h(Γ^{(c)}) ] = κ(Γ^{(c)}) − 1 + h(Γ^{(c)}),

and this notation is extended to subsets of C(Γ): ∀B ⊂ C(Γ), ε(B) = ∑ c∈B ε(Γ^{(c)}).

A starry graph is said totally even if ε(Γ^{(c)}) is even for all c ∈ C(Γ). We denote by E(a^k ) the set of totally even starry graphs of type a^k .

4.3 A sign-reversing involution

Lemma 14 Let Γ ∈ G(a^k). Then: ∑ B⊂C(Γ) (−1)^{ε(B)} =

2^{c(Γ)} if Γ is totally even, 0 otherwise.

PROOF. First case is obvious. In the other case, let c be the lowest index such that ε(Γ^{(c)}) is odd. Consider the involution ϑ of the set of subsets C(Γ) mapping B ⊂ C(Γ) on the symmetric difference B△{c}. Then ϑ is an involution without fixed point, and for all B ⊂ C(Γ), ε(B) ≢ ε(ϑ(B)) mod 2, so that the contributions of all subsets cancel two by two. □

Hence the contribution of a starry graph is 2^{κ(Γ)} if it is totally even and 0 otherwise, which proves the following theorem:

Theorem 15 Let a be a m-tuple of partitions of n. Then: c^{(n)}_{α1,...,αm} = n^{m−1} z_1 . . . z_m 2^{2g} ∑ k∈I_a ∑ Γ∈E(a^k)

2^{κ(Γ)}.

Some particular cases can be directly deduced from this first expression of our theorem. Observe that, for any starry graph Γ built on any heightening of a, ∑ c∈C(Γ) ε(Γ^{(c)}) = (m − 1)s(Γ) − m∑ i=1 (ℓ_i − 1)

= (m − 1)(n − 1) − [(m − 1)(n − 1) − 2g] = 2g.

Remark that this supplies a proof that c^{(n)}a = 0 unless g is an integer: if it is not, no totally even starry graph can be built on a heightening of a, hence the summation is empty.

Let us now assume that a is such that g is an integer, and consider a connected starry graph Γ in G(a^k ). Then its cyclomatic number only depends on a^k :

κ(Γ) = ε(Γ) + 1 − h(Γ) = 2g + 1 + m∑ i=1 ( k_i + δ^0_{ki} − α_{i,ℓi} ) .

Suppose that a is such that any starry graph on any heightening a^k is connected. According to Theorem 15,

c^{(n)}_{α1,...,αm} = 2 n^{m−1} z_1 . . . z_m ∑ k ∈I_a

card ( G(a^k ) ) 2^{ki+δ0k}i^{−αi,ℓi} .

Now, card ( G(a^k ) ) = (n − 1)!^{m−1}, and for any integer p, p−1∑ k=0 2^{k+δ0k} = 2^p. This

proves the following:

Corollary 16 If (α_1, . . . , α_m) is such that any starry graph on any of its heightenings is connected, then either c^{(n)}_{α1,...,αm} = 0 or

c^{(n)}_{α1,...,αm} = 2 n! m∏ i=1 card(C_{αi} ).

(Recall that C_{αi} is the conjugacy class of permutations of type α_i.)

In particular, this connectedness condition is satisfied if one of the partitions is equal to (n−1, 1). Hence this formula generalizes the well-known result that c^α_{(n),(n−1,1)} = 2(n − 2)! for any odd partition α.

5 Orientability and explicit enumeration

5.1 Evenness function and orientability

Let Γ be a graph, V its set of vertices. Let us call evenness function on Γ any mapping φ : V → {0, 1}. The cardinality of φ^{−1}(0) is called its weight and denoted by w(φ). An orientation of edges of Γ is said φ-compatible if for each vertex v, φ(v) and its outdegree have the same evenness. A graph Γ which has such an orientation is said φ-orientable.

Proposition 17 A connected graph Γ is φ-orientable if and only if

κ(Γ) ≢ w(φ) mod 2.

In this case, it has exactly 2^{κ(Γ)} φ-compatible orientations.

PROOF. First suppose that κ(Γ) = 0, i.e. that Γ is a tree. We prove the result inductively on the number of vertices of Γ. The case where Γ has only one vertex (and hence no edge) is obvious: Γ is φ-orientable if and only if w(φ) = 1, i.e. if w(φ) ≢ κ(Γ) mod 2. In this case, there is only possible orientation – the void one. Otherwise, Γ has a leaf ℓ adjacent to a vertex a. Let Γ^′ be the graph obtained by deleting ℓ in Γ. We define the following evenness function on Γ^′: φ^′ : v −→ φ(v) if v ≠ a φ(a) + φ(ℓ) + 1 if v = a.

Γ is φ-orientable if and only if Γ^′ is φ^′-orientable, and each compatible orientation of Γ corresponds to exactly one orientation of Γ^′. Moreover, w(φ^′) ≡ w(φ) mod 2, hence by induction Γ is φ-orientable if and only if w(φ) ≡ 1 mod 2, and has only one compatible orientation. This proves the case κ(Γ) = 0.

Let us prove the proposition inductively on κ(Γ). Suppose that κ(Γ) ⩾ 1, then Γ has a simple cycle (v_1, . . . , v_k), with k ⩾ 3. Let (v_1, v_2) be an edge of the cycle. Let Γ^′ be obtained from Γ by deleting (v_1, v_2). Let us consider the φ-compatible orientations of Γ in which (v_1, v_2) is oriented from v_1 to v_2, and denote by φ^′ be the evenness function on Γ^′ defined by: φ^′ : v −→ φ(v) if v ≠ v_1 φ(v_1) + 1 if v = v_1.

Then the restrictions to Γ^′ of these orientations are exactly its φ^′-compatible orientations. Since κ(Γ^′) = κ(Γ) − 1, by induction κ(Γ^′) ≢ w(φ^′) mod 2 and the number of these orientations is 2^{κ(Γ′)}. Since w(φ^′) ≢ w(φ) mod 2, there exists φ-compatible orientations of Γ in which (v_1, v_2) is oriented from v_1 to v_2 if and only if κ(Γ) ≢ w(φ) mod 2. In this case the number of such orientations is 2^{κ(Γ)−1}, and Γ has also 2^{κ(Γ)−1} φ-compatible orientations in which (v_1, v_2) is oriented from v_2 to v_1, which concludes the proof. □

5.2 Last enumeration

We use the latter results on starry graphs with a judicious choice of evenness function: let a be a m-tuple of partitions of n, a^k a heightening of a and Γ a starry graph in G(a^k ). We define the evenness function φ by φ(v) = 0 if v is a row vertex taken from a heightened hook and φ(v) = 1 otherwise. We denote by φ^{(c)} the restriction of φ to the connected component Γ^{(c)} of Γ.

Proposition 18 Γ is totally even if and only if it is φ-orientable.

PROOF. A starry graph Γ is totally even if and only if, for all connected component Γ^{(c)}, ε(Γ^{(c)}) ≡ 0 mod 2, and it is φ-orientable if and only if, for all Γ^{(c)}, κ(Γ^{(c)}) ≢ w(φ^{(c)}) mod 2. But w(φ^{(c)}) is by definition the number of rows of the heightened hook that belong to the c-th component, i.e. h(Γ^{(c)}). Since ε(Γ^{(c)}) = κ(Γ^{(c)}) − 1 + h(Γ^{(c)}), this ends the proof. □

The set of φ-compatible orientations of graphs in G(a^k ) is denoted by ⃗G(a^k ). We can immediately derive the following equality from Lemma 14 and Propositions 17 and 18: ∑

Γ∈E(a^k )

2^{κ(Γ)} = card ( ⃗G(a^k ) ) . Hence Theorem 15 becomes:

Theorem 19 c^{(n)}_{α1,...,αm} = n^{m−1} z_1 . . . z_m 2^{2g} ∑ k∈I_a card ( ⃗G(a^k) ) .

So we have reduced the problem to counting the elements of ⃗G(a^k ). Let us now partition ⃗G(a^k ) through the following criteria: the partition μ̂ composed of the outdegrees of the star vertices, and the map ψ that associates to each row vertex α_{ij} its outdegree ψ_{ij} . We consider μ̂ as a partition because the star vertices are not labelled, unlike row vertices. Then:

⃗G(a^k ) = ⋃ (ψ,μ̂) ⃗G(a^k , ψ, μ̂).

Proposition 20 By construction, ψ and μ̂ satisfy the following properties.

• Since φ(v) = 1 on any star vertex v, the partition μ̂ has no even part. Hence |μ̂| ⩾ n − 1 and |μ̂| ≡ n − 1 mod 2. Star vertices with outdegree 1 are said simple, the others, i.e. those whose outdegree is at least 3, are said complex.

• For all i ∈ [[1, m]], exactly ℓ_i − 1 indices j are such that row vertex (i, j) satisfies φ(i, j) = 1; hence ∑ j⩾1 ψ_{ij} ⩾ ℓ_i − 1 and ∑ j⩾1 ψ_{ij} ≡ ℓ_i − 1 mod 2.

• Each edge of the graph contributes exactly once to the outdegree of a vertex, hence: |μ̂| + ∑ 1⩽i⩽m ∑ j⩾1 ψ_{ij} = m(n − 1). For any i ⩾ 1, let m_i denote the number of parts of size 2i + 1 in μ̂, and consider the partition μ = 1^{m1} 2^{m2} . . .; let g_0 = |μ|, i.e. half the number of extra outgoing edges of star vertices, and for all i ∈ [[1, m]], let g_i be half the number of extra outgoing edges of row vertices taken from diagram i. In other terms,

|μ̂| = n − 1 + 2g_0 and ∀i ∈ [[1, m]], ∑ j⩾1 ψ_{ij} = ℓ_i − 1 + 2g_i.

Let us first compute card ( ⃗G(ak , ψ, μ̂) ) for given ψ and μ. We have to choose for each row α_{ij} the position of the ψ_{ij} outgoing edges. These give raise to ∏ j⩾1 ( α_{ij} ψ_{ij} ) possible choices for each diagram.

We next have to choose which of the other cells are linked to the complex star vertices and how. Using the notations described in the introduction, this gives

(D (e_{2μ+1})) ( n − 1 − ∑ j ψ_{1j} , . . . , n − 1 − ∑ j ψ_{mj} ) Aut(μ)

possible choices, i.e.

(D (e_{2μ+1})) (r_1 − 2g_1, . . . , r_m − 2g_m) Aut(μ) . Linking the last incoming cells to the simple star vertices, which are not indexed, yields no further choice, so it remains only to link the outgoing cells to star vertices in such a way that each diagram is adjacent to each star. This gives (∑ j ψ_{ij} ) ! choices for diagram α_i.

Hence card ( ⃗G(ak , ψ, μ̂) ) is equal to: ∏ i,j ( α_{ij} ψ_{ij} ) · ∏ i ∑ j ψ_{ij} ! · (D (e_{2μ+1})) (r − 2g) Aut(μ) .

Let us now sum over ψ with a prescribed m-tuple (g_1, . . . , g_m). Since ψ_{ij} is odd if and only if j < ℓ_i, we obtain:

(D (e_{2μ+1})) (r − 2g)

Aut(μ) · m∏ i=1 (ℓ_i − 1 + 2g_i)! ∑ p_1+···+p_{ℓi} =g_i ( k_i 2p_{ℓi} )_{ℓi−1} ∏ j=1 ( α_{ij} 2p_j + 1 ) .

Summing over (g_1, . . . , g_m) and μ leads to card ( ⃗G(ak ) ) : ∑ g_0+···+g_m=g P_{g0} (r−2g) m∏ i=1 (ℓ_i − 1 + 2g_i)! ∑ p_1+···+p_{ℓi} =g_i ( k_i 2p_{ℓi} )_{ℓi−1} ∏ j=1 ( α_{ij} 2p_j + 1 ) .

Following Theorem 19, we now have to sum over k, but the identity α_{iℓi} −1 ∑ k_i=0 ( k_i 2p_{ℓi} ) = ( α_{iℓi} 2p_{ℓi} + 1 ) ,

yields the following expression for c^{(n)}_{α1,...,αm} , which is equivalent to Theorem 1: n^{m−1} z_1 . . . z_m 2^{2g} ∑ g_0+···+g_m=g P_{g0} (r − 2g) m∏ i=1 (ℓ_i + 2g_i − 1)! ∑ p_1+···+p_{ℓi} =g_i ℓ_i∏ j=1 ( α_{ij} 2p_j + 1 ) .

□

6 Asymptotic results

Formula (1) allows to catch non trivial asymptotic results at fixed genus. We shall here consider two different limits, both with the weight n of involved partitions going to infinity.

6.1 Large number of identical factors

First we let m go to infinity together with n, with identical factors. The simpler particular case is that of transpositions: let T = 1^{n−2} 2, and α_i = T for 1 ⩽ i ⩽ m. Then m = n − 1 + 2g and

c^{(n)}_T n−1+2g = n^{n−2+2g} 2^{2g} P_g(1, . . . , 1) = n^{n−2+2g} 2^{2g} ∑ μ⊢g 1 Aut(μ) ( n − 1 + 2g ℓ(μ) + 2g )( ℓ(μ) + 2g 2μ_1 + 1, . . . , 2μ_{ℓ(μ)} + 1 )

= n^{n−2+2g} 2^{2g} g∑ ℓ=0 ( n − 1 + 2g ℓ + 2g ) ∑ μ⊢g ℓ(μ)=ℓ 1 Aut(μ) ( ℓ + 2g 2μ_1 + 1, . . . , 2μ_ℓ + 1 ) ,

so that c^{(n)}_T n−1+2g is a polynomial of degree n − 2 + 5g in n. Remark the surprising fact that the coefficient of (_{n−1+2g} ℓ+2g ) is the number of set partitions of {1, . . . , ℓ + 2g} into ℓ subsets of cardinality odd and at least three. It would be interesting to have a combinatorial interpretation of this fact. Observe that this cancellation–free result could have been obtained after some algebra from those of [?,?], that give the following formulation:

c^{(n)}_T n−1+2g = 1 n! n−1∑ i=0 (−1)^i ( n − 1 i ) [( n 2 ) − ni ]_{n−1+2g} . (5)

Remark that to compute large exact values, an efficient approach is to determine the g coefficients of the polynomial using the g first evaluations of Goulden’s formula (5), and then to use our expression.

Asymptotically, the dominant contribution is clearly obtained from our expression for μ = 1^g, so that the number of factorizations of genus g into m = n − 1 + 2g transpositions is estimated by c^{(n)}_T n−1+2g ∼_{n→∞} n^{n−2+5g} 24^g g!

, or equivalently c^{(n)}_T m ∼_{m→∞} m^{m−1+3g} 24^g g! .

More generally, let us consider factorizations of genus g in m factors of type 1^pα, where α = 2^{a2} . . . k^{ak} is a partition of an integer n_0 without trivial parts, with length ℓ and rank r. The relation mr = n_0 + p − 1 + 2g gives the number of fix points p = mr − n_0 + 1 − 2g, so that such factorizations exist as soon as m > n_0 + 2g − 1 r . Then, since S_{gi} (1^pα) = S_{gi} (α), c^{(n0+p)} (1^pα)^m = n^{m−1} 2^{2g}

(p + ℓ − 1)!^m (p! Aut(α))^m ∑ g_0+···+g_m=g P_{g0} (r − 2g) m∏ i=1 (ℓ + p)^{(2gi)}S_{gi} (α)

where r−2g = (r−2g_1, . . . , r−2g_m). Summands corresponding to compositions (g_1, . . . , g_m) with same underlying partitions ν are equal, and the factors of the product only contribute for g_i > 0. Hence: c^{(n0+p)} (1^pα)^m = n^{m−1} 2^{2g}

(p + ℓ − 1)!^m (p! Aut(α))^m ∑ {_{(g0,ν)⊢g} ν=1^{n1} ...g^{ng}

( m ℓ(ν) )( ℓ(ν) n_1, . . . , n_g ) P_{g0} (r − 2ν) ℓ(ν)∏

i=1 (ℓ + p)^{(2νi)}S_{νi} (α)

where r − 2ν is the m-uple (r − 2ν_1, . . . , r − 2ν_{ℓ(ν)}, r, . . . , r).

Let us first consider P_{g0} (r − 2ν). For m going to infinity, the dominating term is the term of degree 3g_0 of D(e_3g0 )/g_0!:

g_0! P_{g0} (r − 2ν) ∼ r^{3g0} ( m − ℓ(ν) 3g_0 )( 3g_0 3, . . . , 3 ) ∼ (mr)^{3g0} 3!^{g0} . Indeed it is the contribution of largest degree in m among a finite number of terms.

In the summation at fixed g_0, the product contributes with a polynomial in p whose degree is 2(g − g_0) i.e. does not depend on ν. Hence the largest contribution is determined by the degree of (_m ℓ(ν) ) and given by ν = 1^{g−g0} .

Therefore, since n ∼ p ∼ mr, we obtain the following equivalent: c^{(n0+p)} (1^pα)^m ∼m,p→∞ p^{mℓ−1} 2^{2g}

(ℓ − 1)!^m Aut(α)^m ∑ g_0+g_1=g m^{g1} g_1! (mr)^{3g0} 6^{g0} g_0!

p^{2g1} S_1(α)^{g1} ∼_{m,p→∞} (mr)^{mℓ−1+3g} (ℓ − 1)!^m Aut(α)^m ∑ g_0+g_1=g

S_1(α)^{g1} r^{g1} 4^g 6^{g0} g_0! g_1! . This yields Corollary 2. Observe that S_1(α) =^1_6 ∑ i(α_i − 1)(α_i − 2), so the constant c(g, a) can also be expressed as: 1 24^g ∑ g_0+g_1=g 1 r^{g1} g_0! g_1! ℓ∑ i=1 (α_i − 1)(α_i − 2).

The special cases are obtained as follows: for involutions with k cycles, we have α = 2^k, r = ℓ = k, p = k(m − 2) + 1 − 2g, and S_1(α) = 0; thus we obtain: c^{(2k+p)} (1^p2^k)^m ∼m→∞ (km)^{km−1+3g} k^m24^g g! . For k-cycles, the result is straightforward. For instance, in the particular case of 3-cycles, we have α = 3, r = 2, and ℓ = 1, hence we obtain more precisely:

c^{(3+p)}_{(1}p_{3)}m ∼_{m→∞} (2m)^{m−1+3g} 24^g g∑ g_0=0 1 g_0!(g − g_0)! ∼_{m→∞} (2m)^{m−1+3g} 12^g g! .

6.2 Large factors

A second kind of limit was suggested to us by Dimitri Zvonkine: we fix m and let non trivial parts go to infinity homothetically. In order to do that, let us choose our m original partitions α_i = 1^{ai,1} 2^{ai,2} . . . k^{ai,k} with respective weights n_i. We shall denote by x · α_i the partition x^{ai,1} . . . (kx)^{ai,k} and consider the number of factorizations of genus g in permutations of respective reduced cycle type x · α_1, . . . , x · α_m, when x goes to infinity. According to the genus relation, these permutations must have additional fix points so that the total number n of elements on which they act satisfies the equality: n = m∑ i=1 r(x · α_i) + 1 − 2g,

where r(x · α_i) = xn_i − ℓ_i. Hence, if we denote n_0 = n_1 + · · · + n_m and ℓ_0 = ℓ_1 + · · · + ℓ_m, n must satisfy:

n = xn_0 − ℓ_0 + 1 − 2g.

Let us first consider the behaviour of polynomials S_g(x · β) for any given partition β and integer g: fix points of x · β do not interfere, so that:

S_g(x · β) = ∑ p_1+···+p_ℓ=g ℓ∏ j=1 1 xβ_j ( xβ_j 2p_j + 1 ) ∼_{x→∞} x^{2g} s_g(β),

where

s_g(β) = ∑ p_1+···+p_ℓ=g ℓ∏ j=1 β^{2pj}_j (2p_j + 1)! . Now turn to P_{g0} (r − 2g): since, for any i ∈ [[1, m]], r(x · α_i) ∼ xn_i, the contribution is again dominated by the largest degree term D(e_3g0 )/g_0!. Thus:

g_0! P_{g0} (r − 2g) ∼_{x→∞} (D(e_3g0 )) (xn_1, . . . , xn_m) ∼_{x→∞} e_3g0 (xn_1, . . . , xn_m) ∼_{x→∞} x^{3g0} e_3g0 (n_1, . . . , n_m).

Finally, for any i ∈ [[1, m]], denote by p_i the number of fix points needed for α_i. Then p_i = n − xn_i ∼ x(n_0 − n_i), and

(ℓ(x · α_i) + 2g_i − 1)!

Aut(x · α_i) = (p_i + ℓ_i + 2g_i − 1)!

p_i! Aut(α_i) ∼_{x→∞} p^{ℓi+2gi−1} i Aut(α_i) .

Hence:

2^{2g} n^{m−1} · c^{(n)}_{x·α1,...,x·αm} ∼_{x→∞} ∑ g_0+···+g_m=g x^{3g0} e_3g0 (n_1, . . . , n_m) g_0! m∏ i=1 [x(n_0 − n_i)]^{ℓi+2gi−1} Aut(α_i) x^{2gi} s_{gi} (α_i). This yields Corollary 3, since the dominating term is obtained for g_0 = 0: c^{(n)}_{x·α1,...,x·αm} ∼_{x→∞} n^{m−1}_0 2^{2g} ∑ g_1+···+g_m=g m∏ i=1 (n_0 − n_i)^{ℓi+2gi−1} s_{gi} (α_i) Aut(α_i) · x^{ℓ0+4g−1} .

A First values

First values of the polynomials S_g (i.e. for small g):

S_0(x_1, . . . , x_ℓ) = 1,

S_1(x_1, . . . , x_ℓ) = 1 3! ℓ∑ i=1 (x_i − 1)_2,

S_2(x_1, . . . , x_ℓ) = 1 5! ℓ∑ i=1 (x_i − 1)_4 + 1 (3!)^2 ∑ 1⩽i<j⩽ℓ (x_i − 1)_2(x_j − 1)_2.

First values of P_g:

P_0 = 1, P_1 = D(e_3) = ∑ i_1<i_2<i_3

x_{i1} x_{i2} x_{i3} ,

P_2 = D(e_5) + 1 2 D(e_32 ), = ∑ i_1<···<i_5 x_{i1} · · · x_{i5} + 1 2 D ∑ i_1<i_2<i_3

x_{i1} x_{i2} x_{i3} 2 , = ∑ i_1<···<i_5 x_{i1} · · · x_{i5} + 10 ∑ j_1<···<j_6 x_{j1} · · · x_{j6} + 3 ∑ i, j_1<···<j_4 (x_i)_2x_{j1} · · · x_{j4} + ∑ i_1<i_2, j_1<j_2

(x_{i1} )_2(x_{i2} )_2x_{j1} x_{j2} + 1 2 ∑ i_1<i_2<i_3

(x_{i1} )_2(x_{i2} )_2(x_{i3} )_2.

The next case after Goupil and Schaeffer’s formula, i.e. m = 3, reads: c^{(n)}_{α1,α2,α3} = n^2 2^{2g} 3∏ i=1 (ℓ_i − 1)! Aut(α_i) · ∑ g_0+···+g_3=g 1 g_0! 3∏ i=1 (r_i − 2g_i)_{g0} ℓ^{(2gi)}_i S_{gi} (α_i).

For g = 1, this reduces to:

n^2 4 3∏ i=1 (ℓ_i − 1)! Aut(α_i) · ( r_1r_2r_3 + 3∑ i=1 ℓ_i(ℓ_i + 1)S_1(α_i) )

with ℓ_1 = r_2 + r_3 − 1, and r_i = r(α_i) so that the correction is indeed seen to be a polynomial of degree 4 in the parts of α_i.

For g = 2, we obtain, with ℓ_1 = r_2 + r_3 − 3,

n^2 16 3∏ i=1 (ℓ_i − 1)! Aut(α_i) · 1 2 (r_1)_2(r_2)_2(r_3)_2 + r_1r_2r_3 3∑ i=1 ℓ^{(2)}_i S_1(α_i) r_i − 2 r_i + ∑ 1⩽i<j⩽3 ℓ^{(2)}_i ℓ^{(2)}_j S_1(α_i)S_1(α_j ) + 3∑ i=1 ℓ^{(4)}_i S_2(α_i) .

References

[1] V. I. Arnol^′d. Topological classification of complex trigonometric polynomials and the combinatorics of graphs with an identical number of vertices and edges. Funktsional. Anal. i Prilozhen., 30(1):1–17, 96, 1996.

[2] F. Bédard and A. Goupil. The poset of conjugacy classes and decomposition of products in the symmetric group. Canad. Math. Bull., 35(2):152–160, 1992.

[3] E. A. Bertram and V. K. Wei. Decomposing a permutation into two large cycles:

an enumeration. SIAM J. Algebraic Discrete Methods, 1(4):450–461, 1980.

[4] G. Boccara. Nombre de représentations d’une permutation comme produit de deux cycles de longueurs données. Discrete Math., 29(2):105–134, 1980.

[5] M. Bousquet-Mélou and G. Schaeffer. Enumeration of planar constellations.

Adv. in Appl. Math., 24(4):337–368, 2000.

[6] D. Bouya and A. Zvonkin. Topological classification of complex polynomials: new experimental results. Preprint available electronically at

http://dept-info.labri.u-bordeaux.fr/~zvonkin, May 1999.

[7] C. L. Ezell. Branch point structure of covering maps onto nonorientable surfaces. Trans. Amer. Math. Soc., 243:123–133, 1978.

[8] I. P. Goulden. A differential operator for symmetric functions and the combinatorics of multiplying transpositions. Trans. Amer. Math. Soc., 344(1):421–440, 1994.

[9] I. P. Goulden and D. M. Jackson. The combinatorial relationship between trees, cacti and certain connection coefficients for the symmetric group. European J. Combin., 13(5):357–365, 1992.

[10] I. P. Goulden and D. M. Jackson. Transitive factorisations into transpositions and holomorphic mappings on the sphere. Proc. Amer. Math. Soc., 125(1):51– 60, 1997.

[11] I. P. Goulden, D. M. Jackson, and A. Vainshtein. The number of ramified coverings of the sphere by the torus and surfaces of higher genera. Ann. Comb., 4(1):27–46, 2000.

[12] A. Goupil. On products of conjugacy classes of the symmetric group. Discrete Math., 79(1):49–57, 1989/90.

[13] A. Goupil and G. Schaeffer. Factoring n-cycles and counting maps of given genus. European J. Combin., 19(7):819–834, 1998.

[14] A. Hurwitz. Über Riemann’sche Flächen mit gegebenen Verzweigungspunkten.

Math. Ann., 39:1–66, 1891.

[15] D. M. Jackson. Some combinatorial problems associated with products of conjugacy classes of the symmetric group. J. Combin. Theory Ser. A, 49(2):363– 369, 1988.

[16] D. M. Jackson and T. I. Visentin. Character theory and rooted maps in an orientable surface of given genus: face-colored maps. Trans. Amer. Math. Soc., 322(1):365–376, 1990.

[17] G. Jones and D. Singerman. Belyĭ functions, hypermaps and Galois groups.

Bull. London Math. Soc., 28(6):561–590, 1996.

[18] G.A. Jones. Trees, permutations and characters. Manuscript, 1996.

[19] I. Pak. Random walks on groups : strong uniform time approach. PhD thesis, Harvard Universit, 1997.

[20] B. E. Sagan. The symmetric group. Wadsworth & Brooks/Cole Advanced Books & Software, Pacific Grove, CA, 1991. Representations, combinatorial algorithms, and symmetric functions.

[21] J.-P. Serre. Topics in Galois theory. Jones and Bartlett Publishers, Boston, MA, 1992. Lecture notes prepared by Henri Damon [Henri Darmon], With a foreword by Darmon and the author.

[22] B. Shapiro, M. Shapiro, and A. Vainshtein. Ramified coverings of S^2 with one degenerate branching point and enumeration of edge-ordered graphs. In Topics in singularity theory, pages 219–227. Amer. Math. Soc., Providence, RI, 1997.

[23] R. P. Stanley. Factorization of permutations into n-cycles. Discrete Math., 37(2-3):255–262, 1981.

[24] V. Strehl. Minimal transitive products of transpositions – the reconstruction of a proof of A. Hurwitz. Sém. Lothar. Combin., 37:Art. S37c, 12 pp. (electronic), 1996.

[25] D. W. Walkup. How many ways can a permutation be factored into two ncycles? Discrete Math., 28(3):315–319, 1979.

[26] T. R. S. Walsh and A. B. Lehman. Counting rooted maps by genus. I. J.

Combinatorial Theory Ser. B, 13:192–218, 1972.

[27] D. Zvonkin and S. K. Lando. On multiplicities of the Lyashko-Looijenga mapping on strata of the discriminant. Funktsional. Anal. i Prilozhen., 33(3):21–34, 96, 1999.

[28] D. Zvonkine. Transversal multiplicities of the Lyashko-Looijenga map. C. R.

Acad. Sci. Paris Sér. I Math., 325(6):589–594, 1997.