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Abstract. Ap-calculus was introduced as a Bohm-complete extension
of Parigot’s Au-calculus. Au-calculus, contrarily to Parigot’s calculus, is a
calculus of CBN delimited control as evidenced by Herbelin and Ghilezan.
In their seminal paper on (CBV) delimited control, Danvy and Filinski
introduced the CPS Hierarchy of control operators (shift;/reset;)ico.
In a similar way, we introduce in the present paper the Stream Hi-
erarchy, a hierarchy of calculi extending and generalizing Ap-calculus.
The (A™)new-calculi have Church-Rosser and Bohm theorems. We then
present sound and complete CPS translations for the hierarchy which
lead to a new CPS translation for Ap and simpler completeness proofs.
Next, we investigate the operational content of the hierarchy through
its abstract machines, the (A™)nc,-KAM. Finally, we establish that the
Stream hierarchy is indeed a CBN analogous to the CPS hierarchy.
Keywords: Ap-calculus, delimited control, CPS hierarchy, Bohm theo-
rem, CPS translation, Abstract machine, Streams.

1 Introduction

Curry-Howard in Classical Logic, Au-calculus and Separation. Curry-
Howard correspondence [17] was first designed as a correspondence between intu-
itionistic natural deduction (NJ) and simply typed A-calculus. The extension of
the correspondence to classical logic resulted in strong connections with control
operators in functional languages as first noticed [15] by Griffin and his anly-
sis the logical interpretation of Felleisen’s C operator [12]. Shortly after Griffin,
Parigot introduced Ap-calculus [27] as an extension of A-calculus correspond-
ing to minimal classical natural deduction [26,1] in which one can encode usual
control operators. Au-calculus became one of the most widely studied classical
A-calculi, both in the typed and untyped setting for several reasons: the fact
that it naturally extends A-calculus while retaining most of A-calculus standard
properties and intuitionistic natural deduction in a straightforward way. How-
ever, a fundamental property of pure A-calculus, known as separation property
(or Béhm theorem [6]), does not hold for Ap-calculus [29,9]. In a previous work,
we introduced Ap-calculus, an extension to Ap-calculus, for which we proved
that separation holds [31].

Delimited control and the CPS hierarchy. Delimited control refers to a



class of control operators which are much more expressive than non-delimited
control operators (like call/cc for instance) in that they allow to simulate
various side-effects [13], the monadic side-effects. In their seminal paper on
shift/reset [7], Danvy and Filinski defined shift/reset delimited-control op-
erators by their CPS semantics. They also introduced a hierarchy of such control
operators, (shift;/reset;);c,, which are obtained by iterating CPS transla-
tions and that is known as the CPS hierarchy. Delimited control and the CPS
hierarchy found applications in linguistics, normalization by evaluation, partial
evaluation or concurrency. While the emphasis was traditionally given to the
delimited-control languages in call-by-value, recent works [16, 21] have advocated
the reasons for studying CBN delimited control.

In this paper, we develop a CBN analogous to the CPS hierarchy, based on
Ap-calculus. We develop our work on the strong connections between Ap-calculus
and calculi with delimited continuations in call-by-name evidenced by Herbelin
and Ghilezan [16]. Moreover, we believe these results are good evidence of the
good design of Au-calculus since it can be uniformly extended in a hierarchy of
calculi which have very good properties.

Structure of the Paper. In Section 2, we first review Parigot’s Ap-calculus
and Ap-calculus as well as the main properties of those calculi. In Section 3, we
motivate and define the (A™),¢,-calculi which we refer to as the stream hier-
archy. We establish two essential results of its meta-theory: Church-Rosser and
Bohm theorems. Section 4 is concerned with translations of the stream hierar-
chy into A-calculus which are sound and complete and we develop in Section 5
Krivine’s style abstract machines [23] for the hierarchy. Finally, Section 6 makes
precise the relationships between the Stream hierarchy and the CPS hierarchy.
A long version of this paper, with appendices, can be found on the webpage of
the author [30].

2 Background and Notations: From Ap to Ap.

In this section, we recall some background on Ap-calculus: starting with Parigot’s
A, we introduce Ap-calculus via the property of Separation.

Parigot’s Original Calculus: Ap. In 1992, Parigot proposed an extension of
A-calculus providing “an algorithmic interpretation of classical natural deduc-
tion” [27]: Ap-calculus is in Curry-Howard correspondence [17] with classical
natural deduction [26,27]. Although initially motivated by the correspondence
with classical logic, Au-calculus is now widely studied in its untyped version as
we do in the rest of this paper.

Definition 1. \u-terms (t,u,v,--- € X\, ) are defined by the following syntax:

\zm toun= x| ot | (H)u | po.(t)B \

withx €V and a,B € V., V and V. being two disjoint infinite sets of variables.



In pa.(t)B3, variable § is in the scope of pa. Fort € Xy, (t)a is not in Xy,
but we refer to such it as a named term and generically write n (and thus we
write pa.n). The set of closed A\u-terms is denoted by 25

Remark 1 The reader may have noticed that we use an alternative notation for
Ap-terms that we introduced and justified in previous works [31, 33], writing (t)a
instead of the more common [a]t (this shall later be extended to the (A%);cy ).

In this paper, we shall use Krivine’s notation [22] for terms of \-calculus
and its various extensions considered here: we write (t)u for A-application (in-
stead of (MN)). As usual we consider \-application to be left-associative, that
is (t)uy ... ug—1uy shall be read as (... ((t)u1)...ux—1)ug. This notation is ex-
tended to variables of V. (and later on to the variables of the hierarchy). For
instance, we shall write po.(t)uB instead of po.((t)u)s.

Definition 2. Apu-reduction, written —»,, is induced by the following rules:

(etyu — t{ufa) (pan)f —, n{B/a}
(pa.n)u —,, pon{(v)ue/(v)a} po.(t)a —p t if a € FV(t)

n{(v)ua/(v)a} substitutes (without variable-capture) every named term (v)a
in n by (v)ua. This substitution is called structural substitution [27].

A )\p-calculus Satisfying B6hm Theorem: Ap-calculus. Ay satisfies stan-
dard properties of A-calculus such as confluence [27,29], subject reduction [27]
and SN [28]. However, Bohm theorem fails in Ay-calculus (more precisely in its
extensional version, \un-calculus [29,9]). This led us [31] to define an extension
to Aun, Au-calculus, for which we proved Bohm theorem: the more liberal syntax
of Ap makes new contexts available and thus achieves a Bohm Out.

Definition 3. Au-terms (t,u,v--- € Xy,) are defined by the following syntaz:

‘ZA# tun= x| At | (Du | pat| (Ha \

where x (resp. o) ranges over an infinite set V; (resp. V) of term (resp. stream)
variables. Vy and Vs are disjoint. The set of closed Ap-terms is denoted by D2y

Remark 2 Since a ¢ Xy, it is clear that notations (t)o and (t)u are not
ambiguous. Notice that X\, C X4, and that named terms of definition 1 are now
elements of X' 4,,. Moreover, terms such as pa.pf.t or Ax.(t)ay are in X, \ Xy,.

Definition 4. Ap-reduction, written — 4., is induced by the following rules:

Azt)u — g, t{u/z} A (t)r —p, t if x & FV(t)
()8 —p t{G/a}  po(tle —oe t ifod FV()
pat gy Ar.pot{(v)za/(v)at if x € FV(¢)

Remark 3 Notice that p is not part of Au-calculus reduction system. It can
indeed be simulated by a sequence of fstand Br-reduction; see [81, 33] for details.
Names for reductions in Au come from the stream interpretation of Au: Vg-
variables are place-holders for streams of Au-terms; see next section for details.



Bohm theorem for Ay is stated with respect to a set of canonical normal
forms (corresponding (n-normal forms in A-calculus):

Definition 5. A Ap-term t is in canonical normal form (CNF) if it is
BrnrBsns-normal and if it contains no subterm of the form (Az.u)a nor (po.u)v.

Theorem 4 (B6hm theorem [31]). Let t,t' € X, in CNF. Ift #,, t', then
there exists a context' C|] st. C|t] —>;1u Az y.x and C[t] —»jlu Az AY.Y.

Confluence holds in Ay [32,34] under the same hypothesis as in Aun-calculus:

Theorem 5. Vt,t',t" € X4 , Ju € Xy, s.t. t —7, U, t" =t/ 1" —7  u.

3 A, p and Beyond: the Stream Hierarchy.

In the present section, we introduce the (A™),e,-calculi that we refer to as
the stream hierarchy. This hierarchy of calculi is intended to be a call-by-name
analogous to the CPS hierarchy. We first motivate our approach before defining
the hierarchy and focusing on the metatheory of (A™),ec,-calculi (they satisfy
confluence and separation). In the following sections, we shall then study CPS
translations and abstract machines for the hierarchy and finally, we shall estab-
lish that the Stream Hierarchy is indeed a CBN analogous to the CPS hierarchy
in the final section of the paper.

3.1 Motivating the Stream Hierarchy.

Ap-calculus, a CBN calculus of delimited control. Separation theorem
for Ap-calculus can be seen as a consequence of the fact that Au-calculus ad-
mits more contexts than Parigot’s Au. As a consequence, it allows for a more
powerful exploration of terms. Typical contexts used in the separation proofs
are [Jug ... umBuv1 ... v,0y. This exploits the fact that a context of the form
[Jui ... umBy delimits the part of the environment that can be passed through
the left-most p-abstracted variable (i.e. &) when term pa.pa’.t is placed in the
hole As a result, one can access to the second p-abstracted variable o thanks
to the second portion of the context, vy ... v, 5,.

Based on this fact, Herbelin and Ghilezan [16] evidenced strong connections
between Ap-calculus and calculi with delimited continuations in the spirit of
Danvy and Filinski shift/reset operators [7] using the calculus Autp. In its call-
by-value version, A\utp is equivalent to Danvy-Filinski’s shift /reset operators
while in its call-by-name version the calculus is equationally correspondent to
Ap-calculus. This led Herbelin & Ghilezan to assert that Ap-calculus is a CBN
calculus of delimited control.

! The context may be to be “stream applicative”, ide. of the form:
[]t1,1 R AT TR C S 7 R ~tk,nkak~



CPS Hierarchy. Delimited control operators are much more expressive than
non-delimited control operators (like call/cc for instance) in that they allow to
simulate various side-effects [13]. Delimited control found several applications in
linguistics, normalization by evaluation, partial evaluation or concurrency. More-
over, in their seminal paper on shift/reset [7], Danvy and Filinski introduced
a hierarchy of such control operators, (shift;/reset;);c., which are obtained
by iterated CPS translations. This is known as the CPS hierarchy. In the fol-
lowing, we shall refer to it as the CPS hierarchy or AS,, and adopt Kameyama’s
terminology [19]:

Definition 6 (A\S,).

s, tus=a| Azt | (Ou] (t); | Sik-t 1<i<n

Ey =1 E)(V)E, | (Ey);  1<j<i
Ax.t)V — t{V/x}
(V) —V

(B S;kA]): — (¢ e (B e /K s

While the emphasis was traditionally given to the delimited-control languages
in call-by-value, recent works have advocated the interest of studying call-by-
name delimited control [16, 21], although CBN delimited control behaves quite
differently from call-by-value. In particular, in pursuing the investigation of call-
by-name delimited control, it is quite natural to wonder whether an analogous
to the CPS hierarchy exists in the call-by-name world.

Ap-calculus, Streams and Infinitary A-calculi. The fst-rule allows for an
operational interpretation of Ap-calculus as a stream calculus with the ability
to abstract over streams of Au-terms. With this interpretation of Vg-variables
as place-holders for streams of Ap-terms:

— the effect of the fst-rule is to instantiate the first elements of a stream:

pot — 5y Ax AT pect {(v)2n - epa/ (v)ad

— pais considered as an abstraction over streams of terms (Az§...x%....1)

while ()« can be seen as the construction passing a stream as an argu-
ment to ¢t ((t)xf...x%...);

— fs and ng are respectively the corresponding of S-reduction and n-reduction
for streams (or an infinite reduction sequence of 3, resp 1) and rule fst
corresponds to popping the first element of a stream (or matching it);

— actually, Ap-calculus can be seen as a core functional language for stream,
this direction being investigated in a current work with M. Gaboardi (see

long version of the paper for details).

Parigot already noticed some (weak) form of this in his seminal paper where “the
operator 4 looks like a A having potentially infinite number of arguments” [27].



Viewing p as an operator iterating A-abstraction until limit ordinal w, the par-
allel with infinitary A-calculi is natural. Such infinitary calculi have been con-
sidered in the literature [3, 4, 20] both to study infinite structures arising in lazy
languages or to study consistency problems in A-calculus. Though, infinitary A-
calculi have been designed in a much different way from the infinitary calculus
underlying Ap-calculus: while a reduction sequence may have transfinite length,
depths of terms are bounded by w (that is any subterm of an infinite term is at
finite depth): subterms at transfinite depths are considered meaningless. On the
contrary, with Ap-calculus, limit ordinal w is reached by one p-abstraction which
is a limit ordinal construction: pa.uS. Ax.x would correspond to transfinite term
AZQ, L1« - Loy gt - - - Lw2-Tew2 in wWhich Axye.2,0 is at depth w2.

Even though we will not pursue this direction in this paper, this theme has
been extremely influential in developping the stream hierarchy. Indeed, once a
transfinite calculus is unveiled, the question of the ordinal by which it is in-
dexed (if any) is pending: A-calculus corresponds to ordinal w while Apu-calculus
corresponds to ordinal w? (see Appendix A for details about Béhm trees for
Ap-calculus) but what about other ordinals such as w? for instance? The stream
hierarchy is actually related with this question.

3.2 Definition of the Hierarchy of (A™),c,-calculi.

Definition 7. Let V be a countable set of variables (x,y,--- € V). For any
i € w, one considers a copy of V, named V' (x%,y',... denoting the elements of
V?), those copies being pairwise disjoint. A -terms (t,u,v,--- € Yo ) are defined
by the following grammar (closed A“-terms are denoted by Y. ):

X pw tou =2 | \Nxt | (Hu
| Nzt | (t)a! for any i >0

In \iz.t (resp x%), i is the level of the abstraction (resp. variable) and Nx binds
every variable ' which is free in t. An a-equivalence straightforwardly follows.

Definition 8 (X, X5.). For n € w, X9, (resp. X9.) is the restriction of
Ypw (resp. XG.) to terms with binders and variables of level lower or equal to
n, for i <n.

Definition 9 (Reduction rules for A"). For n € w, —an is the reduction
on X an induced by rules:

ANz.t)u —pgo t{u/z"}

(Nazt)y' —pg t{y'/a'} if0<i<n
(Nzt)u — 0 Nat {(v)uz’/(v)z'} f0<i<n

( Y — i Mot {(v)ya?/(v)a'} if0<j<i<n

Definition 10 (—ap). For n € w, —an is the reduction on Xn induced by
rules:



(Nz.t)yu —pg0  t{u/z}

(Nazt)y' —g  t{y'/z'} if0<i<n

Na.(t)xh —pi ¢ ife* ¢ FV(1),0<i<n

izt — s Mz Nwt {(v)ziz’/(v)a'} if a7 ¢ FV(t) and 0 < j<i<n

Proposition 1. For any 0 < j <i <n, p'/7 can be derived from fsti/j and 3.
Definition 11. We consider the following subsystems of A} -reduction:

— B (resp. m) is the subsystem of reductions (8")o<i<n (resp. (n')o<i<n);

— fst is the subsystem made of reductions (fsti/j)ogjggn;

— 3%, is the restriction of ° to redex where the argument is a level-0 variable;
— Buar 18 the subsystem made of reductions 3°,,. and (3")1<i<n.

Example 1. A° and A! are respectively A-calculus and Ap-calculus.

We shall consider here an example in A’ which is a CBN correspondent to
the level ¢ Shift of the CPS-hierarchy S = Az A'y.(z)A\%2.(2%)y".

Consider C<* = [Jut1,1 ... t1 @) ... th1 - - - tin, 2" such that for all | <k,
Ji < i, we have C<(8) —%: Xy (w)A°2.(20) 11 .ty @] ot o e, T Y
that is S stores any context of level strictly less than 4 in a continuation that
can later be manipulated (for instance it can be composed with itself if u =
Aoz (u)\%.(29)(2%)y°). the flow of control is given to u only once an argument
of level i (or higher) is reached, in which case Ay is destroyed.

3.3 Meta-theory of the Stream Hierarchy.

In this section, we establish two essential theorems of A™-calculi: confluence and
separation.

Confluence theorem. Confluence holds on closed terms. Such a restriction
is necessary: (A\%y.x)z? reduces to x and to (A\°y. Ay’ A?y”.x)2% which cannot
reduce to the same term.

Theorem 6. For any n € w and any t,u,v € XG., if t —%,. u,v then there
n
exists w € X9, such that u,v —%, w.
n

Remark 1. Notice that the hypothesis on closed terms is a necessary restriction
considering that the term (A\2y.z)2z? may reduce to x or to (Ay.\'y/.\2y".x)22
and those terms cannot reduce to the same term.

Proof. We only sketch the main steps of the proof:

. m is confluent;

. (3 is confluent;

. fst is confluent;

. 3° and Bfst commute;

. %fst commutes with Bfst (and with 3,,,fst), fst commutes with Sfst;

Ot W N~



6. B,.-fst is confluent and B
7. Bfst is confluent;
8. Bfst commutes with 7.

varfst and Bfst commute;

From 1, 7 and 8 we conclude thanks to Hindley-Rosen lemma. a
As a corollary, A7 is a conservative extension of A?, for any i < j:

Corollary 1. Leti < j € w and t,u € X,. Thent:A% uiff t =, u.
n

Bohm theorem. To state the separation theorem (ake Bohm theorem) for the
stream hierarchy, we first define canonical normal forms for the hierarchy using
the notion of pre-redez.

Definition 12. t € X » is a pre-redex if it is of the form (A'z.t)y’ or (\'zw.t)u
for 0 <i,j <n.

Canonical normal forms (A"-CNF) can be considered as those terms contain-
ing only fst-redexes such that a fst-reduction does not create any redex other
than fst-redexes:

Definition 13. A A"-CNF is a Bn-normal form with no pre-redez.

We can now state the separation result: for any two closed canonical normal
forms which are not equated by the equational theory, there exists a context in
which the two terms reduce to arbitrarily distinct terms.

Theorem 7 (Separation of the stream hierarchy). Let n € w, t,u €
Y. If t,u are mon fst-equivalent A"-CNF then there ezists a context® C[| st.
Clt] —%n A2, y.2° and Clu] —*. A0z, y.9°.

n n

Rather than giving the proof of the theorem, we shall show briefly on an
example of the proof works. Indeed, as often, the proof of Béhm theorem is
constructive and results in an algorithm which, given two distinct non-equivalent
canonical normal forms, can build a separating context.

Definition 14 (W;OJ) .

Aiw. (0) 2
N NI N2 ()
W;}f = A0z \iz.(20) 7 with 0 = X\a.\%.0° and i > j
Aiw.(0)z
i

2 The context can be chosen to be a stream applicative contert
[]t1,1 .. t17n1x31 R 7755 T tk’nkl’;k .



Consider W7 = Wi/ {1/4°} and W57 = Wi/ {0/y°} with 0 = A%a.\.b°
and 1 = A%a.\%.a° . These terms are the typical kind of terms on which sepa-
ration may fail, we will actually show that is it possible to find a context C in
which W7 reduces to 1 and W7 reduces to 0. It is actually a generalization of
David & Py’s counter-example to separation in A\u-calculus which is itself a gen-
eralization of the difficult case in the proof of Bohm theorem in pure A-calculus.
The crucial point in this example is the fact that variable z° occurs twice in head
position on the path through the tree structure that leads to the first difference
between the terms and that at each occurrence of the variable, the path follows a
different direction. In order to achieve separation (through a Béhm-out process)
one shall thus need to pass a structured-enough term that can behave in two
different ways depending on the context.

Our separating context will use in a crucial way a term of a particular shape
that we call a stream parametric pair:

Definition 15 (Stream parametric pairs, (t,u)}). Let t,u be A™-terms and
let 0 < i <n. The parametric pair of level i for t,u is the term:

| (i = Xy i N () (D) (W vl

with 2°,y%, ...yt & FV(t,u).

Proposition 2. the following holds:

v (O, (W),
l)al g (O, (W), (i <)
ﬁ)x’ o (), ()

We can now define the separating context:

’ C = [|(A, B)ta'0a‘a’t? 1a*

where A = )\Ovo7v1.)\iw0,w1.v? and B = X0z Ay At z.20
In figure 1, we display the reduction from C% [Wéoj} to y°. Here are the

elements to be noticed concerning this reduction sequence:

— (A, B)} is substituted to z¥ and the pair stores the information relative to
both behaviours that the term in this position shall have in order to achieve
separation: (i) the role of B is to select the appropriate branch in the tree
of the Ai-term, (ii) the role of A is to achieve separation by selecting °;

— the different behaviours of the parametric pair are selected by the rest of the
context made of [|a’0a’a’h’1a’:

o the left-most variable a’ is stored in the pair and
e then argument O results in selecting the second component of the stream
parametric pair loading B in head position.



C”[W ] = (W )(A,B)a()aabjlai

—" (A, BYD)AZ" N 2".(((A, B)1)A w~(0) Ny’a )X w.(0)a’)a'0a’a’b’ 1a’
o (AN N (A BV w00 e N Oy,
(B)A"2". N 2".(((A, >le) w.(0)a ) a")X'w.(0)a’)a’);)0a'a’t’ 1a’

—* (((B) lz’ )\J (A B)’l))\ w.(0 ) ) a’)N'w.(0)a")a’a’a’t’ 1a’
—* (N2 Nz ((( , BYD X w.(0)a*)y%a")a' v’ 1a’

—" (((4 ,B)) ()a)oa la* S

—* (DA w.(0)a’ )y a’, (B)Xw.(0)a')y a’)g)1a’

— ((A))\Zw( )a')ya’a’

Fig. 1. Bohm out process for W;g)j.

The second left-most variable a’ is erased by one of the abstractions of

B and then

e arguments a’ and b’ are used to consume the abstractions in order to
move the second occurrence of (A, B)} in head position.

e After storing the appropriate number of arguments, the pair receives
argument 1 and thus returns the first component of the pair, A

e and finally A returns 3°, completing the Bshm out process.

4 Translating the Stream Hierarchy into A-calculus.

We define in this section sound and complete translations of the stream hier-
archy into A-calculus with pairs. These translations are inspired by the recent
CPS translation for Autp-calculus by Herbelin and Ghilezan [16]. Several trans-
lations into A-calculus have been proposed for Ap-calculus in the literature. de
Groote [10] was the first to study CPS translations for Ap-calculus. Lafont, Reus
and Streicher [24] proposed a CPS translation for A-calculus into A-calculus with
pairs which later led to a continuation semantics for Ay-calculus[35] and is very
much related to CPS translations for Au-calculus by Fujita [14] or Lassen [25].
A by-product of this section is to provide a sound and complete CPS translation
for Ap-calculus. We recall the definition of the A-calculus with pairs.

Definition 16 (A-calculus with pairs). Terms of A-calculus with pairs
are given by the following syntax:

| Dae  tuws=a | dat | (Bu ] () | (m)t | (1)t

Definition 17. Fquations of Aw are 8n (equationally) plus the following:

(m)(t1,t2) =x
(m2)(t1,t2)  =n, t2
((m1)t, (m2)t) =sp t

10



Definition 18 (Translation for A™). We assume that the set of variables of
A-caleulus with pairs is V = {k} W VoW --- WV, and we define a translation
[—]: Xan — Xy as follows:

20 = M. (20)k ‘ ‘ ‘
Na.t| = Xk (Ae” [t]) (m1) ") (o (o) (1) 7k, () ()"~ k) L (ma)k) 0 < i <m
()] = Me.([E]) (... (@, (m1)" k), (m2) (m1) "~ k) ..., (m2)k) 0<i<n
[(B)u] = Me.([ED( - - ([u], (m0)"E), (m2) (m1)" ") - .., (m2)K)

Remark 8 In the previous definition, we abbreviated (7;)(m;) ... (m;)t as (m;)"t.

The definition for [(t)u] when u = xo corresponds to instantiating the defi-
nition for [(t)z'] with i = 0. An alternative definition for [(t)u] is thus possible:
[(t)u] = [(£)2°] {[u] /2°} if 2° & FV (¢), if clause for [(t)x'] is extended to i = 0.

Example 2. Consider t = Myq ... y,.(2%)t1 ...t € ¥ 41. Then one has:

] —~

N (20) (] - - {[t] s (m0) (r2) ™1, (m2) ™+ 2R) { (1) () R, 0 < i < )

The translation is sound and complete with respect to A7-equational theory:

Theorem 9. For any n € w, t,u € Y., t =y uw iff [t| =gyxsp [u].

For the completeness part, we study the image of X'y~ terms by the transla-
tion which is characterized by the terms T defined by the following grammar:

Definition 19. The target of the CPS can be defined by the following grammar:

T, Ky = m? | Me.(T)K i1 | A2t T)K; | (m1) Ky (for 0 <i<mn)
K; = ‘ <Ki,1,Ki> | (772)Ki ‘ (7T1)Ki+1 (fOT’ 0<1< n)
Kn+1 n=k ‘ <KnaKn+1> | (772)Kn+1

11



Definition 20. The CPS can be inversed from the target language to A™' by
the following function _* as follows:

T,
xoﬁ — 20
Me(T)Kpgr® = ANk (K 9T
(/\IO.,‘Tl)CTQIi = (AOleﬂ)TQﬁ
A\ T)K;* = (KN TH  for 0 <.
(m) K" = (K1) A0z Aly.2°
K’
xlli _ /\Oy( 0) 1
(T, K1)F = N0y (K1) (y°) T*
(m) K1 F = Aoy (K, F)A0z A1 2. (y0) 21
(m) K" = Ay (KoP) A A2z (y0)a!
K,ﬁ (for 1 <i<n)
= Ay.(y° ) '
<Ki_1,K> = Ny (K* )(Kz 1H)y°
(ma) K" = Moy (K )A” te N2 (y0) 2
ﬁ (m)mﬂti = A0y (K DAz N2 (yO) 2
Kn+1 .
kti — /\Oy'(yO)kn—&-l
<Km I(n-i-1>ti = /\Oy-(Kn-‘rlﬂ)(Knﬁ)yo
(772)Kn+1ti = N0y (K1 )N e A1z (y0) 2!

Proof. Soundness is obtained by induction on the length of a proof of equality
between ¢ and u.

Completeness is more involved. It mainly amounts to the following argu-
ments:

— one proves that the inverse translation preserves equality in A”*!, and thus:
if [t] =gyrsp [u], then [t]u =aptt [U]nQ
— one then shows that [t]ﬁ =p+1 €50 that we can deduce that ¢ = jn+1 u and

— finally we conclude thanks to the fact that Ag“ is a conservative extension
of A} (corollary 1): t =4» u. O

Remark 10 It shall be noted that the proof of completeness is greatly simplified
by the use of the hierarchy in the sense that the inverse translation translates
back to A" and not to A™. Indeed, it can take advantage of the regularity of
the structure of the n + 1" continuation used in the translation.

A sound and complete CPS translation for Apu-calculus, []A” , is obtained by
instantiating the previous result with n = 1:

Definition 21. We assume that the variables of A\-calculus with pairs is the
disjoint union of stream and term variables (V = VWV ) and define a translation

12



M =M (2)k

D] = Me.((Ma. 1)) (1) 2k) ((02) (71 )k, (2) k) if k & FV (. [t]*")
[(#)ul™ = Xk (") (([u] ™, (m1)k), (2) k) if k¢ FV(([t]™) [u]™)
(o t]™ = Me.((Aa. [t]] ) (1)) (2 ) ke

[(#)a]™ = Xk.([1]") (o, )

We have the following corollary:

Corollary 2. For any t,u € X4, t =4, u if, and only if, 6]+ =gBnrSP [u]** .
Remark 11 It shall be noted that the previous translation differs from CPS
translations which have been proposed for Ap-calculus in previous works (De
Groote, Fujita...). Moreover, this translation allows for a simpler completeness
proof as noted above.

5 An Operational Investigation of the Stream Hierarchy.

In the final section of his seminal paper, Parigot outlined an abstract machine
for Ap-calculus. Later, de Groote [11] and Streicher and Reus [35] studied ab-
stract machines for Au-calculus. We shall be interested in this section in abstract
machines for the Stream hierarchy.

We shall define machines which compute A™-head normal forms. In the follow-
ing, we do not consider extensionality rules which are not necessary to compute
head normal forms.

Definition 22. A"-head normal forms are defined by the following grammar:

hi=g | XNax.h for0<i<n
gu=a"|

Y1 ()t | (9)x® for 0 <i < n, t denotes an arbitrary A™-term

Since we wish to compute head normal forms, we will need to introduce
constants to represent variables which are parts of the stable structure of the
terms.

Definition 23. Let 0 < i < n. Constants of level i are defined as

¢ =t (),

with x € V, i < j and p; a finite sequence of integers k,0 < k < i (e denotes
the empty sequence). We shall also consider particular constants which shall
represent empty contexts: 1;, 0 <i < n+1. The structure of constants takes into
account the need for treating the case of fst-rules. For instance x will represent
the variable 7 in the left-hand side of M.t — s Ny Na'.t', while v(z])!

and x{i] will respectively represent variable y° and '’ in the right-hand side.

13



Moreover, the following notions are needed to define the machine:

Definition 24. We define by mutual recursion contexts of level i, 0 < i <
n + 1, closures and environments:

— a closure is a pair of a term t and an environment e, denoted t[e];

— an environment e is a partial function which, when defined, associates to a
variable of level © a context of level i;

— a context Sy of level 0 is defined as follows: So := Lo | ¢V | ule];

— a context S; of level i (i > 1) is defined as follows: S; := L; | ¢* | S;_1 - S;.

We set L; - S;y1 to be equal to Si1, and (S} ... (SP- Lit1)) - (Siy1 - Sita) to
(S}-... (S Sit1)) - Sit2. These equalities allow us to assume that if S is of the
form (((S}-... (S Liy1)) - Sit2)...Sk), then either Vj,i+2 < j <k,S; =1,
or it is of the form ((((((S; ... (S}~ Liy1))- Liza) ... Lj—1)-¢2)-Sjz1) ... Sk)-

Definition 25. We define pop'(S,+1) and push(S;, Spy1) as follows:

— push(S;,S;) (with i < j):
o push(L;,5;)=29;;

i Lig1) o Ly) if Si # Ly
(Si+ Liva) o Lj1) o) if Si # Li;
= (S Sz+1) lfS 7é J—z:

1) = (push(Si, S, Sye1) if Si # L.
| (8, 1) with popt (8,) (for i < j):
e pop"I(L;) = (i L)
e pop™/(c)) = (v (C]p);cf).i);
® pop ’”1(((5371'-~ ':l 1L ) Lig1)e e Ljpn) = (Siye o SP - Liy Lyga);
o pop™ T (((((S{_y - 8Py Li) - Ly—1)-¢h) - Sp) - J+1) ( zl 1
LS (cllj)i,(( y Sk+1) .S;41)). Otherwise, one has:
pop"IT(S; - Sm) = (5}, 8511) if pop™(S;) = (5, 87) and Sj,, =
push(S7, Sj+1)-

We now define the A"-KAM:

°
3
IS
»
>
nn k-
}_
<
\_/
|
—
Ak)

Definition 26. States of A"-KAM have the form A"z, ... XNng, b (t, [e], Spi1)
where t € X pn, e is an environment and S,1 is a context of level n+ 1. States
are abbreviated as 7<t[e] Sn+1) when the prefix of abstractions is irrelevant.

An initial state of A"-KAM is of the form (t,[0], Lp41).

Definition 27. The transitions of the machines are the following:

WX o] Susa) — At [€] Sura) if e(a®) = 1[¢']

@X(Bu [e] Snpr) — X(t le] Shi1) with Shoq = push(ule], Sni1)

(3)i<(t)1’i (€] Sni1) — Al [e] Shi1) with S 41 = push(e(z'), Sni1)

WX (Nt [e] Snra) — N [€] Shr) if pop'(Sut1) = (Sh, Shin), € = [e,a" = SI]

@)Y N Nt [e] Supr) — ANt €] Lag) if pop! (Sus1) = (Sy o (SI 1 - Li), Lasa)
and ¢ = [e,2" = S{_1-... (S -2})]

14



The only case when the machine cannot reduce is when the machine state
is in case N1 zil. . Ningin (20 [e], S, 41) and 20 is associated by e to a variable
constant of level 0, ¢°, and not to a closure t[e¢’] since there is no rule for reducing
this case (it is easy to check that when the initial state is made of a closed term,
this is indeed the only case which can stop the machine). The final states of the

machine are thus of the form:

)\ill’ﬁ. co AIngin (0 e], Spi)

In that case, we have reached the head variable and obtained the head normal
form, the prefix of A’z¢ which has been gathered during the computation is the
prefix of abstractions of the head normal form (up to some fst-reduction which
have been lazily performed in the term and shall be propagated during the
reconstruction of the A”-term). One actually has the following:

Theorem 12. Ift is a closed A™-term, A™-KAM stops after a computation from
initial state (t[0], L,11) if and only if t has a head normal form.

Moreover, from the constant of level O which is the left-component of the final
state, one can compute the head variable of the head normal form and recursively
the complete head normal form.

6 Relating the Stream Hierarchy and the CPS Hierarchy.

The aim of this section is to make clear how the Stream hierarchy relates to
Danvy & Filinski’s CPS hierarchy and to actually show that the Stream hier-
archy is indeed a call-by-name analogous to the CPS hierarchy, that is a CBN
hierarchy of delimited continuations. For this purpose, we follow a method re-
cently developed by Herbelin and Ghilezan and investigate the Auﬁ)n—calculi as
mediators between the two hierarchies.

6.1 )\p,tApn-calculi.

Definition 28 (\utp,-calculi). Let n € w. \utp,,-terms (t,u,v,--- € Xyuip, )
are defined by the following syntaz:

Z\uto, tus=ux \ Azt | (Hu | piq.ci
c; = [qz]t (1<i<n)
gu=altp

CBV and CBN )\,utApn—calculi can be naturally considered: in the CBV case,
values and evaluation contexts are defined as V == z | A\z.t and E! == [] |
(B¢t | (V)E! | ptp.[¢?] %, 1 < j < i while in the CBN case, every term is a
value and evaluation contexts are E ::= [] | (E*)t | p/tp.[¢?]| E*, 1 < j <.

15



Definition 29 (CBV \utp, equational theory).
Call-by-value evaluation contexts and values are defined as:

By o= (| (B (VE, | Wip[@]E],  1<j<i
Vi=ao| ot

CBV \utp,, equational theory (written :/\#chbu) is defined by the following rules:

(By) Az t)V = t{V/x}

(M) Ae.(V)e =V ifx g FV(V)

(n%,) (' tp. {ﬁa’}v =V

(T]:L) gia.[ai]t =t if o' ¢ FV(t)

(MZ{) [tAPZ pitp.c; = ¢

(i) [¢] B plae] = a{lq lEH[ ul/[ai]u}

(8%) (\z.E}[z])pu'tp.c; = E’ [1'tp.c;]

(') [ l}u e = [tp ]M tp. cz{ } (i <1)
(Hie) W [d]Qat)p'tp.e; = Qaplald]t)p'tpe  (j<i+1)

Definition 30 (CBN \utp,equational theory).
Call-by-name evaluation contexts are defined as:

B = (| (B wip 0] B, 1<j<i

CBN \utp,, equational theory (written :)\thbubn) is defined by the following rules:

(8) Mxt)y = t{u/z}

(n) Az.(t)x = t zfx&’FV(t)
(@) [FIET o] = e {[B]E [ul/[a']u}
(T]L) ,ua[ ]t =t if ot ¢FV(t)
(1) [tp}u tpci = ¢

(ng) 1'tp. [tp}t =t

6.2 Correspondence Between A™ and CBN /\ptApn.

Definition 31 (Translations between A" and \utp,)).

NtV = i, (6] [ 8. P = e P4 | P = N o P4
OV = ol VP [P = P4 [[0tP = (1P 4)al

Theorem 13. For any n € w, A" is in equational correspondence with CBN
Autp,,

— A)E A
—lett,u € Y., t =an u=|t] )i = Al u AP
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— lett,ue X5 pipr b S U= |t A =Ap |u|tP)A

Proof. — Let n € w, t,u € Xj,, one proves that ¢ =4, u = |t|/1>tAp = Ao

|u|A>tAp by induction on the size of a proof of ¢ =Ap U, that is by proving that

every equation of A7 is validated in /\utApflbn
(8°) if t = (Nz.v1)va =po vy {’UQ/.’L‘O} = u, then
9% = (o |99 g VP = o[V {0, 9 /a0 } = o 05
(B%) , with i > 0if t = (Nz.w)y® =4 v {y’/z'} = u, then
R Mz‘ﬁ,_[a;]ﬂiaI{ﬁ)i]lle)@
= .60 [0l V% {a) fal }
o[V {ag /ot }

%

i
"7@

(n') if t = Na.(v)z' =, v = u, then if i = 0, [tV = AzO.(|jv| V)20 =

O = [u VP, Otherwise, [P = piay. || uwtp.[ab] [P =,
pia.[al]|u| VP = o] AV = |u| VP since freshness conditions are sat-
isfied.
(fst'/7) if t = Niz.v = ot NoNxw {(w)ziz’/(w)z'} = u then if j = 0 then
(V% = o [ﬁf} o[
=y Aa’. [ Jlel )00
7)\x plog. [ol] (Wa {tA]v|Atp
:Hi)\m.uam{ ] [ad ] (w)2®/ [ad]w}
%
Otherwise, 0 < j < i and
(VP = e | o
=y Wag.[od]plog. [tp }|v\A )t
A Jrge [t/\] tp [aﬂpiam [/F\)Z:||U|A>tp
%

= 1o |1 w%ia@]ujtp.[amx.[rpqmmfp

" gt

- c - ) A tp
Let n € w, t,u € EAutApn’ one proves that ¢ =, aen u = || =4y vl

17



(B) if t = (Az.v1)ve =g 11 {vg/xo} = u, then
E = (0 fon [P o P =g o [P24 { oo P4 /a0 | = a4

(n) if t = Az.(v)x =, v = u, then

14 = N (jo[P)a® =0 [o] P = JulPH;

(1) if ¢t = [ B ' B.cf) = & { [ B [w]/ [B']w} = ¢!, then

b4 = (1B P4 Niayeta g | P4,
—pirigr jei Vgl P L (B @A )t/ (w)af |)a,
= @A L (B A ]l (w)a
= Bl

(n.,) If t = pla.[at]v =i U = u then
[EP4 = X (jof )y = 0P = ul P4

(,ui;p) If ¢t = [tApl};ﬂtApc; =,i ¢, =c}, then

tp

e[ = [f[IA = ey
(ns) Ht= QWHp. [ﬁ)z}v =,. v =u, then
p tp

14 = Jo] P4 = Ju| P

Moreover, one has the following proposition:

Proposition 3. Lett € X9, and u € Z/C\uﬁvn’

S ||t|A>t7>|t7>>AA .
|u|tp)/1‘/l>tp

=" |

6.3 Correspondence Between A\S,, and CBV )\utApn.
Definition 32 (Translations between \S, and \utp,,).

()9 = itp.[tp']]t|S
|Sik. £S5V = pia[tp'|(Ak.|t|S) ) N i tp. [0z

i tp.ci| ™S = (|c;|*5);
\,uia.ci|fp>3 = Siké.|ci|ﬁ’>3
[0S = 11|
[a']q|P)S = (KL)[t]P)S

18



In order to study the correspondence with CPS hierarchy, we recall Kameyama’s
axiomatization of AS, [19]:

Definition 33. Kameyama’s aziomatization for the CPS hierarchy, =»s,, is de-

fined as:
(Bv) (Az.t)V =t{V/xz}
(M) Az (V)x =V ifx g FV(V)
(B2) e EQlz])t  =EQ[t]  ifx ¢ FV(EY)
(Reset — Value) (V); =V
(Reset —lift) ((Aw.t)(u)i); = (Az.(t);){u);  j<i
(S —reset) Sk<>1 = Sik.t
(S — elim) E(k)()ic1 = (t)i—1 k & FV(t) '
(S —lift) (EJ YSik.t)); = (¢ {)\x (EI71] ]>]/I<:})2 r ¢ FV(kEI™Y)

Theorem 14. For any n € w, CBV \utp, simulates \S,,:
t=»s, u=|t|SP = ulS),

let t,u € XS5

b
tp,"

Remark 15 If we have only a simulation here and not an equational corre-
spondence, it solely because \utp, makes use of structural substitution and thus
some reductions are anticipated in )\utApn compared to the reduction in A\S,,. This
already occurs at the first level of the hierarchy [16] and is analyzed in [2].

Proof. Let n € w, t,u € X§g . We prove that ¢t =,s, u implies |1€|S>tAp =

cbv

Aptp;,
|u|S)™ by induction on a derivation of t =ys, u.

(By) ift = (Aw.v1)Va =g, v1 {V2/x} = u, then
[H% = O or [P VRS =, for 9P { Vel S/ | = ul S

(the translation of a AS,-value is a A\utp,,-value)
w) if t = (Ax.(V)x =, V =u, then
n Mo

[H% = A (V%) =,
(Ba) if t = \o.EX[x))v
L% = (A [ B[S [a]) [o] 9% =y | B2 [0 ] = [u|S)®

(()s-Value) if t = (V);

VISP = [uf 9%

=3, E%[v] = u, then

=(();-Value) V = u, then
11[S)% — Mit/b'[t/f)i} VS — 77tp|V|5>tp ek
(()i-Lift) if ¢ = <<>‘x~7’1)<”2>i>j = ()s-Lift ()‘93-(111>j)<02>i = u, then
|5 = /ithp.[tApj] (M. |o1 [ pitp. [ﬁ)l] || S)EP
=g, (Az.p7tp. tApj ()\x.|vl‘$)ﬁ>)x)uit’b. {{pihwlsm

=, O[] 1996, [5] o]
%
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(Si—Reset) if t = Szk<’U>1 =S,-Reset Slkv =u, then

P = i 6| (Ver'tp. [ 6] 1019 P) A . 0] 2
=5, pla. tApz itp. |’ | [u[ P {\z.pitp. [ z/k}
=5, wio 6] . [ (k. [o]P) A . o]
=ui W tApZ (/\k.|v|5>t?’)/\x.uitAp.[ozi]x
[ %

(Si—Elim) if ¢t = Slk(k?) <U>i_1 =5,;-Elim <’U>i_1 = u, then

M. (k) p. [t/blf }|v|8>ﬁ’))\m.uitAp.[ozi]x
|S>tT>

1S = e | (
=5, pa. tApi (Az.p'tp.[of]z) i Ltp. ff)i_l lv
=i, Azpla [tApl} pitp. [od]z) i tp. i S
=i, (Az.pla.[of]z) '~ p. {tAPFl} o] S)P

. (\z.2) i~ ip. [t/bi—l} o] S)P

o

= [uo®

(Si-Lift) if t = (B~ 1[S;k.v]): =s-Lise (v {\z. (B~ 1[x]);/k})s = u, then

P = e 6] | B S [ wa [ (Mol ®)Ae.p6p. [0 ]
=i pip. '[T)Z uja.[aj]|E£’1|S>tA" ,uja.[tApj} ()\k.|v|‘s>ﬁ’))\x.ujﬁ).[aj}x}

= 1. [ W [ 7| (ko] ®) AT . [ 0] | B[SV a]

=5, 1.8 | o [ 1ol { e 6. [0] | B3I (] 1}

=, 1.6 5. [ R e e

e, 18D [89'| 9B [3] [0]S)® { N it 89 || B4 S0 [a] ke |

=, Wb |t Ivlm’{kxwtp. [tpj}lEi”IS)‘A"[x]/k}
jul 9

(x) is obtained by considering some variable 37 which does not occur free in

0] tp{/\x,uﬂtp{ }\Eﬂ 18) ]/k}.
O

7 Conclusion.

This paper introduced a new hierarchy of calculi, the (A™),¢c.-calculi, that we
refer to as the stream hierarchy. This hierarchy generalizes both A-calculus and
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Ap-calculus. (A™),c,-calculi have layered, or hierarchical, abstractions as well as
variables with levels and its reduction system naturally extends the one for Apu-
calculus. The main related works are the CBV studies of delimited continuations
and of the CPS hierarchies and most notably works by Danvy, Filinski, Hasegawa
and Kameyama [5,8,13,18,19] and the works on CBN delimited control by
Ghilezan, Herbelin and Kiselyov [16,21]. The main results of the paper are:

— we introduced a hierarchy of new calculi which extends both A-calculus and
Ap-calculus, with layered variables and abstractions;

— we established confluence and Bohm theorem for the hierarchy which ensures
that the hierarchy is well-structured;

— we defined a sound and complete CPS translation for the hierarchy. The
completeness proof strongly rely on conservativity results between different
layers of the hierarchy allowing for simpler completeness proofs compared to
more traditional translations as Fujita’s CPS adapted to Ap-calculus;

— we investigated the operational semantics of the hierarchy by constructing
abstract machines, the A"-KAM. The A"-KAM are inspired from Krivine
abstract machine for A-calculus. The A"-KAMs compute head-normal forms
in A", and not only weak-head normal forms;

— finally, we established that the stream hierarchy is indeed a hierarchy of
delimited continuations in call-by-name, by mediating between the CPS hi-
erarchy and the stream hierarchy thanks to the Autp,,-calculi.

As a conclusion, we have developed a(n almost) complete study of the stream
hierarchy. Our contribution evidences that the Stream hierarchy is a CBN hi-
erarchy of delimited continuations and that fruitful connections exist between
delimited control and infinitary calculi which underly Ap-calculus and the entire
stream hierarchy. However, some more developments are still to be done, which
are left for future work:

— the CPS translations for the hierarchy can be used for a semantical study
of the hierarchy. However, we are also interested in developping B6hm tree
semantics for Ap-calculus and the stream hierarchy (see Appendix A);

— the CPS translations and the abstract machines considered in this paper
have many similarities. It would be of interest to study how the abstract
machines can be generated from the CPS semantics;

— the A™-KAM has a structure (states and reductions) very similar to abstract
machines for the CPS hierarchy [8,5]. We shall make this relation clear;

— we developed an untyped study of the stream hierarchy but a typed study
of the hierarchy would also be of interest;

— the stream hierarchy that we considered here is indexed by w. However, it
can straightforwardly be made more general by indexing the hierarchy by a
larger ordinal while presevring most results. We limited our presentation to
w for two reasons: for simplicity, first, but also because the CPS hierarchy
is itself limited to w. We conjecture that the CPS hierarchy can as well be
extended above w which could actually be interesting for several applications
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of the hierarchy where it might be of interest to have a delimiter that can
delimit an infinite number of different shift operators;

— the Stream interpretation of Ay-calculus and the links with infinitary calculi
have been very influential. We shall develop these directions in future works.

Finally, we think that the ability to develop the stream hierarchy as a natural
generalization of Ap-calculus is a hint of the fact that Ap-calculus is a calculus
with a strong structure: this hierarchical extension could not have been developed
based on Parigot’s syntax for instance (but for adding a dynamically bound
variable as we did with \utp,,-calculi).

Acknowledgments: The author wishes to thank Hugo Herbelin, Luca Paolini,
Mauro Piccolo, Kazushige Terui and Simona Ronchi della Rocca for helpful dis-
cussions and fruitful comments as well as the anonymous reviewers of a previous
version of this work.
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A Bo6hm trees for Au-calculus and the Stream Hierarchy.

The following paragraphs report some work in progress on Béhm trees for Apu-
calculus and the Stream Hierarchy. They will generically be refered to as A™-B%).

By doing so, we aim at making clearer the connections between Au-calculus,
the Stream Hierarchy and transfinitary A-calculi. Moreover, those Béhm trees
(and their corresponding Nakajima Trees, A™-0MT) are promising in two direc-
tions:

— getting more precise characterizations of separability for non-normalizing
terms in the spirit of Barendregt-Dezani-Ronchi della Rocca results, semi-
separability being characterized as compatibility of Nakajima trees.

— developing a Béhm model for Ap-calculus and the Stream hierarchy.

We believe, those Bohm trees can be helpful in characterizing differences between
languages by analyzing their characteristic ordinal. This might be a starting
point for a classification of the expressivity of those calculi by means of infinitary
calculi (in particular to study the frontier between Au-calculus and Ap-calculus,
that is between delimited and non-delimited control in call-by-name).
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Definition 34. Bohm trees for Ap-calculus are inductively defined as follows:
‘ ’B = Q | )\(ﬂfi)ieueuﬂ-(y)(%j)je)\euﬂ ‘

Those Bohm trees are obtained by considering direct approximant of Apu-
terms and then developping completely the fst-redexes of the terms.

Bohm trees for the hierarchy are a uniform generalization of the previous
Bohm trees:

Definition 35. A"-B% are defined by the following inductive definition:
| B = 2 A@icpewnt-)(B))jereanss |

Notice that the previous definition extends the definition for Au-Béhm trees
(n=1) as well as for A-Béhm trees (n = 0).

B More Details on Infinitary A-calculi

Infinitary A-calculus has been introduced independently by Berarducci [3] and
by Kennaway et al. [20].

B.1 Berarducci’s infinite A-calculus

Berarducci was interested in studying models of (finitary) A-calculus which do
not identify all the unsolvable terms (a non-sensible model). For this, he designs
objects which are more precise than Bohm trees in the sense that they do not
necessarily identify two unsolvable terms. This leads him to the definition of
an infinitary version of A-calculus built on infinite A-trees and possibly infinite
[B-reduction sequences which converge in the following sense:

Definition 36. Let (t;);c., a sequence of (possibly infinite) terms such that for
any i € w, t; — g tir1. We say that (t;);cw converges to a term t if

— for any integer k, there exists an n such that every t; for i > n is identical
to t up to depth k;

— the depth of the reduction t; — g t;+1 (ie. the depth of the (-redex) tends to
infinity.

Interestingly, Berarducci notices that there is no Bohm out technique for his
infinite calculus.

B.2 Kennaway et al’s infinite A-calculus

On the other hand, Kennaway et al. developed an infinitary version of A-calculus
as a generalization of their theory of infinitary rewriting of first-order infinitary
terms. Their study is motivated by infinite structures which may occurs with
lazy functional languages. Here, the definition of an infinite term depends on a
definition of a depth on terms defined as follows (the definition of positions goes
as usual in A-calculus):
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Definition 37 (Depths D). Let a,b, c be elements in {0,1}. Let t be a term
and u be a position of t. Depth D™°(t,u) of th subterm of t at position u is
defined as:

o Dabc(t7 <>) 7

— D%(\x.t,1-u) = a+ D™(t,u);

- Dabc((tl)tQal U,) _b+Dabc(t17 )7
— Dabc((tl)tg, 2. ’LL) =c++ Dabc(tQ, ’LL)

To a depth measure D is associated a distance d**¢ and the corresponding set
of finite and infinite terms for this distance is noted A%°.

This approach identifies eight variants of infinite terms:
000 4001 4010 4011 4100 4101 4110 4111

Berarducci calculus is A, the calculus associated with the lazy A-calculus is
A1 The calculus associated with Parigot’s Au-calculus would correspond to
/111*.

B.3 Ap-calculus and the Stream Hierarchy

The case of Ap-calculus and the calculi of the stream hierarchy is slightly different
from the previous calculi. While the calculi by Berarducci and Kennaway et al.
allow for transfinite reduction sequences (for instance reduction sequences of
length w2 + 1), they only allow for infinite terms in which every subterm occurs
at finite depth. On the contrary, Ap-calculus and the stream hierarchy would
lead to the consideration of terms of transfinite depths.

As Parigot observed, “the operator u looks like a A having potentially infinite
number of arguments” [27]. Phrased differently, the operator u looks like an
infinitary A-abstraction while the construction (¢)« looks like the application of
t to an infinite number of arguments:

— pa.t is considered as an abstraction over infinite streams of terms

() icwt = Axt .. xpy Lt

while
— (t)a is considered as the application of a term t to an infinite stream
of arguments:
) [x)icw = ()2 ... 25 ...

The occurrence of terms of transfinite depth comes from the possibility, in Apu-
calculus, to consider terms of the form po.pS.Az.x. this term would correspond
to the transfinite term Axg, 1 ... %4, Twil - - - Tw2-Tw2-

Moving to the setting of the stream hierarchy, we can reach higher trans-
finite depth. For instance, Azx.)\oy.)\lz.)\2x'.)\1z'.)\oy'.(yo)y’o would correspond

t0 AM(Z4)icw22wt1-(Tw2)Tw2atw-
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