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Introduction

It's my party, and I'll cry if | want to. Lesley Gore



Beyond optimality 129

Why do we use optimization?
m For fun: after all, who doesn’t just love algorithms?
m For money: operations research, network design. . .
m For love of exhaustivity: exact negative results
m To predict the unobservable: probabilistic modeling + Occam’s razor
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Fundamental dogma of molecular biology

DNA

Transcription

RNA J’ W
|

Translation
&

Proteins

2/29



Fundamental dogma of molecular biology (v2.0) 229

DNA

R N "
e 2
/.Q/)S/' ‘§0<\
S Y
\e
RNA

Transcription
. nales RNA functions
ticipe JVW
PV m Messengers

I Regulation
Translation Regulation

u
Syn, "
heo:
hesls ’l’ m Enzymes
@ .
u

Translation

Modifications
Editing. ..

Proteins



2/29

Fundamental dogma of molecular biology (v2.0)

-

]

I

|

.

I

—

o o o o o o o
o o o o o (=3
o 'e o wn o '2)

™ N N -~ -~

So||IWey) 8p BIqUION



A chicken and eggs paradigm at the origin of life 529

The RNA World
encodes

o @

\_/

replicates

A gene big enough to specify an enzyme would be too big to replicate accurately
without the aid of an enzyme of the very kind that it is trying to specify. So the system
apparently cannot get started.

R. Dawkins. The Ancestor’s Tale: A Pilgrimage to the Dawn of Evolution



A chicken and eggs paradigm at the origin of life 529

The RNA World

THIRD EDITIO

encodes

replicates

A gene big enough to specify an enzyme would be too big to replicate accurately
without the aid of an enzyme of the very kind that it is trying to specify. So the system
apparently cannot get started.

[...] This is the RNA World. To see how plausible it is, we need to look at why proteins
are good at being enzymes but bad at being replicators; at why DNA is good at
replicating but bad at being an enzyme; and finally why RNA might just be good
enough at both roles to break out of the Catch-22.

R. Dawkins. The Ancestor’s Tale: A Pilgrimage to the Dawn of Evolution



RNA structure(s) 4/29

RNA = Linear Polymer = Nucleotides sequence w € {A,C,G,U}*

UUAGGCGGCCACAGC
GGUGGGGUUGCCUCC
CGUACCCAUCCCGAA
CACGGAAGAUAAGCC
CACCAGCGUUCCGGG
GAGUACUGGAGUGCG
CGAGCCUCUGGGAAA
CCCGGUUCGCCGCCA
cC

Primary struct. Secondary (2D) struct.  Tertiary (=~ 3D) struct.

Source: 5s rRNA (PDBID: 1K73:B)

Secondary structure S = Set of base-pairs (i, j) € [1, n]? such that:
m Monogamy: Each position x € [1, n] involved in at most one base-pair
m No crossing base-pairs: V(i,j) € S, #(k,!) € Ssuchthati < k <j </
m Steric constraints: V(i,j) € S, |i —j| > 0 (0 =1o0r3)
m Valid base pairs: V(i,f) € S, {w;, w;} is either {G, C},{A, U}, or {G, U}



Paradigms in RNA structural bioinformatics 5/29
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Continuous-time Markov chain
Given free-energy E : {A,C,G,U}* x S — R, at the Boltzmann equilibrium one has:
P(S | w) o e EW:S)/AT

m Minimum Free-Energy (MFE): Relevant structure = Most stable/probable
m Partition function: Equilibrium properties of Boltzmann ensemble
m Kinetics: Finite-time evolution of concentrations/probabilities



Part 1. Applied Analytic Combinatorics

All models are wrong, but some are useful. George Box



Beware: the almighty generating function 6/29

&§: Combinatorial class, i.e. (possibly infinite) set of things

Sp: Number of things of size/length n

S(Z) = ZnZO Sn z"

In enumerative combinatorics:
m Only size matters. ..
m S(z) easily obtained from principled decomposition of S — Symbolic method
m Asymptotic equivalent of s, through singularity analysis — Analytic combinatorics
m Bivariate form S(z,u) = 3", Snk 2" U¥



Life through the lens of enumerative combinatorics 7729

Enumerative combinatorics can be used to characterize the precise (asymptotic)
behavior of abstract models for RNA sequence/structure.

Typical problems

m How many secondary structures on n nucleotides? [Waterman, 1978]
m Expected #structures compatible with random RNA? [Zuker and Sankoff, 1984]
m Average distance between 3’/5’ ends? [Clote, Ponty, and Steyaert, 2012]

The symbolic method, a generic framework for enumeration:

1 Find a suitable decomposition .
Analytic
: SR Combinatorics
2 Rephrase into grammar/specification
3 Translate equations & solve for generating function(s)
4 Singularity analysis yields asymptotics
[Flajolet and Sedgewick, 2009]




RNA secondary structures 8/29

Goal: Generating function S(z) = >

Sp 2"

n>0

where s, : #Secondary structures of length n
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[Waterman, 1978] & [Vauchaussade de Chaumont and Viennot, 1985]




Expected #2D struct. compatible with random RNA

Goal: Generating function S(z) = 3° ., Sn 2"

where s, = #Compatible (Sequence/Sec. struct.) pairs of length n
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[Zuker and Sankoff, 1984]
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5'-3’ Distance: Expectation through derivation 10/29

Goal: Bivariate Generating Function

S(zu)=>"> spnaz"u?

n>0 d>0

Sg,n,d = #2D structures of length n
having 5'-3’ distance d
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3 +20+2(—4 4+ 10z — 1022 + 22°) + 220+4(2 — 2)
E, (Z) _ 87—(2, U) —(2 — 5z + 422 — 22042 4 79+3)\ /N,
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[Clote, Ponty, and Steyaert, 2012]



Applications in RNA Bioinformatics 11129

Homopolymer model = All positions can form base pairs

D

Random RNAs are almost circularized [Clote, Ponty, and Steyaert, 2012]
Expected 5’-3’ dist. is asymptotically constant at the Boltzmann equilibrium

Efficient Boltzmann sampling [Ponty, 2008]

Average/worst case complexities of classic Boltzmann sampling in ©(n,/n)/©(n?),
and can be improved to ©(nlog n) worst-case

RNA networks induced by BP addition, removal and shifts are not small world

Scarcity of RNA phenotypes [Yao, Chauve, Regnier, and Ponty, 2019]

The proportion of designable RNA 2D structures is
exponentially decreasing on the sequence length

oeA Bui-enHq \

| Connectivity of RNA networks [Surujon, Ponty, and Clote, 2019]




Part 2. Random generation

Everything we care about lies somewhere in the middle, where
pattern and randomness interlace. James Gleick



The power of rejection 12/29

Generate (pseudo-)random,
uniformly-distributed, objects from a
combinatorial class A

If A can be specified (grammar):
— Precompute/use derivations probs

But many classes cannot be specified!

Rejection method:

B Find efficiently generated BB, A C B

W Draw random objects uniformly from 5
B Reject objects in B\ A

— Random uniform generator for A

¢s x |B|
| Al
Extensions: Non-uniform distr for B and/or A, anticipated rejection. . .

Expected complexity € 4:



Culminating paths 13/29

Culminating paths C: Walks over {\, '} that
start at (0, 0), finish at (n, h) (length n), such that: ®

@ Always stay positive |
@ Achieve highest height on their last step |

Generate culminating path of length n
uniformly at random

Asymptotics: ¢n = k 2 (1 + O(1/P(n)))
Specification unattainable (transcendental, non D-finite, gen. fun.)!

Remark: Conditions 1 and 2 play symmetric roles up to 180° rotation
— Candidate superset: B := {ws.Wz | wy and w; positive V |wi| = [wz|} D C

Linear time algorithm for objects in B, + |Bn|/cn € ©(1) [Barcucci et al., 1994]

— Linear rejection algorithm for highly complex objects  [Bousquet-Mélou and Ponty, 2008]



Rejection to control additive features 14729

Specifiable class A + Additive feature F: A — N
Goal: Uniform generation in AX = {w € A | F(w) = k}, typically not specifiable

s lter. 1 igp = 1.00
—lter. 2 mgp = 0.50
e Iter. 3 Mg = 0.25
—lter. 4 mgp = 0.12

Iter. 5 g = 0.06
e Iter. 6 mgp = 0.09
Iter. 7 mgp = 0.08

0.200 -

0.175-

Fortunately, efficient generation often possible
for A in m-weighted distribution:

0.150-
0.125-
F(w)

F(w’ 0.075 -
ZW’E.AW( )

0.050 -

[Denise, Ponty, and Termier, 2010] 0005 -

#Structures
o
S
8

]P)TF(W € An) =

0.000- ¢ g o o g g
5 25 30 35
#Base pairs

Multidimensionnal Boltzmann sampling [Bodini and Ponty, 2010]

Idea: Use 7 to control expectation + Exploit (provable) concentration
— ©(n'9/2) rejection generation with d features in connected grammars




Circumventing the cost of rejections 15/29

Redundancy is uninformative and wasteful for the statistical analysis of comb. classes

Weighted coupons collector [Du Boisberranger, Gardy, and Ponty, 2012]
In weighted distributions, at the full collection, avg #copies is exponential on n.

+ Recursive algorithms adapted to sample without replacement  [Lorenz and Ponty, 2013]

Estimating from a collection t of m distinct objects, sampled without replacement:

F(t) = %i Ft)(1 = D P(t)+ (m— i) x P(t)) with ©; := (t;,..., 1)
i=1

te©;_4

Non-redundant estimator [Rovetta, Michélik, Lorenz, Tanzer, and Ponty, 2020]
F is unbiased, consistent, and has lower variance than naive estimator.

Applications to RNA kinetics [Michalik, Touzet, and Ponty, 2017]
Amn— . _ o
§§ s.onware C
25 75 RNANR N
H I RvLocon L
[ RasLopt =
Il rrsubont =
I I I None 3_)
=

EY 7 160 0 7 160
Number of samples Number of samples



Part 3. Dynamic programming

It was not even something a Congressman could object to. . .
Richard Bellmann



Dynamic programming 16129

R. Bellman C. E. Wilson

Dynamic Programming = Generic algorithmic technique for optimization

Principle: Given objective function E, express maxscq, E(S) for a problem /, as a
monotonous function of its opt. values over subproblems

m Memoization: Efficiently compute optimal value of (sub)problems

m Backirack: Recompose element of search space achieving optimal value

Benefits: exponential speedup over brute-force search, and robustness to
modifications of objective function parameters

= Ubiquitous in Bioinformatics: Alignment, Reconciliations, RNA folding. ..



Reasoning structurally about dynamic programming 17/29

m /: Instance (a.k.a. problem)

m Q : State space for dyn. prog. scheme (LHS terms, / initial state)
m (, : Search space associated with state g

m 7, : Terms generated by DP scheme from state g € Q;

m Semantics function ¢ : Dg — Q

E1,q® VQ1,1 & VQ1,2 & -

Vq — @ E27q® Vq2,1 ® VQ2,2 ®

{ Ek7q® VCIk,1 ® qu,z &



Reasoning structurally about dynamic programming

m /: Instance (a.k.a. problem)
m Q : State space for dyn. prog. scheme (LHS terms, /initial state)
m (, : Search space associated with state g

m 75 : Terms generated by DP scheme from state g € Q;

m Semantics function ¢ : Dg — {2,_ La=mm= -

''''''

17/ 29



Reasoning structurally about dynamic programming 17/29

m /: Instance (a.k.a. problem)

m Q : State space for dyn. prog. scheme (LHS terms, /initial state)
m (, : Search space associated with state g

m 75 : Terms generated by DP scheme from state g € Q;

m Semantics function ¢ : Dg — Q
/\/cb\/'
Erg ® (V)@ (Ya)® -

Ez,q®®® }\CD/» Az

(0}

Aj

S

()

Ak



Reasoning structurally about dynamic programming

m /: Instance (a.k.a. problem)

m Q : State space for dyn. prog. scheme (LHS terms, /initial state)
m (, : Search space associated with state g

m 75 : Terms generated by DP scheme from state g € Q;

m Semantics function ¢ : Dg — Q
/\/cb\/'
Erg ® (V)@ (Ya)® -

[Eg,q@@@@ }\“’/. A

(0}

Aj

()

Unambiguity: RHS terms pairwise non-overlapping A

Completeness: RHS terms span the whole search space
— Ensemble-ready DP schemes: Bijection between 74 and Q4

17/ 29



A toolbox of ensemble applications 18129

Objective function: E : @ — R U {+oo}
Optimization paradigm:

m Optimal solution S* = argming.q E(S) [Bellman, 1954]
u k—best, or A—suboptimals [Waterman and Byers, 1985; Wuchty et al., 1999; Huang and Chiang, 2005]
m Parametric optimization [Gusfield et al., 1994; Pachter and Sturmfels, 2004]

Ensemble applications in Boltzmann-Gibbs distribution:

—E(S)/KT

Probability of S € Q — P(S) = GT where 2 = 3 e ES)/AT
seq
m Partition function Z [McCaskill, 1990]
m Transition probabilities — Inside/outside algorithms [Baker, 1979; McCaskill, 1990]
m Stochastic sampling [Ding and Lawrence, 2003; Ponty, 2008]
m Non-redundant sampling [Lorenz and Ponty, 2013; Michalik, Touzet, and Ponty, 2017]
m Multidim./constrained sampling [Bodini and Ponty, 2010; Waldispiihl and Ponty, 2011; Reinharz et al., 2013]
m Moments of additive features [Miklés et al., 2005; Ponty and Saule, 2011]
m Exact distribution of features (DFT) [Senter, Sheikh, Dotu, Ponty, and Clote, 2012]



Unambiguous DP scheme for tree alignments

H P HY,

AAD —

AHAAA A i
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? A Y W W AAD 7

V

h:

>

a-
(o

= |

7 H €

/]

Ins(2)

Del(s)

\ﬂ

AA
AAD

il AL
A

AAA
AAA

)4

W

19/29

[Chauve, Courtiel, and Ponty, 2018]
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Sequence-structure alignment




Sequence-structure alignment 20/29

Sequence-structure alignment Problem

Input: (Extended) Secondary structure S (|S| = n) + Sequence w (|w| = m)
Output: Minimal-cost alignment (mapping subject to constraints)

NP-hard problem + hard to approximate (max-SNP-hard, not PTAS unless P=NP)



An XPT algorithm for sequence-structure alignment

Our solution: Exact ©(n.m'*') DP scheme for RNA structure of tree-width ¢

Structure
Sequence
4* 5 6 7 8§
B6-0-0-60--0-0-0
== .
== H—>
1.2 3 4 5 6 7 8 9
] AR RNy,
1 2 3 4 5 6 7 8
- 0-0-0-0-6-6-0-0
Tree-decomposition )
Alignment

[Rinaudo, Ponty, Barth, and Denise, 2012]
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Supporting pseudoknotted could lead to improved alignments

Wei Wang
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Part 4. RNA design

Almost all aspects of life are engineered at the molecular level,
and without understanding molecules we can only have a very
sketchy understanding of life itself. Francis Crick



Negative design 23120

RNA = Linear Polymer = Sequence over {A,C, G, U}*

minimisation
UUAGGCGGCCACAGC
GGUGGGGUUGCCUCC
CGUACCCAUCCCGAA
CACGGAAGAUAAGCC
CACCAGCGUUCCGG!
GAGUACUGGA!
CGAGCCUCT
CCCGGUUCGCCH

cC

Primary Structure  Secondary Structure  Tertiary Structure

55 rRNA 5s (PDBID: 1K73:8)



Why we design RNAs 24/29

m To fuel RNA-based therapeutics
Sequence-based (siRNA, synthetic genes), but structure (or lack thereof) matters

= To perform controlled experiments

m To test/push our understanding of how RNA folds
Misfolding RNAs reveal gaps in our energy models and descriptors for the
conformational spaces

m To create building blocks for synthetic systems
Rationally-designed RNAs increase orthogonality

m To assess the significance of observed phenomenon
Background models should include established traits of RNA families. ..
...Including their adoption of a single structure

m To help search for homologous sequences
Incomplete covariance models hindered by limited training sets
Rational design can be used to enrich alignments (data augmentation)



Abstract goals and means of molecular design 25/29
But : To achieve a predefined biological function, as abstracted by a model.

Definition (Positive design)
To satisfy constraints induced by a model of function

In practice: To optimize affinity of interaction, to favor thermodynamic stability of a
molecule, to respect sequence composition biases. ..

Definition (Negative design)
To avoid unwanted functions

In practice: To avoid off-target interactions, non-functional alternative foldings, kinetic
traps. .. (inverse combinatorial problems)
In the context of RNA:
m Positive design: Seq/struct compatibility, composition, +/- motifs, energie(s)
— Random generation, CSP

m Negative design: Target structure — Minimum Free-Energy + Boltzmann prob *
— Local search, exp algorithms, black magic (heuristics, NN, crowdsourcing. . .)



Exact partial results on negative structural design 26129

RNA negative structural design, aka inverse folding

Input: Target structure S* and energy function E.
Output: RNA sequence w such that

{S|E(Siw) = minE(S;w)} = {S"}.

In base-pairs based energy models:
m NP-hard problem [Schnall-Levin et al., 2008; Bonnet et al., 2018]
m Polynomial for: [Hales, Héliou, Manuch, Ponty, and Stacho, 2017]
m Saturated structures
m Expansions (stutters) of designable structure (given design)
m Structures admitting (given) constrained 3-coloring
m Structures close to any structure avoiding two motifs

QJ 3 A/ o
g AP S I N \/ o,
g )5) s|z 3 %L@H 4:|41 % H 3(.\,. iﬁjl
)D( < dl[ua\m 1 :. ) l\.\ ¥ o A ; A&%
J%J t; \/mfm =23 X
g : g

1) Target structure 2) Greedy proper coloring 3) Separated proper coloring  4) Designable structure



Sampling approaches for positive (and negative?) structural design 272

RNA positive structural design

Input: Target structure S, and energy function E + Constraints
Output: RNA sequence w under constraints either minimizing E,
or generated with probability oc e~ #£(S:%)

IncaRNAtion [Reinharz, Ponty, and Waldispiihl, 2013]

Bl Energy-weighted sampling (dual partition function)
B Rejection (multidim. Boltzmann) for GC% control

GC content Boltzmann probabilty (log scale)

® Uniform

®  Boltzmann weighted - © © 10

® Boltzmann-50%

= @
3 k]
5 <}
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Considering multiple structures

Multiple targets: #P-hard counting/generation, but FPT

iv) Tree Decomposition

RITN

28/ 29

[Hammer, Wang, Will, and Ponty, 2019]

iii) Compatibility Graph

v) Weight Optimization (Adaptive Sampling)

Energies controlled through multidimensionnal Boltzmann sampling

MultiDefect

0

Lidida

2str

3str

4str

PK60

PK80

LE8O

+0nt m

+0nt

GCCGCGGUAGCUACAGCCGGCU
UUGGGGUUGGGUAGACUCCGGU
GCUGCAGCGGCUGUGGCUGGCC
GGUUCUGGUUUGCUUAGGGCUA
CGACGGCGGUGCCGGCAUUUGC

E,
2 AN
B keal.mol™" [
GC%

vi) Final Designs



Conclusion

Oh, the places you'll go! Dr Seuss



Conclusions

m Enumerative contributions
m Algorithmic ensemble techniques
m Leading to Bioinformatics methods

What's next?

m Predictive RNA structure from probing data
FRM — ANR/FWF PaRNAssus project
with B. Sargueil (Paris Descartes) and R. Lorenz (TBI Vienna)

m RNA design/evolution
ANR Decrypted project on Direct Coupling analysis
with B. Sargueil (Paris Descartes) and S. Cocco (ENS Paris)
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